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Preface

Our motivation for gathering the material for this book over a period of seven years
has been to unify and simplify ideas which appeared in a sizable number of re-
search articles during the past two decades. More specifically, it has been our aim
to provide the categorical foundations for extensive work that was published on
the epimorphism~ and cowellpoweredness problem, predominantly for categories of
topological spaces. In doing so we found the categorical notion of closure operators
interesting enough to be studied for its own sake, as it unifies and describes other
significant mathematical notions and since it leads to a never-ending stream of ex-
amples and applications in all areas of mathematics. These are somewhat arbitrarily
restricted to topology, algebra and (a small part of) discrete mathematics in this
book, although other areas, such as functional analysis, would provide an equally
rich and interesting supply of examples. We also had to restrict the themes in our
theoretical exposition. In spite of the fact that closure operators generalize the uni-
versal closure operations of abelian category theory and of topos- and sheaf theory,
we chose to mention these aspects only en passant, in favour of the presentation
of new results more closely related to our original intentions. We also needed to
refrain from studying topological concepts, such as compactness, in the setting of
an arbitrary closure-equipped category, although this topic appears prominently in
the published literature involving closure operators.

Readers of the book are expected to know the basic notions of category theory
(such as functor, natural transformation, limit), although many standard notions
are being recalled in the text or in the exercises. Some of the exercises should be
considered part of the exposition of the general material and should therefore not be
omitted, while others deal with specific applications and can be selected according to
the Reader’s background and interest. Each section contains at most one Theorem,
one Proposition, one Lemma, one Corollary, and one set of Remarks and Examples,
with very few exceptions. Hence “Proposition n.m” refers to the Proposition of Sec-
tion n.m; in the exceptional case that Section n.m does contain a second proposition,
this will be labelled as Proposition* of n.m. Readers interested in new results on
(non-)cowellpowered subcategories of topological spaces as presented in Chapter
8 might be able just to browse through Chapters 2,4,6,7 and still understand the
material.

We have, over the past seven years, benefitted from the interest in and advice
on our work from many colleagues, including Jifi Addmek, Alessandro Berarducci,
Reinhard Borger, Francesca Cagliari, Gabriele Castellini, Maria Manuel Clementino,
Eraldo Giuli, David Holgate, Jiirgen Koslowski, Hans-Peter Kiinzi, Bob Lowen, San-
dra Mantovani, Jan Pelant, Nico Pumpliin, Jifi Rosicky, Alberto Tonolo, Anna Tozzi,
Vladimir Uspenskij and Stephen Watson. We also thank the institutions that made
possible our joint work: the Bulgarian Academy of Sciences, the Natural Sciences and
Engineering Council of Canada, York University, Fernuniversitat Hagen, the Uni-
versities of L’Aquila, Sydney, Trieste and Udine. Finally we thank Xiaomin Dong
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and Sandro Fusco for proof-reading early versions of the text, Angelo Montarari for
his computer support, Luis Molina for his help in providing the typescript of chap-
ters 1-5, Francis Borceux for letting us use his diagram package, and the publishers
for their patience with the authors, who still feel that they have just started their
project but would probably never have finished it without the moral support of their
best friends Giovanna D’Agostino, Alberto Policriti and Héléne Massam.

Udine and Toronto, February 1995



Introduction

Closure operators (also closure operations, systems, functions, or relations) have
been used intensively in Algebra (Birkhoff [1937], [1940], Pierce [1972]) and Topology
(Kuratowski [1922], [1933], Cech [1937], [1966]). But their origins seem to go back to
foundational work in Analysis by Moore {1909] and Riesz {1909] who both presented
related notions at the “IV Congresso Internazionale dei Matematici” in Rome in 1908
(as was pointed out recently by Germano and Mazzanti [1991)). Early appearances
of closure operators are also to be found in Logic (see Hertz {1922] and Tarski
[1929]) before Birkhoffs book on Lattice Theory [1940] led to more concentrated
investigations on the subject, particularly by Ward [1942], Monteiro and Ribeiro
(1942], Ore [1943a, b], and Everett [1944].

Category Theory provides a variety of notions which expand on the lattice-
theoretic concept of closure operator most notably through the notion of reflective
subcategory (see Freyd [1964], [1972], Kennison [1965], Herrlich [1968]), predeces-
sors of which are present in the works of Samuel [1948], Bourbaki [1957], and Sonner
[1963]. The notions of Grothendieck topology and Lawvere-Tierney topology (see
Johnstone [1977] and Mac Lane and Moerdijk [1992]) provide standard tools in
Sheaf- and Topos Theory and are most conveniently described by particular closure
operators.

Both lattice-theoretic and categorical views of closure operators play an impor-
tant role in Theoretical Computer Science, again in a variety of ways. We men-
tion only Scott’s work [1972], [1982] which laid the foundations of domain theory,
and we point to the vast literature on generalized functorial Tarski-type least-fixed-
point constructions (see, in particular, Wand [1979], Koubek-Reiterman [1979], Kelly
[1980}).

The immediate aim of introducing closure operators is to describe conveniently
the closure of a substructure with respect to a certain desirable additional property.
Well-known examples are the (usual Kuratowski) closure of a subspace of a topo-
logical space, or the normal closure of a subgroup of a group, or the Scott closure in
a directed-complete partially ordered set. Lattice theorists usually define a closure
operation ¢ of alattice L (with bottom element 0 ) to be a function c¢: L — L
which is

o extensive (m < ¢(m))

¢ monotone (m < n = c(m) < ¢(n))

¢ idempotent (c(c(m)) = ¢(m)) ,
and sometimes require c¢ to be also

o grounded (c(0) = 0)

o additive (c(mV n) = c(m) V¢(n))

From the categorical point of view, these systems of axioms turn out to be both
insufficient and too restrictive. They ignore the important fact that, in the examples
mentioned before, the closure operation ¢ is available in eack subobject lattice,
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and that every morphism f : X — Y is continuous with respect to the closure
operation:

f(ex(m)) < ey (f(m))

for every subobject m of X . Like Cech [1959] in his Topology book, we do
not assume idempotency of a closure operation a priori. Therefore, when calling a
subobject m with c(m) = m to be c-closed, in general, we do not expect the
closure ¢(m) of m tobe c-closed. However, normally c-closedness may eventually
be achieved by repeated (transfinite) application of c¢: m < c¢(m) < c*(m) < -+ <
c®(m) .

In an arbitrary category X with a suitable axiomatically defined notion of
subobject, a (categorical) closure operator C is defined to be a family (cx)xex
satisfying the properties of extension, monotonicity and continuity (see Dikranjan
and Giuli [1987a), Dikranjan, Giuli and Tholen [1989]). The first five chapters of this
book give a comprehensive introduction to the most important special properties and
constructions involving closure operators. In addition to idempotency and additivity,
these include hereditariness (for subobjects m <y of X with y:Y — X , the
closure of m in Y is obtained by intersecting its closure in X with y ) and
productivity ( ¢ preserves direct product of subobjects). Closure operators may be
ordered like subobjects, and the properties of closure operators that we are interested
in are either stable under taking infima or suprema. This is the reason why each
closure operator has, for instance, an idempotent hull (which, in most cases, may be
“computed” by an iterative process, as indicated above) and an additive core. Under
the transition from C to its idempotent hull, say, other properties may or may not
be preserved. Here, for instance, additivity survives the passage, but hereditariness
does not in general.

We examine all these properties and constructions carefully, both in terms of
theory and of examples, taken predominantly from topology, algebra, and discrete
mathematics. This enables us not only to detect common features and construction
principles, but also to point to striking dissimilarities. For instance, with respect
to the seemingly harmless condition of groundedness, one shows easily that in the
category of topological spaces each non-trivial closure operator is grounded, whereas
in the category of R-modules only trivial closure operators are grounded. Similarly,
additivity is a common property for closure operators in topology but extremely
restrictive for R-modules.

While Chapters 1-4 keep the needed categorical apparatus limited, in Chapter
5 we give various functorial descriptions and constructions with closure operators
which underline the naturality of the notion. First of all, a closure operator of a
category X isnothing but a pointed endofunctor of the category of all subobjects of
X. Iterations of this endofunctor as used in functorial fixed-point constructions lead
to its idempotent hull (if they “converge”). Closure operators may also be interpreted
as generalized factorization systems: a morphism f gets factored through the
closure of its image,

X —=c(f(X)—Y.

But only if the closure operator is idempotent and if it satisfies a weak hereditariness
property does one obtain a (dense, closed)-factorization. However, these two special



Introduction XV

classes of morphisms enjoy the important properties of colimit- and limit stability
even in the general case. In the category of R-modules, closure operators (and their
properties) correspond to (the theory of) preradicals. Not only does this correspon-
dence offer a rich supply of examples, but it is also extendable to our general context
and turns out to be useful in non-Abelian structures as well. Hence preradicals offer
a third (but more restrictive) interpretation of closure operators.

Categories which come equipped with a fixed closure operator behave like (large)
“spaces” the interaction of which is described by continuous functors. Similarly to
the weak (=initial) topology, for any functor F: & — Y and any closure operator
D of Y, one has a coarsest (=largest) closure operator C of X which makes
F continuous; analogously for final structures. Hence closure operators may be
pulled back or pushed along functors. In important cases (if F is a fibration, or if
F is left- or right-adjoint} one obtains concrete construction procedures for closure
operators defined this way. For example, in the category of topological groups we are
able to establish closure operators very effectively by pulling back closure operators of
both the categories of (discrete) groups and of topological spaces along the respective
forgetful functors.

