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Warmup
The Matchstick Game

Rules
n=4 •-• • • • • •-•

•11 !
•-• •-• • •-• / ⇒ all verticals to the left

•£! !_•-•
• •-•

I / I / / / •-•⇒ all horizontals below

=: :11 3 sides of a ⇒ full unit
m=7 unit

square square
• ☆

Q1 How
many legal matchstick (and rotations)

configurations on [m] ✗ In] ?
Q2 What else do these count ?



Quillen model structures

A model structure on a category C
consists of three classes of morphisms :

W = weak equivalences
F = fibrations ( AF

=Wnt = acyclic fibration )C = cofibrations AC = Wnc = acyclic cofibrations

satisfying five axioms :

Mcr) C is complete & •complete
MC2) W satisfies 2=>3 : two of f.g, fg c- IN ⇒ all in W

Me3) W, F, C are closed under retracts (in the arrow category )
Mc4) c ☒ F ( lifting condition defined later )
Mcs ) At ◦ C = Mor (C) = to AC (factorization)



Theorems

Goal Given a (co) complete category C , classify and enumerate
all model structures on C

.

Thin (Folklore/Goodwillie/Barthel - Antolin Camarena ) There are

precisely nine model structures on set .

Thin (Bat chin -O - Osorno - Roitzheim) There are precisely
(2^+1) model structures on In] : = {◦→ I→ 2→ < i. → n )

.

n

For ◦≤ k≤ n
, precisely 1%12-(2^+1) of these have homotopyn- k

category = EH .

,
,

,
,

;É
"
"
"
"



Theorems

Thin (Bat chin -O - MaeBrough) Moreover, model structures on [n] are in

bijection with (a) model triangulations , (b) model tricolored trees, and
(c) model intervals in the Kreweras lattice of none rossing partitions .



Lifting + Weak Factorization Systems
•
f- •

say i has the left lifting property wrtp
it,¥|P (and p has the right lifting property writ it

•
%

•

g-
% and write i ET p

when for tf
,g s.t.it#P

commutes
,

g

3- ÷: such that f-- hi , g-- ph .

For M ≤ Mor C
,
write MI i= { i / i ☒p-Vp-CM.fm#:--/p1iitpVieMf

.

A weak factorization system on C consists of (↳R) ≤ More ✗ Mor C

such that WFI) Mor C = Rot i. e. •⇒ • with ic-L.peR ,'

i'
→

•
rip

WFZ) L R i.e. LE R and R ≤ L
,
and

WF3) ↳R closed under retracts
.



Pramodel structures

Defn (Barton ) A premodel structure on a (co) complete category C
is a pair of weak factorization systems
(C , AF ) with C = AF

,
AC = F.

IU 11

(AC
,
F)

Call AF = : anodyne fibration,
AC =: anodyne cofib rations .

Every model structure (H , F, c) induces a premodel structure

( C , WnF)
N N

(Wnc
, F) . In this scenario

,
W = AF • AC

.



Joyal-Tierney presentation
of model structures

Thm (Joyal - Tierney ) For a@complete category C ,

/ (SAF )
µ a

remodel structure / AFOAC satisfies /gÉ / (Wisc ) model 1on C 2=23/ (Ac , F) ( structure on Cf
(SAF )

Upshot Remodel structures on C µ a → (AHAC, F, c)

are intervals in the poset WFS/C) (Ac , F)

(ordered by (LR) ≤ (↳R
') ⇔ RER' ( C,WnF)

N ni £-1 (W
,
F
, C)

◦[⇔ L' ≤ it ) .
(Wnc, F)These are model structures iff

Roll has 2=>3
.



Lattices
Henceforth

,
lattice

Producing all WFS 's on a general C is hard !Henceforth
,
lattice

A complete lattice is a poset admitting all
meets ( n = infimum = limit )

& joins ( v = supremum
= ↳ limit )

.

Eg . Chain In] = {0<1 < . - - < n } , Boolean lattice Ein , subgroup lattice sub (G) ,
divisibility lattice , Tamari lattice , Kreweras lattice , . . . .

(rooted planar binary (noncrossingpartitions
•

trees under rotation) under refinement )
↓
↓ G
ed
i

a.ñÉÉ¥"""I a finite lattice
.

↓
[6] GT e sub (G) Tamari

[Bernardi- Boni chon]



Lattice Categories

Henceforth
,
lattice = finite lattice = category induced thereby :

(P
,
≤ ) runs Ob P :=P The category P is Ccolwmplete

p(×,g) =/
{× YI it ✗≤Y iff P is a complete lattice .
10 otherwise

.

Refined Goal Enumerate and determine the structure of
WFSCP)

,
Pre (P) = Int /WFSCPD

,
QCP)

.

I / I \
Quillen model structuresweak factorization premodel intervals

systems on
P structures onP on P : subset of Pre(P)

- with W=AF◦AC satisfying
Int (L) = { lay) et / ✗ ≤y / with 2=>3

.

(x,g) ≤ (x ', y
') : iff ✗ ≤ ×

' and y≤y
'

.