Chapters 6-9 are, generally spoken, devoted to the epimorphism problem, that
is: to the characterization of those morphisms f: A — B of a category .4 which
satisfy the cancellation property (u-f =v-f => u = v) . Closely related to this
is the question whether A is cowellpowered, this is: whether for every object A
in A there is only a small set (not a proper class) of non-isomorphic epimorphisms
with domain A . We shall mostly assume that A is a full subcategory of X ,
and our aim is to find an effectively defined closure operator C of X such that
the epimorphisms of A are characterized as the C-dense morphisms in A.

Two typical examples from topology illustrate this approach. In the category
of Hausdorff spaces (spaces in which distinct points can be separated by disjoint
open neighbourhoods), the epimorphisms are exactly described by the dense maps
with respect.to the usual Kuratowski closure (i.e., maps whose image is closed in
the codomain). Furthermore, since the size of a Hausdorff space Y containing a
dense subspace X is bounded by e , this category is cowellpowered. In
the category of Urysohn spaces (spaces in which distinct points can be separated by
disjoint closed neighbourhoods), the epimorphism- and cowellpoweredness problem
is much harder. It seems natural to consider the so-called #-closure of a subspace
M of atopological space X first introduced by Veli¢ko [1966], which is given by the
points z € X such that every closed neighbourhood of z meets M . Although

-epimorphisms of the category of Urysohn spaces are not necessarily 6-dense, the
O-closure leads to the right track: they are characterized as the 6°°-dense maps,
with % the unbounded transfinite iteration of 6 , that is the idempotent hull of
6 . Schroder [1983] constructed, for every cardinal « , an Urysohn space Yy of
cardinality « which contains the space Q of rational numbers as a §*-dense
subspace. Consequently, the category of Urysohn spaces is not cowellpowered.

We begin our investigations on epimorphisms in Chapter 6 which deals with
the regular closure operator reg” induced by a subcategory A of A . It was
introduced in a topological context by Salbany [1976], but the factorization it induces
in A is exactly Isbell’s [1966] dominion factorization which led him to characterize
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the epimorphisms of semigroups and other algebraic ca.tegoriw (see also Cagliari and
Chicchese [1982]). Since within the category A , reg*-dense means epimorphism
and reg#-closed means regular monomorphism, effectlve computational methods for
regular closure operators need to be developed. Often this is achieved by providing
a closure operator C of X such that its idempotent hull coincides with reg, at
least when restricted to A ; for instance 6 does this job for A = Ury . In other
instances, one first needs to “modify C along cokernelpairs” before bemg able to
reach the regular closure via the idempotent hull. .

An intensive study of the cokernelpair X +3 X in X of the subobject m:
M — X with X € A is in fact the first step in tackling the epimorphism problem
in any non-trivial situation. For “most” categories X it turns out that for m
to be regular monomorphism of A , it is necessary and sufficient that X 43 X
already belongs to A , as explained by the Magic Cube Theorem (6.4) and Frolik’s
Lemma (6.5).

There are various ways of reversing the passage A +— reg* which are being
studied in Chapter 7. For example, as Hausdorfl spaces are characterized as the
topological spaces X with closed diagonal Ax in XxX , one can show in a fairly
general categorical context that the objects of any regular-epireflective subcategory
A of X are those objects X with reg*-closed diagonal (cf. Giuli and Husek
{1986], Giuli, Mantovani and Tholen [1988].) Hence the passage that assigns to
any closure operator C the so-called Delta-subcategory of objects with C-closed
diagonal is of particular interest in the context of the epimorphism problem. It is
used to characterize the additive regular closure operators, which are of particular
interest for the epimorphism problem in subcategories of topological categories. In
general, having a subcategory A of X, it is often advantageous to look for
intermediate categories B such that the inclusion functor A4 < B preserves
epimorphisms. We present two good candidates for 8 and describe them in terms
of closure operators which are intimately connected with the regular closure operators.

Chapter 8 contains a variety of known or new results on Haus of Hausdorff spaces
These are large families of subcategories either containing Haus or being contained
in Haus for which we present unified criteria and constructions for epimorphisms
and (non-)cowellpoweredness

While every “reasonable” ranked category in algebra is cowellpowered (see Isbell
{1966}, Gabriel and Ulmer [1971], Addmek and Rosicky [1994]), the epimorphism
problem remains highly interesting. We concentrate our investigations on areas
where closure operators are useful in deriving new results. For instance, Theorem
8.9 gives a complete description of subcategories of R-modules with surjective
epimorphisms, and Theorem 8.10 provides a closure-theoretic description of
epimorphisms in the category of fields.

As indicated above, closure operators may be described by (generalized) factor-
ization systems. On the other hand, factorization systems (&, M) with special
stability properties of the class £ characterize reflective subcategories and local-
izations (see Cassidy, Hébert and Kelly [1985], Borceux and Kelly [1987]), the latter
of which are described in Topos Theory by Grothendieck- and by Lawvere-Tierney
topologies. LT-topologies are simply idempotent and weakly hereditary closure op-
erators whose dense subobjects are stable under pullback. We discuss them briefly
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in Chapter 9, concentrating on the Delta-subcategory which they induce. Under
light assumptions on the category, one can effectively construct the reflector into
the Delta-subcategory, and its epimorphisms are just the dense morphisms.

Closure operators can be used to study topological concepts, such as separated-
ness, regularity, connectedness, and compactness, in abstract categories which are
endowed with a closure operator (see in particular Manes [1974], Herrlich, Salicrup
and Strecker [1987], Giuli {1991], Dikranjan and Giuli [1988b], [1989], [1991], Fay
(1988], Castellini [1992], Clementino [1992], Fay and Walls [1994]). We emphasize
that it is not the aim of this monograph to pursue these concepts to any extent. How-
ever, notions of separatedness and (dis-)connectedness appear throughout Chapters
6-9 to the extent to which they are of interest in conjunction with the epimorphism
problem.






1 Preliminaries on Subobjects, Images,
and Inverse Images

In this chapter we provide the basic categorical framework on subobjects, inverse
images and image factorization as needed throughout the book.

1.1 M-subobjects

A closure operator in the category of sets assigns to every subset M of a set
X an intermediate set cx (M) such that certain properties hold. In the category
of topological spaces, we shall be considering subspaces M of a space X , and in
the category of groups subgroups M of a group X to which a closure operator
can be applied. In an arbitrary category X, we must first provide a suitable notion
of subobject. These subobjects are described by special morphisms A — X in
X which, in concrete categories of interest, may be safely thought of as inclusion
maps M — X .

In order to allow for sufficient flexibility, we define subobjects by introducing an
additional parameter: we consider a category X and a fized class M of monomor-
phisms in X which will play the role of subobjects. (That every morphism in M
is assumed to be a monomorphism of X is not essential, but it facilitates an easy
presentation of the framework; see Exercise 1.G.)

For every object X of X,let M/X be the class of all M-morphisms with
codomain X ; the relation given by

m<n&@j) n-j=m

M—21 N
R / (L1)
X

is reflexive and transitive, hence M/X is a preordered class. Since n is monic,
the morphism j is uniquely determined, and it is an isomorphism of X if and
only if n < m holds; in this case m and n are called isomorphic, and one
writes m = n . Of course, = is an equivalence relation, and M/X modulo 2
is a partially ordered class for which we can use all lattice-theoretic terminology and
notations, such as A, vV, A, V, etc. In fact, we shall use these notations for
elements of M/X rather than for their =-equivalence classes both of which we
refer to as M-subobjects of X ; the prefix M is often omitted. This means that,

for m,n € M/X , mAn denotes a representative in M/X of the meet of the
=-equivalence classes (whenever the meet exists}.
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In other words, with m denoting the 2=2-equivalence class of m , we have the
equivalences

m<n & m<n
ms=n & m=n
kZmAn & k=mAn,

and analogously for V, A, Y . We will exclusively use the notation given by the
left-hand sides of these equivalences.
It is convenient to assume throughout this book that

o M is closed under composition with isomorphisms (so that for every commu-
tative diagram (1.1) with arbitrary morphisms m, n and an isomorphism
j,onehas meM ifandonlyif neM)

o M contains all identity morphisms (hence all isomorphisms in light of the
previous requirement).

This may seem like a departure from our original intuition. However, in all
concrete examples there will be a natural subclass My of M available such that,
for every m € M/X , there is exactly one isomorphic copy of m in Mp/X ,ie.
Mo/X is a (categorical) skeleton of M/X for every X . In this case, Mo/X
is order-isomorphic to M/X modulo =, and we call My a skeleton of M.

Note that, in general, M/X is a proper class. X is called M-wellpowered if
there is a skeleton Mg of M such that each class Mp/X is small; equivalently,
if M/X modulo = can be labeled by a small set for every object X . In the
examples which are of interest to us in this chapter, X is always M-wellpowered.
However, we shall encounter many counter-examples in Chapter 8 (in the dual set-

ting).

EXAMPLES

(1) In the category Set of all sets and mappings, let M be the class of all
monomorphisms (i.e., all injective maps). In M/X , every injective map m :
M — X is isomorphic to the inclusion map m(M) < X . Hence, the class Mp
of inclusion maps provides a natural skeleton for M/X . In other words, M/X
modulo 2 is isomorphic to the power set 2X ordered by inclusion.

(2) In the category Top of all topological spaces and (continuous) maps, let M
be the class of embeddings (i.e. injective maps m : M — X such that the set of
opensetsin M is {m~}(U):U openin X} ). A skeleton Mo of M is given
by the inclusion maps of subspaces (since, for m: M — X in M, m induces a
homeomorphism of M and the subspace m(M) of X ).

(3) The class Mg of inclusion maps of subgroups is a skeleton of the class M
of all injective homomorphism in the category Grp of all groups and their homo-
morphisms.
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1.2 Inverse images are M-pullbacks

Inverse images of M-subobjects are given by pullback. More precisely, for our
fixed class M of monomorphisms in the category X, we say that X has M-
pullbacks if, for every morphism f:X — Y and every n € M/Y , a pullback
diagram

M—L N
m n (1.2)

x—4 vy

exists in X with m € M/X hence n-f' = f-m ,and whenever f-g=n-h
holds in &, then there is a (necessanly uniquely deterrmned) morphism ¢ with
=g (a.nd f'-t=h). Of course, as an M-subobject of X , m is uniquely
determined up to isomorphism,; it is called the irverse image of n under f and
denoted by f~!(n): f~!(N)— X . The pullback property of (1.2) yields that

U= MY = M/X
is an order-preserving map so that

E<ns RS ()

/

l(n) (1.3)

holds.
f"(N )

f“(K)

fY(E)

1.3 Review of pairs of adjoint maps

Images of subobjects are given by (left-) adjoints to the maps f~!(~) . Hence
we first review the notion of adjointness in the context of preordered classes (i.e.
classes which come equipped with a reflexive and transitive relation < ).

A pair of mappings ¢ : P — Q, ¥ : @ — P between preordered classes
P, Q is called adjoint if
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*) m < P(n) & p(m) <n

holds for all m € P and n €Q . Onesays that ¢ is lefi-adjoint to ¢ or o is
right-adjoint to ¢ in this case and writes ¢ < ¥ . Adjoints determine each other
uniquely, up to the equivalence relation given by (z =y <y and y<z):

LEMMA The following assertions are equivalent for any pair of mappings ¢ :
P—-Q, v:Q— P of preordered classes:
(O R
(i) ¥ is order-preserving, and o(m) = min{n € Q : m < ¢¥(n)} holds for all
meP;

(iii) ¢ is order-preserving, and (n) = max{m € P : p(m) < n} holds for all
neQ;

(iv) ¢ end 3 are order-preserving, and

m < P(p(m)) and p(P(n)) <n
holds for all me P, n€Q .

Proof (1) = (i) & (iii) Putting n := p(m) in (*), one obtains m <
P(p(m)) , hence ¢(m) € Qm := {n € Q : m < ¢(n)} . Furthermore, for all
n € Qm , (*) yields ¢(m) < n, hence ¢(m) = minQ,, . This formula implies
immediately that ¢ is order-preserving. Dually one obtains the formula for 3 as
given in (iii), and that 1 is order-preserving.

(it) = (iv) As mentioned before, the given formula for ¢ implies its mono-
tonicity. Furthermore, since ¢(m) € Qm , one has m < ¥(p(m)) , and since
n € Qy(n) , one has p(P(n)) < n forall m e P and n € Q. (ili) = (iv)
follows dually.

() = () m< g(n) implies p(m) < p(¥(n) < n, and p(m) < n
implies m < ¥(p(m)) < ¥(n) . o

The most important property of adjoint pairs is the preservation of joins and
meets:

PROPOSITION If o9, then ¢ preserves all existing joins (=suprema), and
3 preserves all existing meets (= infima). Hence one has the formulas

P (\/ ms) =\ e(m:) and ¢ (/\ n;) = A\ ¥(n) .
iel i€l iel ief
Furthermore, ¢ -Y-o=¢ and -p-Pp =1 , sothat ¢ and ¢ give a bijective
correspondence between P(Q) and o(P) .

Proof By monotonicity of ¢ , ¢(m) is an upper bound of {p(m;): i€l},
with m = \/m, . For any other upper bound n , one has m; < ¥(n) for all
i€l
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i € I by (), hence m < ¥(n) . Application of () again yields ¢(m) < n . This
proves that - preserves joins. The assertion for ¢ follows dually.

Furthermore, when applying the order-preserving map i to the first inequality
of (iv) in the Lemma one obtains ¢(m) < p(¥(p(m))) , and when exploiting the
second inequality in case n = p(m) one obtains ¢(¥(¢(m))) < ¢(m) . Hence
pY-p=p,and Y-p-Pp=19 follows dually. n}

The converse of the first statement of the Proposition holds if arbitrary meets
(2nd joins) exist in Q@ (and P):

THEOREM

(1) Let Q have all meets (regardless of size of the indezing system I). Then a
mapping ¥ :Q — P has lefi-adjoint ¢ if and only.if ¢ preserves all meets.

(2) Let P have all joins. Then a mapping ¢ : P — Q has a right-adjoint
if and only if ¢ preserves all joins.

Proof It suffices to show (1) since (2) follows by dualization. Furthermore,
after the Proposition, we just need to show that preservation of meets by ¥ yields
existence of a left-adjoint ¢ . Indeed, putting

p(m)= A{ncQ:m<¥(n)},

one obtains
$(e(m) = A\{p(n) : m < Y(n)} 2 m,
hence p(m) € {n € Q : m < Y(n)} = Qm and ¢(m) = minQ,, . As a meet-
preserving map, ¥ is order-preserving. Hence ¢ - ¢ holds by the Lemma.
]
1.4 Adjointness of image and inverse image

Let X have M-pullbacks, and forevery f: X — Y in X, let f~'(-):
MJY — M/X have a left-adjoint

(=) : M/X ~ MJY .

For m: M — X in M/X ,wecall f(m): f(M) =Y in M/Y the image of
m under f ;itis uniquely determined (up to isomorphism) by the property.

O] m< fH(n) @ f(m)<n

for all n € M/Y . Furthermore, 1.3 yields the following formulas:
(1) m<k= f(m) < fk);

() m<f(f(m)) and f(F7E(n)) <
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B r Vm;) = \/ f(m:);
134

i€l
@ £ (/\m) = A Fm) -
iel iel
For more formulas, see Exercises 1.K and 1.L.

Images can be characterized and constructed without reference to inverse images;
this is done in the following two sections.

1.5 The right M-factorization of a morphism

PROPOSITION Let X have M-pullbacks, and for f: X =Y in X, let
F~Y(=) have a left adjoint f(=) . Then there are morphisms e, m in X such
that

(1) f=m-e with m:M =Y in M, and

(2) whenever one has a commutative diagram

M
) (14)

Yy 2~z

in X with n € M, then there is a uniguely determined morphism w: M — N
with n-w=v-m and w-e=u.

"\1
Proof  Consider m := f(1x): f(X)—r Y . Since 1x < f~!(m) , one obtains
a commutative diagram oy P
i85 Aam
X —f-Y(M) M
1x F-1m) b m (1.5)
X f Y

With e the composite of the two top arrows of (1.5) one obtains (1). Given diagram
(1.4) with n € M , the pullback-property yields amorphism ¢: X — v“(N ) with
vl(n)-t=f . By the same property, one has a morphism s: X — f~! (v"1(¥))
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with f~'{(v™'(n))-s = 1x ,ie. 1x < f~'(v~!(n)) . Therefore m = f(1x) <
v~!(n) . by adjointness. Now w is the composite of the two top arrows of (1.6).

M v~1(N) N
" o=y P " (1.6)
Y v

By definition, n-w=1v-m . Since n is moﬁic, w is uniquely determined by this
equation, and w-e=u followsfrom n.-w-e=v-m-.e=n-u . o

Properties (1) and (2) determine e and m uniquely up to isomorphism: if
¢/ and m' satisfy (1) and (2) as well, then there is an isomorphism ¢ with
t-e=e¢ and m'-t=m (consider n=m’', u=e', v=1y ).

Any factorization f = m-e such that properties (1) and (2) hold is called the
right M-factorization of f . Property (2) is called the diagonalization property of
the factorization.

These notions may be considered for any class M, not just classes of monomor-
phisms. Dually, for any class £ of morphisms in X, one has the notion of a left
E-factorization of f in X, that is a right E-factorization of f in the oppo-
site category of X; just reverse the arrows in (1.4) and interchange the roles of
e and m.

1.6 Constructing images from right M-factorizations

Let every morphism in X have a right M-factorization. For f: X — Y in
Xand m:M — X in M, one defines f(m): f(M) —Y tobethe M-part of
a right M-factorization of the composite f-m .

M —— f(M)
m f(m) 1.7
x—Ff .y

Property (2) of 1.5 implies that the map
F=): M/X = MJY
is order-preserving. In case X has M-pullbacks, f(—) isleft-adjoint to f~!(-) :

THEOREM The following asseriions are equivalent:

(i) X has M-pullbacks, and every morphism has a right M-factorizaiion;
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(ii) X has M-pullbacks, and f~' (=) has a lefi-adjoint for every morphism f ;

(iii) every morphism has a right M-factorization, and f(—) has a right-adjoint
for every morphism f .