If L is a lattice
,
so is Intl L) .



Transfer systems / Blumberg
- Hill :

equivariant DAG

To determine WFSCP) we get an assist from . . . I [ No operads ? !

Them (Rubin etat ) t.to/G-Nooperads)-Tr(SublG)) .
w

transfer
systems

A transfer system on a lattice CP
,
≤ ) is a transitive relation R on P

refining ≤ ( so aRb ⇒ a≤ b) that is closed under restriction :

✗ xny
→≤ x

tr ⇒ Rttry→ Z 7 ≤→ Z
.≤

(If P = Sub(G)
,
also require 12 to be closed under conjugation . )



Tr E WFS

Them ( Franchere -0 - Osorno - Qin-Waugh ) For P a lattice , we have
a lattice isomorphism Tr (P) ⇒ KIFS (P )

.

R→ ( R , R)
subrelation} £

"
◦ {subset of MorPof ≤ 2

In case P = In]
,
we get some immediate progress :

Thm (Balchin -Barnes - Roitzheim ) Tr In] ± An+, , the Tamari

lattice of planar full binary trees with n+2 leaves .

As such
,

/Tr In] / = CatCnt 1) = ¥2 ( 2^+2n + I / .



Catalan #s

The Catalan numbers Cat(n)
,
n>0

,
are the sequence 1,1 , 2, 5,14 , 42, 132, _ . _

n : 0 I 2 3 4 5 6

satisfying Catlin+11 = É catlilcatln- i)
.

i = 0

They enumerate
• planar full binary trees with ntl leaves

,
,
,
!
"
"
"

• Dyck paths from 10,0) to (nm)

• noncrossing partitions of an n-element set . .

• triangulations of a convex In+2) -gon by chords E-
• much more !

A B C A B C

The Tamari order on An is generated by tree rotation →
.

V1
The Krewwas order on Ncn is given by refinement .

-

noncrossing partitions



Model structures on In]

Amalgamating results , Pre In] ± Int (Tr In]) = Int An+ , .

Thm (Chapo ton ) I Int Ant = ¥+1 (41-7) .

Cor (BOOR/ / Pre In ] / = 2-
(NH) (n+2) (4^+5) .

n

Thur (Boots) I Ql In] ) / = (21+1) , and for ◦≤ k≤n , precisely
2(k (2n+ Ini-ktzn.pe ) of these have homotopy category = Ek]

.

Pf Idea specify ks.t.lk] ± Holten]) , then specify KH weak equiv classes ,
then count choices of contractible model structures :

i ← Ti
'

/Qltn] ) / ⇐ < ≤ Catlij ) = (21+1) by lattice paths
,
,

,
,

.it
"
"
"
"

.

k=o i
◦
+ - - - + in j=o

_sÉs:¥:÷ 1¥11



CCPremodel structures

Fill the gap
between premodel & model structures .

Call a premodel structure ( C, AF ) on C composition closed when

HE , É )
IN := AF◦ AC is closed under composition .

(Need 2=>3 for model Str)
For C =P a lattice

,
write R≤ R

' for a premodelstr/ interval of
transfer systems .
Thin (Batchin- MacBrough-01 For P a complete lattice , 7 partial order
4 on lolFSCP) refining≤ and such that RER' it and only if
Ro R

'
is closed under composition . Moreover, R ≤R

' iff

every square
✗ → 2- has a splitting ✗→ z

'
→ Z

H tr
'

%→¥,→ it?y
→ w

R'



CCPremodel structures

Thm Cct'd ) If P is finite
,
then (WFSCP)

,
≤ ) is a finite lattice

.
Thus

CC (P ) = Int (INFSCP) , f) is a finite lattice .

-

composition closed premodel structures
Note There is also an orderingE on WFSCP ) such that RER

'

iff the pair forms a model structure , but (WFSIP) , E) is not a lattice .

% .

iii.
(WFS (Ei)

,
≤) (WFS([231,4 ) (WFSIEZ] ,) , E)

/ Pre (Ei) 1=13 t.CC([2] ) / = 12 / Q([2]) / = 10



[n] = B , H --- itBq is NcKreweras Intervals
when a

,
b E Bi

,
×
, g.

c- Bjand
For RE Tr In]

,
define Tips : In]→ [n] a<✗< boy ⇒ i=j .

i '→ maxlj / iRj } . ••-•I✓

Prop. / FOOQIN ) write NCn+ , for the set of noncrossing partitions of
{0,1, . . . , n} . Then Tr In]→ Ncn+,

R- { Tips is to≤ ien , tipi
'

/ if -1-0 }
is a bijection .
Thin (Bho) Pulling back the Kreweras (refinement) order on Ncnt , to Tr In]

gives the ordering ≤ .