Proof (1) = (1)) & ((i) =iil))) For f(—) as defined above, we must show
F(=) 4 fY(=) . Infact, m < f~1(f(m)) follows from the pullback property
and f(f~'(n)) < n from the diagonalization property. Hence Lemma 1.3 gives
adjointness since both f(—) and f~!(~) are order-preserving. )
(ii) = (i) follows from Proposition 1.5.
(i) => (i) Denote the existing right-adjoint of f(—) by f~!(~) . Forevery
n:N —=Y in M one has a commutative diagram

fFUN) — FFH) N
-1(n n

) A (18
X f Y

We must show that it is a pullback diagram in X. In order to check the universal
property, we consider morphisms ¢:Z — X and h:Z — N with f-g=n-h
and form the right AM-factorization g=k-¢ of g with k: K —-XeM.

The diagonalization property yields a morphism w rendering

z—h N
e
w
n
K (1.9)
k

x—L—y

commutative, and by the same property one has f(k) < n . Therefore, k <
f~1(n) by adjointness. Hence, there is a morphism j : K — f~!(N) with
f~1(n)-j =k . Consequently, for t:=j.-e:2Z — f~'(N) one has f~!(n)-t=
k-e=g.Since n and f~!(n) aremonic, ¢t isuniquely determined and satisfies
also f'-t=~h with f' the composite of the upper two horizontal arrows of (1.8).
This completes the proof. (m}

We call X finitely M-complete if one (and then all) of the assertions of the
Theorem hold.
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EXAMPLES

(1)  Every category is finitely M-complete for M the class of isomorphisms.

(2) In each of the Examples 1.1, the category in question is (obviously) finitely
M-complete. In each case, the right M-factorization of a morphism f: X —Y
is given by its image f(X) considered as a subobject of Y .

(3) Here is a natural example where M-factorizations are not given by the set-
theoretic image: in Top, let M be the class of closed embeddings. Then Top is
finitely M-complete; the right M-factorization of amap f: X — Y is given by
the closure of f(X)CY .

(4) (Ezistence of M-pullbacks does not imply ezistence of right M-factorizations)
Let now M be the class of open embeddings in Top. Obviously, M-pullbacks exist.
On the other hand, it is easy to see that f:R — R, z +— z2 , does not have a
right M-factorization (see Exercise 1.B).

(5)  (Ezistence of right M-factorizations does not imply exzistence of M-pullbacks)
In the category CTop of all connected topological spaces, every map has obviously
a right M-factorization, with M the class of embeddings. But M-pullbacks fail
to exist (see Exercise 1.B).

1.7 Stability properties of M-subobjects

For M-subobjects m: M — X and n: N —Y in M , the direct product
M x N — X xY should also be an M-subobject. Here is a much more general
result:

PROPOSITION Let every morphism in X have a right M-factorization. Then,
for any diagram type D, M is closed under D-limits; this means that, for any
natural transformation p:H - K with H, K:D—- X, k=lmy: limH —

lig_nK belongs to M if every pg, d€ D, belongs to M.

Proof (Since we shall prove a more general result in 5.2, we just give a sketch
here.) Consider a right M-factorization k = m-¢ and, for every d € D , apply
the diagonalization property to:
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lim H Hd
(4
M Ha
(1.10)
m R
Iim K Kd

Then the limit property of limH is used to find an inverse of es3 hence k =
m-eEM. (n]

Most other stability properties which one usually expects to hold, follow from
closedness under limits:

THEOREM Let M be closed under D-limits for every D. Then one has:

(1) M is closed under arbitrary direct products.
(2) M isstable under pullback, that is for every pullback diagram

(4
mMm—LE N

m n (1.11)
x—L .y

nEM implies meM .
(3 Ifn-meM with n monic, then me M .

(4) M isstable under multiple pullback, that is: for every multiple pullback di-
agram
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/ & (1.12)

mi €M forall i€l implies meM .

(Multiple pullbacks are considered in more detail in 1.9 below.)

Proof
(1)  Consider discrete diagram types D .
(2) Given the pullback diagram (1.11), consider

(1.13)

Since both top and bottom face are pullback diagrams, M is the limit of the
diagram H given by f and n,and X is the limit of the diagram K given
by f and ly . The three vertical arrows 1y, ly , n constitute a natural
transformation « : H — K which belongs pointwise to M . Hence its limit m
belongs also to M.

(3) If n-meM with n monic, then one has a pullback diagram

M__IM__.M
m nem (1.14)
N—2 . x

Hence m € M follows from (2).

(4) Consider the multiple pullback diagram (1.12) with every m; € M . Then
M is the limit of the diagram H given by (m;)ier . Let K be a diagram of the
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same type with constant value 1y . We have a natural transformation p: H — K
given by the m;’s, hence pointwise in M. Therefore its limit m is alsoin M. O

REMARK We emphasize that we distinguish between stability under pullback (as
defined in the Theorem) and closedness under D-limits (as defined in the Proposi-
tion), for D = {- — - — -} . The proof of (2) of the Theorem shows that the latter
property implies the former. The converse proposition holds under mild additional
hypotheses. ’

COROLLARY Let X have pullbacks, and let every morphism in X have a right
M-factorization. Then X is finitely M-complete.

Proof By the Proposition and the Theorem, M is stable under pullback. Since
X has pullbacks, M-pullbacks exist in X. ]

1.8 M-subobjects of M-subobjects

For M-subobjects m: M — N and n: N — X , the composite n-m: M —
X should be an M-subobject. But closedness under composition is suspiciously
absent from the stability properties of M listed in 1.7, for a good reason: finite
M-completeness does not imply that M is closed under composition.

EXAMPLE In the category Grp of groups, let M be the class of those injective
homomorphisms f:G —+ H for which f(G) is normalin H . Obviously, Grp is
M-complete (the right M-factorization of a homomorphism f:G — H is given
by the normal closure of f(G) in H ). However, if N is a normal subgroup of
G and M is a normal subgroup of N, M need not be normal in G (consider
the group D4 of symumetries of the square).

Closedness of M under composition makes right M-factorizations “symmetric
in both factors”:

THEOREM The following two assertions are equivalent:

(1) every morphism has a right M-factorization, and M is closed under compo-
stlion;

(ii) there is a class £ of morphisms in X such that

(1) every morphism f in X has a factorization f=m-.e with me M
and e€ & , and

(2) for every commutative diagram
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X—2 .M
€ m (1.15)
y—2 .2

with e € £ and m € M, there is a uniquely determined morphism
w:Y <M with w-e=u and mw=v.

Proof (i) = (ii)) Wewrite e L m and wesay that ¢ is orthogonalto m ,
if for every commutative diagram (1.15) there is exactly one w with w-.-e=1u
and m-w=v . Let £ be the class

Mt = {e€MorX :(YmeM)e Lm}.

It then suffices to show that, when forming the right M-factorization of f=m-e:
X — Y ,one has e € £. To this end, we form the right M-factorization of
e=n-d: X — M and apply the diagonalization property of the first factorization
to

X-—d-—-N
e
m-n

M
ml (1.16)
y—lr.y

Since m-n € M one obtains a morphism t: M — N with m-n-t =m . Since
m and n are monic, n is an isomorphism. Now the diagonalization property of
the second factorization easily yields ee Mt =¢& .

(i) = (i)  We first show that M must coincide with the class

Eri={meMoarX:(Ve€€)elm}.

Property (2) gives M C &, . Vice versa, for m € £; consider a factorization
m=k-c with k€M and c€ € (which exists by (1)).

¢ m (1.17)
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Since m € £, thereisamorphism w: K — M with w-c=13 and mw=k%.
Since k is monic, also w is monic. Hence ¢ is an isomorphism, and we have
m= k€ M/X . Now it is a straight exercise to prove that &, is closed under
composition (see Exercise 1.E). o

One says that &' has (£, M)-factorizations if condition (1) and (2) of (ii) (and
therefore (i)) of the Theorem holds; property (2) is referred to as the (£, M) -
diagonalization properly. Note that the proof of the Theorem shows that £ and
M determine each other uniquely (provided also & is assumed to be closed under
composition with isomorphisms). (£, M)-factorizations are simultaneous right M-
and left E-factorizations (see Exercise 1.N).

In each of the Examples 1.1, the category has (£, M) -factorizations, and
€ is given by the surjective maps. In general, however, £ need not be a class of
epimorphisms of the category. For instance, since the class M of closed embeddings
in Top is closed under composition, there is a class & such that Top has (£, M) -
factorizations. & is the class of all dense maps f: X — Y in Top (that is: the
image f(X) is densein Y ); these are not necessarily epic in Top.