Cor CC (tri ) ± Int ( NCnn ) and thus

( 3N +3I CCLENI) / = ¥+3 n+ , ) •

-

Kreweras : = /In.HNCnn) /



Kreweras Intervals

The following structures are equi numerous :
• Composition closed premodel structures on In ]

↑ BMO
• Krewerias intervals in Ncn+ i

↑ Bernardi -Boni chon
V

• Cadmiserably ordered ) ternary trees on ntl nodes /
identify modelIBB ✓

/ Str's among• stacked triangulations these

[BB]

stacked A-'ns formed by recursively inserting
degree 3 ""

not stacked



'

n
→ trees → Nc → ce

m>

• color node's opposite side • if W subdivides xyz,
according to incoming edge connect w to highest

• color edges with parent node's of ×, y , 2- on tree
color (so d- c , not d-a)

Now sort the tricolored tree left - to -right such that
a) ✗→y

blue ⇒ y
& above left of ×

(2) ✗→y green
⇒
y
& above right of ×

(3) ✗→ y red ⇒ y
& above right of × + right of all ingreen branch

of ×



'

n
→ trees → Nc → ce

Ey . Anadmissably ordered tricolored tree :

• Write ✗→ y
when the path from ✗ toy has no blue Cjustredlgreen),

✗→ y
when
y is descended from ×

.

• Define Tlpelx) := maxly / xny }

Tyzlx) :=max{yµ×~y .
✗ →y , • either x=y orthepathlgfrom ✗ toy begins withgreen

E.g . × 0 I 2 3 4 5 6 7 8 9 10 11 12 13

(x) 0 6 6 6 6 6 6 13 13 13 13 12 12 13

Tip (x) 0 2 2 5 4 5 6 10 9 9 10 12 12 13



Ah → trees → Nc → cc

✗ 0 I 2 3 4 5 6 7 8 9 10 11 12 13

-1112,64 0 6 6 6 6 6 6 13 13 13 13 12 12 13

Tip (x) 0 2 2 5 4 5 6 10 9 9 10 12 12 13

c- -- maxi R • .

rel'ns →

Nc part'n ,
V1

-

=gen'd go • •-• # .t •-• •

ruins )



Model trees

Thm (BMO ) via these bijection, model structures on In] correspond to
"

blue-green trees growing from a red field! This recovers the

enumeration of Q( In]) from 130012
.



Saturated Transfer Systems
A transfer system is saturated when it satisfies 2--23

.

Thm (Rubin) Transfer systems on sub(G) induced by G- linear isometries

operands are saturated .

Thin (Brno ) For a finite self- dual lattice P
,
the following structures are in

bijective correspondence :

• saturated transfer systems,
• model Str 's in which all morphisms are fibration ,
• closure operators on P
• submono ids of CP, A) ,

'

&

• monads on P
.

Thm ( Hafeez - Marcus - O - Osorno ) saturated transfer systems are

generated by covering relations .



Matchsticks Again
Thm ( HMOO ) Trsaᵗ( Em] ✗ In ] ) _= / legal matchstick config'nson[m]×Cn]} .

MTZ

There are precisely slm.in) := { [ c-ym-i{m
"

j - , }j!jⁿ of these , and
j=2

the exponential generating function for scm.nl takes the form
exp (2×+21)I ˢ¥÷×ⁿyⁿ=

(

expkltexply-ex.pl/&y))3rM,n30n--4q-qq• • • •-• NT o i z 3 { % } -- Stirling
number

•-• • •-• • •-•
° I 2 4 8

of the second
/ / / i 2 7 23 78 kind = #1-block

•_•-• • •-•
2 4 23 115 533

partitions of
•

T ÷[
•

3 8 73 5333451 ak-element set

◦

•-•-•-•
•-•-•m=z s(7,41--58718873



Summary
+Q 's

on a finite lattice P ,

•• WFS (P) E Trl P ) • Pre (P) E Int (Trlp)
,
≤ ) • CCCP) = Int(Tr IP) , ≤ )

• IWFSCP) / = Catlntl) • / Pre In] / =2-
Cnn) envy /

""+5 ) • KUH / =2%+1%+7 )
n

• I Q ( In) ) / = (2%+1) • Kreweras intervals
,
stacked Ahs

,
& tricolored trees

for Cc ( In] )

• Trsat (P ) = { (W
,
Ah
,
c) c-QCP) } = / closure operators on P / ± {submonoids of 1PM) /

• I Trsat ( Em] ✗ In] ) / = $1m,n) =/ / legal matchstick config'ns| /
Questions • Are transfer systems on lattices already

"

out there
"

?

• Connections to generalized Catalan combinatorics /assoeiahedra/
cluster algebras / representation theory ?

• QCP) for other families of lattices P? P = [ I]
"

?



Thank
you
!

• Self-duality of the lattice of transfer systems via weak factorization
systems , Franchere - O - Osorno -Qin -Waugh

• Model structures on finite total orders
,

Bal chin- O - Osorno - Roitzheim

• Saturated and linear isometric transfer systems for cyclic groups
of order pmqn , Hafeez - Marcus - O - Osorno

• Composition closed premodel structures and the Kreweras lattice,
Balchin - MacBrough -0

• Lifting No operads from conjugacy data,Balchin - MacBrough -0
• The combinatorics of Nao operands for Cqpn and Dpn ,Balchin - MacBrough -0

• Access at kyleorms-by.github.io/research/ .