All results presented so far could have been established without assuming M to
be a class of monomorphisms (see Exercise 1.G). Without that assumption one has
a perfect duality principle: if X has (£, M) -factorizations, X’ has (M, £) -
factorizations. In particular: whatever property holds for M in general, its dual is
valid for €. Therefore, from the Theorem and from Proposition 1.7 one obtains:

COROLLARY If X has (E,M) -factorizations, then M is closed under D-
limits and & is closed under D-colimits for every D; both classes are closed under
composition. o
1.9 When the subobjects form a large-complete lattice

If X has M-pullbacks and if M is closed under composition, the preordered
class M/X has binary meets for every object X : one obtains the meet

mAn: MAN—-X

of two M-subobjects m : M — X and n: N — X as the diagonal of the
pullback diagram

MAN—— N
n (1.18)

M— X

In general, for any M, we say that X has M-intersections if for every family
(mi)ier in M/X (I may be a proper class, or empty), a multiple pullback
diagram
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/ w (1.19)

exists in X with m € M/X ; hence m;-j; =m forall i €I, and whenever one
has ¢: Z — X and h;:Z — M; with m;-h; =g forall i €I then thereis
uniquely determined morphism ¢:Z — M with m-t=¢ and j;-t=h; forall
i € I . One easily verifies that m indeed assumes the role of the meet of (m;);er
in M/X . Hence one writes

m"i’/\m; : /\M;—vX.

i€l iel

But we often call m the M-intersection of (m;);er in order to emphasize its
categorical characterization as a multiple pullback. Of course, we speak of finite
M_intersections if I is finite.

Whereas the assumption that M be a class of monomorphism was put only for
convenience in the previous sections, every morphism in M is necessarily monic if
X has M-intersections (with no restriction on the size of the indexing system I):
see Exercise 1.F. In other words, assuming M to be a class of monomorphisms is
no longer a restriction of generality if X is assumed to have M-intersections.

ProrosiTiON If X has M-intersections, then every preordered class M /X
has the structure of a large-complete lattice, i.c., class-indezed meets and joins ezist
in M/X for every object X € X

Proof  As usual, one constructs the join of (m,),e 1 in M/X as the meet of
all upper bounds of (m;)ier in M/X . . o

If X has also M-pullbacks, it is easy to see that the join m € M/X of
(mi)ier has the following categorical property: there are morphisms j; (i € I)
such that
(1) m-j;=m; forall iel;

(2) whenever one has commutative diagrams
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M;— Y N
jil
M n
(1.20)
)
X—r—z

in X with n € M , then there is a uniquely determined morphism w: M — N
with n-w=v-m and w-j;=u; forall iel.

A subobject m € M/X is called an M-union of (m;)ies if this categorical
property holds. Letting v = 1x in (1.20) one sees that unions are joinsin M/X ,
hence one writes

mﬁ_f\/m,- : VM,--—»X .
iel iel
X is said to have (finite} M-unions if for every family (mi);es in M/X (with
I finite) an AMM-union exists.

COROLLARY If X has M-pullbacks and M-intersections, then X has M-
unions. o

A category may have M-pullbacks and M-unions (hence each M/X is a
large-complete lattice), but fail to have M-intersections (i.e. meetsin M/X may
fail to be intersections): Top with M= { open embeddings } (cf. Example (4)
of 1.6) has M-pullbacks and M-unions; but the meet of open sets U; C X is
just the interior of n U; , hence is in general properly smaller than the multiple

iel
pullback in Top. y

1.10 The right M-factorization of a sink

If X has M-pullbacks and M-intersections, f~1(=): M/Y — M/X pre-
serves all meets for f: X — Y (since the latter are given by limits in X, and limits
commute with limits). Consequently, f has a right M-factorization (by Theorem
1.3 and Proposition 1.5), hence X is finitely M-complete. Next we shall show that
a much stronger result can be obtained: any class-indexed family (f; : Xi; — Y)ier
of morphisms in A with common codomain, commonly called a sink, can be si-
multaneously factorized. A right M-factorization of the sink (f;)ies consists of
morphisms m € M and e; ({ €I) in X such that

(1) fi=m-e forall i€l with m: MY ;
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(2) whenever one has commutative diagrams

X Ui N
e,~|
M n
(1.21)
|
y —%—2

in X with n € M | then there is a uniquely determined morphism w: M — N
with n-w=v-m and w-e;=u; forall i€ .

We refer to (2) as the simultaneous diagonalization property. Note that the sink
(fi : Xi = Y)ies may be empty in which case its right M-factorization is given by
the least subobject of Y (see 1.11).

THEOREM The following assertions are equivalent:
(1) X has M-pullbacks and M-indersections;
(i) X has M-unions, and every morphism in X has a right M-factorization;

(iii) every sink in X has a right M-factorization.

Proof (i) = (i) follows from the remarks above and from Corollary 1.9.

(ii) = (iii)) Given the sink (f; : X; — Y)ies , first form the right M-
factorization of each f; = m;-d; and then consider the M-union m: M — Y
of (m;)ics . Hence one has j; with m.j; = m; , so that e; := j; - d; satisfies
m-e; = f; for all { €I . The simultaneous diagonalization property follows easily
from the diagonalization property for each f; and the characterization of m asa
union.

(i) = (i) For f: X =Y and n: N - Y in M we must show the
existence of a pullback diagram :

m n (1.22)

x—L .y
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with m e M :let (g;:Z; — X)ier be the family of all morphisms g; such that
there is a morphism h; : Z; = N with f.g; = n-h; . Factoring (gi)ies and
applying the simultaneous diagonalization property gives morphisms m € M and
f' with f-m=n-f aswell as morphisms e;:Z; = M with m-.e; = g; for all
t € I . The latter morphisms guarantee that the umversa.l property holds so that
(1.22) is a pullback diagram.

The proof that M-intersections exist in & is very sxrmlat to the one just given.
We leave it as an exercise to the reader (cf. Bérger-Tholen [1990]). =

X is called M-complete if one (and then all) of the properties of the Theorem
hold. Trivially, M-completeness implies finite M-completeness; the converse
implication does not hold in general (see Example (2) below). We also note that
M-completeness does not imply closedness under composition for M (Example 1.8
may be re-employed here). .

COROLLARY Let the complete category X be M-wellpowered. Then X s
M-complete if and only if M is stable under pullback and multiple pullback.

Proof  One has to show that any class-indexed family (m;);er in M/X hasan
intersection if X is complete and M-wellpowered. But since X is M-wellpowered
there is a small subfamily (mj);es with J C I such thatevery m; is isomorphic
to some m; . Therefore, the multiple pullback of (m;)jes (which exists since &
is assumed to have all small limits) serves also as a multiple pullback of (m;)ier -
The rest of the proof is trivial. a

EXAMPLES

(1) The right M-factorization of a sink (f;: X; —Y)ies in Set with M the
class of injective maps is given by

X,'—>M=Uf,'(X.')HY.
i€l

When considering M as a subspace of Y , one obtains the right M-factorization
in Top with M the class of embeddings. In Grp with M the class of injective
homomorphisms one must exchange M for the subgroup generated by M . In
each case, one has an M-complete category.

(2) A poset (X, <) can be considered a (small) category X': the set of A'-
objects is X , and there is a morphism z — y iff z <y, and then there is only
one such morphism. Hence every morphism in X is monic (and epic), and we can
let M be the set of all X-morphism. & has (£, M) -factorizations, with &
the set of isomorphisms (= identity maps) in X, and X has (M-)pullbacks iff
(X, £) has binary meets. However, (M- )completeness of X means completeness
of (X, <) as alattice. Hence every non-complete semilattice gives an example of
a finitely M-complete but not M-complete category.
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1.11 The last word on least and last subobjects

M/X always has a largest element, 1x . It is the intersection of the empty family
of M-subobjects of X . Obviously, f~!(ly)=1x holdsforevery f:X —Y .
The union of the empty family in M/X (if it exists) is called the trivial M-
subobject of X ; it is the least element of AM/X and therefore denoted by

ox : Ox—X.

Its characteristic categorical property (cf. Diagram (1.20)) reads as follows: for
every diagram

Ox N
ox " (1.23)
X ' .2

with n € M there is a uniquely determined morphism w:0x — N with n.w=
veox . If f:X —Y hasaright M-factorization, its diagonalization property
easily gives f(ox) Z oy . For f € M and M closed under composition, this
means f-ox = oy ,hence Ox = Oy .

PROPOSITION Under each of the following hypotheses, an object X of X has
a trivial M-subobject:

(a) X has finite M-unions ;
(b) X has M-pullbacks, and M/X has a least element;

(c) X has an initial object, and every morphism has a right M-factorization.

Proof (a) By definition. (b) In order to show that the least element ox

in M/X satisfies the categorical property, obtain the desired arrow w in (1.23)
as the composite Ox — v~} (N) = N . (c) For an initial object I of X, obtain
ox as the AM-part of the right Ad-factorization of the only morphism I — X. O

An object X in X is called trivial if M/X has only one element, up to
isomorphisms; if ox : Ox — X exists, this means ox = lx , or ox is an
isomorphism. In this terminology, Ox is a trivial object of X , provided M is
closed under composition.

Note that if there is a morphism f:X — Y , one has a morphism Oy : Ox —
Oy (with oy -Oy = f-o0x ).

In general, if there is no morphism X — Y , there may be no morphism Ox —
Oy either:
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EXAMPLE The category CRng of commutative unital rings and its homomor-
phisms is M-complete for M= { injective homomorphisms }. Every ring R hasa
least (unital!) subring which can be obtained as the image of Z — R . For integral
domains of characteristic p , one has Or = Z, . In case p # ¢, there are no
morphisms Z, — Z, .

Exercises

1.A (Images and inverse images of composites) Prove the formulas

(9-f)(m)=g(f(m)) and (¢-f)"'(n)=f"' (7" (n)) -

Furthermore, for an isomorphism f , verify that f~!(n) can be interpreted as
both, the inverse image of n under f or the image of n under f~!.

1.B (Independence of ezistence of M-pullbacks and of right M-factorizations,
cf. 1.6)

(a) Prove that maps in Top may fail to have right AM-factorizations for M the
class of open embeddings.

(b)  Prove that the category CTop does not have M-pullbacks, for M the class of
embeddings. (Note: it is not enough just to state that a pullback of connected
spaces formed in Top no longer lives in CTop.)

1.C (Stability properties of monomorphisms and retractions)

(a) Prove that, in any category, the class of monomorphisms is closed under com-
position and under D-limits for every D.

(b) Prove that, in any category, the class of retractions (morphisms p such that
there is j with p-j = 1) is closed under composition and stable under
pullback and multiple pullback, but fails to be closed under D-limits in general.

1.D (Eztremal monomorphisms) A monomorphism m : M — X in a
category is called eztremal if m = f-e with an epimorphism e holds only if e
is an isomorphism.

(a) Show that in Top the extremal monomorphisms are exactly the embeddings.

(b) Prove that a morphism in a category is an isomorphism if and only if it is both
epic and extremally monic. Dualize the statement.

(¢) Prove that every monomorphism is extremal if and only if every morphism
which is both epic and monic is actually an isomorphism. Dualize the state-
ment.
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(d) Prove that extremal monomorphisms are left cancellable, that is: if a composite
n-m is extremally monic, then also m is extremally monic.

(e) Construct categories in which extremal monomorphisms are not closed under
composition or stable under pullback or multiple pullback. (It may be hard to
find concrete categories here; see also 1.E below.)

1.E (Strong monomorphisms) A morphism m : M — X in a category is
called a strong monomorphism if m-u=v-e with e epic implies that there is
exactly one morphism w with m.-w=v.

(a) Prove that every strong monomorphism is in fact monic, even extremally monic
(cf. 1.D), and that every section is strongly monic.

(b) Prove that the classes of strong and of extremal monomorphism coincide in
categories with pushouts.

(c) Show that a morphism m is strongly monic if and only if m is a monomor-
phism belonging to £, , with £ the class of all epimorphisms (see 1.8).

(d) For any class £ of morphisms, £, is closed under composition and under
PD-limits for every D. Conclude that the class of strong monomorphisms has
the same properties.

(¢) For arbitrary classes M and £ ,show that M NML and E£NE; contain
only isomorphisms. .

1LF (Discussing the blanket assumptions on M again)

(a) Show that any class M of morphisms which is stable under pullback and mul-
tiple pullback must contain all isomorphisms and be closed under composition
with isomorphisms. (Don’t forget multiple pullbacks of empty families!)

(b) Let n beamonomorphism in a category. Show that the family (m;)ies with
m; =n for all ¢ and any non-empty class I has a multiple pullback.

(c) Suppose that, for a morphism n in X, the family (m;)ies with m; = n
forall ¢€ and I =MorX has a multiple pullback in X. Prove that m
is a monomorphism. (Hint: Assume n-z=n-y for = # y and consider the
multiple pullback diagram (1.19). The class K ={h: (Vi€ I)j;-h € {z,y}}
is not empty, and one can find a surjective map o :I — K . Now apply the
universal property to (z;)ies with

z;‘::{:c if ji-o(i)=y )

y if ji-o(i)==z

1G (For the category-minded)  Let M be any class of morphisms, not
necessarily a class of monomorphisms. For an object X ,let AM/X be the category
whose objects are the AM-morphisms with codomain X ; a morphism j:m —n
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in M/X isan A-morphism which makes diagram (1.1) commute, and composition
isasin X. Reading “adjoint map” as “adjoint functor”, show that all results proved
in 1.5-1.8 remain valid in this more general setting. Prove that the category Cat of
small categories and functors is finitely M-complete but not M-complete for M=
{ full and faithful functors }. Describe the class £ for which Cat has (£, M) -
factorizations.

1.H (Factorization of small sinks)  Let X have right M-factorizations of
morphisms and (small) coproducts. Show that every sink (f; : X; — Y);er with
I small (a set, not a proper class) has a right M-factorization. (Don’t forget the
case I=0.)

11 (Factorization of sinks when M is closed under composition)  Prove
a sink-version of Theorem 1.8, that is: replace in Theorem 1.8 the morphisms
f,e, and u by sinks with the same indexing set, and the class £ by a con-

glomerate £ of sinks.

1J (Change of universe) Let k: X —Y and m; : M; = X (i€1I) be
M-morphisms. Prove for M closed under composition:

() For I#0,the M-intersection /\ k-m; exists if and only if m = /\ m;
exists, and then one has k-m = }i[k -m; . (What happens for I = 0‘5;
iel
(b) If the M-union m = Vm, exists, then Vlc -m; exists, and k-m =
v k -m; holds. The co:levlerse proposition hoiZ; for M stable under pushout
ze-l__ dual to stable under pullback).

1K (More formulas on image and preimage) Let X have (£, M)-
factorizations and M-pullbacks. Prove for f: X —Y :

() If feM , then f~'(oy)=ox (provided the trivial subobjects exist).

(b) fe€€ ifandonlyif f(lx)=1ly .

(¢) If feM  then f~'(f(m))=m forall me M/X .

(d) I fe€€& andif £ is stable under pullback, then f(f~!(n)) = n for all
neM/Y .

1L (More on preservation of unions and intersections) An object P in
X is said to be projective w.r.t. a morphism f:X —Y ifforevery y: P—Y
thereisan z:P— X with f-z=y . Let X be M-complete so that X has
(€, M) -factorizations, and assume the existence of an object P such that

e € £ & P is projective w.r.t. e
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holds for every morphism e in AX. Prove for a morphism f : X — Y and
non-empty families (m,-);e[ in M/X and (n;);e[ n M/Y:

(a) ¥ f isa monomorphism, then f( /\ m;) = /\ f(mi) .
iel iel
(b)  If the sink (Ji : Ni = N)ier belonging to a union n =V, n; asin (1.20)
has the property that, for every y : P — N , thereisan ¢ € I and a
morphism z:P — N; with ji-z=y ,then f~'(V;eyni) = Vi f™'(mi) .

1M (Subobjects need not be closed under colimits)

(a) Show that monomorphisms in Set are not closed under the formation of co-
equalizers.

(b) Show that monomorphisms in Grp are not stable under pushout.

1.N ( € is closed under composition) (1) Let A’ have right M-factorizations,
and let £ be the class of morphisms in X for which the AM-part of their right
M-factorization is an isomorphism. Show & = M* and conclude that £ is closed
under composition (cf. Theorem 1.8 and Exercise 1.E).

(2) Show that X has (£, M)-factorizations if and only if every morphism has a fac-
torization which is simultaneously a right Ad-factorization and a left £-factorization.

1.0 (Trivial objects)  Consider the only morphism ¢: X — T of an object
X in X into a terminal object T , and assume t~!(or)= ox . Show that X
is trivial if and only if there is a morphism X — Or in X.

Notes

Finding an adequate notion of factorization system in a category has been a theme in
category theory almost from the very beginnings. Early references include Mac Lane
[1948] and Isbell [1957], but it was not before the late sixties to early seventies that a
generally accepted definition emerged, most comprehensively presented by Freyd and
Kelly [1972], but see also Kennison [1968], Herrlich [1968], Ringel [1970], Pumpliin
[1972], Dyckhoff [1972] and Bousfield [1977); it is the self-dual notion of (£, M)-
factorization system as presented here in 1.8. We have chosen to take a “one-sided”
approach to it via right M- factorizations (going back to Ehrbar and Wyler [1968],
[1987], Tholen [1979], [1983] and MacDonald and Tholen [1982]) since idempotent
closure operators “are” exactly such factorization systems, as will be made precise
in 5.3. The notion of finite AM-completeness and its characterization by Theorem
1.6 does not seem to have appeared previously in the literature. Theorem 1.7 goes
back to Im and Kelly [1986].



2 Basic Properties of Closure Operators

Categorical closure operators as defined in this chapter.for any category with
a suitable subobject structure provide simultaneously a coherent closure operation
for the subobjects of each object of the category. The notions of closedness and
denseness associated with a closure operator are discussed from a factorization point
of view. This leads to a symmetric presentation of the fundamental properties of
idempotency vis-a-vis weak hereditariness and of hereditariness vis-a~vis minimality.
Further important properties are given by additivity and productivity which are
briefly discussed at the end of the chapter.

2.1 The categorical setting

Throughout this chapter, we consider a category X and a fixed class M of
monomorphisms in X which contains all isomorphisms of X. Furthermore, it is
assumed that

e M is closed under composition, and that
o X is finitely M-complete (see 1.6).
Consequently,

(1) X has M-pullbacks (i.e., inverse images of M-subobjects along X-
morphisms exist, see 1.2);

(2) every morphism in X has a right M-factorization (in particular, images
of M-subobjects under X-morphisms exist, see 1.4/1.5);

(8) thereisaclass £ of X-morphisms, such that X has (£, M) -factorizations
(see 1.8);

(4) X has finite M-intersections (see 1.9);
(3) M isclosed under D-limits in X for every diagram type D (see 1.6).

Often we shall assume that X is even M-complete. One then has’in addition
that

(2') every sink in X has aright M-factorization (see 1.10), and that

(4) A has M-intersections and M-unions (in particular, class-indexed meets
and joins exist in every preordered class M/X ; see 1.9).

Whenever M-completeness (rather than finite M-completeness) is needed, we
shall say so explicitly. £ will always denote the class determined by M and

property (3).
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2.2 The local definition of closure operator
A closure operator C of the category X with respect to the class M of

subobjects is given by a family C = (cx)xex of maps cx : M/X — M/X such
that for every X € X :

(1) (Estension) m < ex(m) forall me M/X ;'
(2) (Monotonicity) if m <m’ in M/X ,then cx(m) < cx(m');
(3) (Continuity) f(cx(m)) < cy(f(m)) forall f: X =Y in ¥ and me M/X .

By the monotonicity condition, m = m’ implies cx(m) = cx(m’) . Therefore,
it suffices to define the maps cx on a skeleton of M/X .

In the presence of (2), the continuity condition can equivalently be expressed as

(3) ex(f7'(n)) < f'(cy(n)) forall f: X =Y and ne M/Y .

In fact, (3) gives that, for n € M/Y and m= f~1(n),

flex(F71 () S ey (F(f71 (n))) S ex (n)
by (2), hence (3') follows with (x) of 1.4. The proof that, in the presence of (2), (3')
implies (3) is completely analogous.

The conjunction (2) & (3) is equivalent to:

(4) f(m) < n implies f(cx(m)) <ecy(n) foral f:X Y, me M/X

and neEMJY . '
In fact, if f(m)<n,(2) & (3) give f(cx(m)) < cy(f(m)) < cy(n) . Vice versa,
(4) implies (2) (consider f = 1x ) and (3) (consider n = f(m) ). Similarly, (2) &
(3) (& (2)&(3)) is also equivalent to:
(4) m< f~1(n) implies cx(m) < f!(ey(n)) forall f: X ->Y, me
M/X and ne MJY .

In the particular case that f : X — Y belongs to M, note that one has
f(m) = f-m since M is assumed to be closed under composition. Hence in this
case, implication (4) simply reads as:

(4") f-m<n implies f-cx(m)<cy(n) .

We fix some standard notations. For an M-subobject m : M — X , the domain
of its C-closure cx(m) is denoted by cx(M) .

If there is no danger of confusion, we may write ¢ instead of cx . Because of
(1), one has a commutative diagram

M jm Cx(M)

\ ﬁm e

X
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with a uniquely determined morphism j, which, by Theorem 1.7(3), belongs again
to M.

We shall discuss examples of closure operators more systematically in Chapter
3. Here we just mention the most fundamental example which gives guidance for
the general terminology:

ExaMPLE  (Kuratowski closure operator) For a subset M of a topological space
X , the (Kuratowski) closure of M in X is defined as usual by

Ex(M)={ze€ X :UQM #0for every openset U 5z} =M .

This way one obtains a closure operator K = (kx)xeTop of Top with respect
to the class M of embeddings. (It suffices to define K on the skeleton M,
of M consisting of the inclusion maps of all subspaces; for an arbitrary embedding
m: M — X one may then put kx(m):= kx(m(M)) .)

2.3 Closed and dense subobjects

An M-subobject m : M — X iscalled C-closed (in X) if it is isomorphic to
its C-closure, that is: if j, : M — cx(M) is an isomorphism. m is called C-
dense in X ifits C-closure is isomorphic to lx ,thatis: if cx(m):cx(M) —= X
is an isomorphism. The prefix C may be omitted.

It is easy to verify that for the Kuratowski closure operator K of Top, K-
closed and K-dense for a subspace inclusion M < X means closed and dense in
the usual topological sense, respectively.

We are interested in stability properties of C-closed and of C-dense morphisms.
The continuity condition (3) ( & (3')) implies that C-closedness is preserved by
inverse images, and that C-denseness is preserved by images:

PROPOSITION Let f: X —Y bea morphism.
(1) If n is C-closedin Y , then f~!(n) is C-closed in X .
(2) If m is C-densein X and f€& ,then f(m) is C-densein Y .

Proof (1) If n=cy(n), then ex(FAn) < ey(m) = 1 (n) .
(2) I 1x=cx(m) and fe€&,then 1y ¥ f(lx) = f(cx(m)) < CY(f(m))c;

Let MC be the class of C-closed M-subobjects. The Proposition asserts that
MC s stable under pullback. In fact, a2 more general property holds:

THEOREM ME s closed under D-limits, for any diagram type D. In particular,
direct products and iniersections of C-closed subobjects are C-closed (cf. 1.7).
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‘We leave the proof as an exercise to the reader, since a more general result will
be proved in 5.2. Stability under pullback gives in particular:

COROLLARY If, for monomorphisms m and n, n.-m isa C-closed M-
subobject, then m is a C-closed M-subobject. a

One is tempted to assume that the class of all C-dense subobjects enjoys the
dual properties. But this is not true in general: for C =T the trivial operator (see
Exercise 2.A), every M-subobject is C-dense; however, the class M need not be
closed under colimits, not even be stable under pushout (see Exercise 1.M). Despite
its triviality, this example shows everything that may go wrong: the obstacle is the
subobject property, not C-denseness - if defined for arbitrary morphisms, and not
just for subobjects.

One calls a morphism f:X —Y C-denseif f(lx) is C-densein Y , that
is: if cy(f(1x)) =1y . The class of C-dense morphisms in X is denoted by £€.
Note that £ is a subclass of £° . Now one can prove:

THEOREM* EC is closed under D-colimils, for any diagram type D.

Again, we postpone the proof of the Theorem* and of the following Corollary
(see 5.2 and Exercise 2.F).

COROLLARY” If, for arbitrary morphisms ¢ and d, d-e is C-dense, then
d is C-dense. a

2.4 Idempotent and weakly hereditary closure operators

A closure operator C' may or may not have further important stability proper-
ties which were not discussed in 2.3, for instance:

(ID) The C-closure of an M-subobject of X is C-closed, i.e.
ex{ecx(m)) Zex(m) forall m: M - X in M.

(WH) An M-subobject of X is C-dense in its C-closure, ie. cy(jm) = ly
forall m: M — X in M, with Y =cx(M).

(CC) Composites of C-closed M-subobjects are C-closed, i.e. if m: M — N
and n: N —= X in M are C-closed, then n-m is C-closed.

(CD) Composites of C-dense M-subobjects are C-dense, ie. if m: M — N
and n: N =X in M are C-dense, then n-m is C-dense.

One easily shows that the Kuratowski closure operator of Top enjoys each of
these properties. However, none of these properties holds in general (see, for in-
stance, the 6-closure operator of Top, described in 3.3 below). If properties (ID) or
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(WH) hold for every X € X , then C is called idempotent or weakly hereditary,
respectively; in case the conditions are restricted to a specific X , we shall add for
X . (The reason for choosing the name “weakly hereditary” will become clear in
2.5.) The logical connections between the two properties will become clear once we
have proved:

LEMMA ( Diagonalization Lemma ) For every commutative diagram
M Y N
m n (2.2)
X Y Y

with m, n € M, there is a uniquely determined morphism w rendering the
diagram

M s N
Jm Jn
cx (M) w0 ey (N) (2:3)
cx(m) cy(n)
X v Y

commutative.

Proof By the diagonalization property of (right) AM-factorizations (cf. 1.5) one
has v(m) < n in M/Y , hence v(cx(m)) < cy(n) by continuity. Hence w is
the composite (cx (M) — v(cx(M)) — cy(N)) . o

COROLLARY

(1) If m in(22) is C-dense, then there is a uniquely determined morphism
t: X —cy(N) with t-m=j, -u end cy(n)-t=v.

(2) If n in(22) is C-closed, then there is a uniquely determined morphism
s:ecx(M)—= N with s-jp,=u and n-s=v-cx(m) .

(3) In(22), if m is C-dense and n is C-closed, then there is a uniquely
determined morphism d: X — N with d- m=u and n-d=v .
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4 ¢£°n ME s the class of isomorphisms in X. o

PROPOSITION For an idempotent closure operator C , every morphism has a
right MC-factorization, and E€ is closed under composition.

Proof Every morphism f:X — Y hasan (£, M)-factorization f=m-.e . If
C is idempotent, then cy(m) € M . With the Corollary it is easy to show that
f=cy(m)-(jm-¢) is aright MC -factorization of f .

ey (M)
Jm
M cy(m) (24)
VAR
X f Y

From Exercise 1.N we obtain that £ = (ME)L s closed under composition.
[}

It is easy to show that the factorization (2.4) is a left £C-factorization of f if
C is weakly hereditary; in fact, d:= jn -e¢ is C-dense since d(1x) = j,, . Now
the dual of Exercise 1.N gives:

PROPOSITION* For a weakly hereditary closure operator C , every morphism
has a left E€-factorization, and MC is closed under composition. o

THEOREM The following statements are equivalent for a closure operator C :
(1) C is idempotent and weakly hereditary;
(i) C is idempotent and (CC) holds for every X € X ;

(lll) C is weakly hereditary and (CD) holds for every X € X ;

(iv) X has (€, MC) -factorizations.
Proof (i) = (ii) = (iv)and(i) = (ii]) = (iv)follow from the Proposition,
Proposition* and Theorem 1.8.

(iv) = (i) One considers an (£¢, M) - factorization

MS.N X
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of m=n-deM . Then m<n implies cx(m)<n since n € M . From the
Diagonalization Lemma, one obtains a commutative diagram

M — v .y
\ Ja Jm
en (M) ¥ cx (M) (2.5)
cn(d) cx(m)
N n X

Since cn(d) is an isomorphism, one has n < cx(m) , hence n = cx(m) . There-
fore w is an isomorphism, and cx(m) € M€ , j, € EC follows from n € M |
de&f . ‘ o

REMARKS

(1) The Proposition (and the Theorem), together with 1.7 (and 1.8), yield the
stability properties of M€ (and £€ ) as described in 2.3 in case C is idempotent
(and weakly hereditary).

(2) Although, in general, EC need not be closed under composition, it is always
closed under composition with £-morphisms: see Exercise 2.F.

3) From the Proposition and Proposition* we obtain the implications
p

(WH) = (CC) and (ID)=> (CD).

In 4.6 below we shall exhibit a non-trivial example which simultaneously shows
that, in general, the converse implications are not true (see Exercise 4.H). A trivial
example of this type is provided in Exercise 2.E(c)

2.5 Minimal and hereditary closure operators

Suppose that the M-subobject m : M — X factors through a larger M-
subobject y:Y — X as
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\ / (2.6)

Is it then possible to compute cy(my) with the help of cx(m) ? For the Kura-
towski closure operator K of Top this is easily done: for subsets M CY C X
one has ky(M) =Y Nkx(M) . In the general context, since my = y~!(m) in
M/Y , one has

cy(my) <y~ (ex(m))
by continuity. But in general, these two subobjects of Y are not isomorphic, even

when C is idempotent and weakly hereditary (see Example (2) in 3.4 below). C
is called hereditary for X if

(HE) cy(my) =y~ !(cx(m)) forall m<y in M/X ,

and hereditary if it is hereditary for all X € X .
First we want to show that weak hereditariness can be described by a weakened
version of (HE):

LEMMA A closure operator C is weakly hereditary if and only if (HE) holds
under the restriction that y = cx(z) for some z2>m in M/X .

Proof When considering z = m , hence my = j;, , the stated condition gives
cy(jm) = cy(my) = y~(y) ; but y~!(y) is an isomorphism since y is monic.
Thus (WH) follows.

Vice versa, let C be weakly hereditary and consider m, 2z, y as in the
Proposition. m < z implies cx(m) <y . It follows immediately from the pullback
property that the morphism k:cx(M) =Y =cx(Z) with y-k = cx(m) satisfies
k = y~!(cx(m)) . The Diagonalization Lemma gives a commutative diagram

M — . oy
jem
cy (M) ¢ cx (M) (2.7)
cy (my) k cx(m)
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Since k-jm = my , we have (with N = cx(M))
k-en(jm) Sey(my)=k-¢

by continuity, hence enx(jm) < £ . Since by hypothesis ¢y (jm) is an isomorphism,
also ¢ is one. Therefore, cy(my) =k =y !(cx(m)) . n]

PROPOSITION

(1) An idempotent closure operator C is weakly hereditary if and only if (HE)
holds under the restriction that y is C-closed.

(2) A closure operator C is hereditary if and only if C is weakly hereditary and
(HE) holds under the restriction that y is C-dense.

Proof (1) follows immediately from the Lemma. The Lemma also gives that the
two stated conditions of (2) are necessary for hereditariness. We must show that
they are also sufficient and consider m <y in M/X asin (HE). Consider the
following pullback diagram:

v~ (ex (M) w=(ex (M) ex (M)
(ex(m)) w(ex (m)) ex(m) 28)
Y % We=a) =g X

Let mw : M — W be defined by w-mw = m . By the Proposition, one has
cw (mw) = w™ex(m)) .

Since j,-my =mw ,and j, is C-dense, one also has
ey (my) = j;7 (ew (mw)) -

Consequently,
ey (my) 2 j; (w™ (cx(m))) =y~ (cx(m)) . o

Next we wish to characterize hereditary closure operators in terms of the following
left-cancellation property of C-dense subobjects w.r.t. M:

(LD) Forall m: M — N and n:N —X in M,if n-m is C-dense, then m
is C-dense.

THEOREM A closure operator C is hereditary if and only if C is weakly
hereditary and (LD) holds forall X € X .
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Proof (LD) is certainly a necessary condition for hereditariness. To wit, let
k :=n-m be C-dense, so that cx(k) is an isomorphism. But then, also cny(m) =
n~!(cx(k)) is an isomorphism, hence m is C-dense.

Conversely, let us assume that (LD) holds with C weakly hereditary. With
m <y asin (2.8), we consider the following commutative diagram (with k such
that y~'(cx(m)) -k = cy(my) ):

M) —k y-'(cx(M»ﬂiﬂﬂ— y
Jmy v (2.9)

M - “ex(M X

Im ( ) cx (m)
Since C is weakly hereditary, j, is C-dense, hence also k-jn, is C-dense, due
to (LD). Now the Diagonalization Lemma (see Corollary 2.4 (1)) gives immediately
an inverse of k , as desired. [=]

Together with Theorem 2.4, the Theorem implies:

COROLLARY A closure operator C is hereditary and idempotent if and only if
C is weakly hereditary and (CD) and (LD) hold for every X € X . o

Finally; we briefly examine the “dual” of (LD), that is the right cancellation
property of C-closed subobjects w.r.t. M:

(RC) Forall m: M — N and n:N—X in M,if n-m is C-closed, then n
is C-closed.

Clearly this property fails already for the Kuratowski closure operator K of
Top (consider, for example, a point of a non-closed subspace of a Tj-space). While
topologically meaningless, (RC) becomes interesting in algebraic examples, as we
shall see in 3.4/3.5. The Theorem suggests to consider this property in conjunction
with idempotency (the “dual” of weak hereditariness).

For an idempotent closure operator C cx(ox) is C-closed. Hence (RC) gives
that y € M/X is C-clésed if (and only if) cx(ox) < y . Hence it is clear that
C will be determined by the subobjects cx(ox), X € & ; in fact, we obtain
immediately that (RC) and (ID) imply

cx(y) =y Vex(ox)

for all y € M/X . We may express this equivalently without referring to the trivial
subobject, as follows:

(MI) cx(y) 2yVex(m)foralm<y in M/X.
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A closure operator C' satisfying (MI) is called minimal for X ; C is minimal
if it is minimal for all X € X .

It is an easy exercise that, in turn, a minimal closure operator C' is idempotent
and satisfies (RC). Hence we have:

THEOREM® A closure operator C is minimal if and only if C s idempotent
and (RC) holds for every X € X . : o

COROLLARY" A closure operator C is minimal and weakly hereditary if and
only if C is idempotent and (CC) and (RC) hold for every X € X . o

In summary we may state: hereditary and idempotent closure operators are
the weakly hereditary operators with perfect behaviour of dense subobjects, while
minimal and weakly hereditary closure operators are the idempotent operators with
perfect behaviour of closed subobjects.

2.6 Grounded and additive closure operators

For a closure operator C , intersections of C-closed subobjects are C-closed
(see 2.3). Hence, if X is M-complete, MC/X has, like M/X , all meets and
joins. But whereas meets are formed by multiple pullback in both cases, joins in
MC/X andin M/X differ in general (consider the Kuratowski closure operator
of Top), even finite (see Example (2) of Section 4.3 below) or just empty joins
(consider the trivial closure operator; see Exercise 2.A4).

Let X have finite M-unions. A closure operator C is called grounded ( for
XeXx)if

(GR) 6x(0x) ox
and additive ( for X ) if
(AD) ex(mvn)Zex(m)Vex(n) for m,neM/X.

Note that the Kuratowski closure operator of Top is both grounded and addi-
tive. In Section 3 we shall give examples showing that both properties are logically
independent of the properties discussed previously. Here we just mention a trivial
fact:

PROPOSITION Let X have finite M-unions. Then an idempotent closure op-
erator C is grounded and additive if and only if finite M-unions of C-closed
subobjects are C-closed. n}

How do arbitrary joins in MCS/X look like? For C idempotent, this is easy,
provided joins exist in M/X : the join of (m;)ies in MC/X is cx(v m;) ,
i€l
with \/ denoting the join in M/X (see Exercise 2.F). For arbitrary C , one can
reduce this problem to the idempotent case, as we shall see in 4.6.
For X with M-unions, one calls C fully additive ( for X )if
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(FA) cx (\/ me) = \/ ex(mi)

iel i€l

holds for all m; € M/X , i € I # 0 . (Empty unions are no! permitted here,
hence a fully additive closure operator is not a priori required to be grounded')
C is called directedly additive (for X ) if (FA) holds for every directed family
(mi)ier it M/X (sothatforall i, j€I#0 thereis k€I with m; <my
and m; <my ).

Clearly, there are obvious non-finite versions of the Proposition above character-
izing full and directed additivity in terms of C-closed subobjects, for an idempotent
closure operator C . The following easy Theorem clarifies the interrelationships
between the notions just intreduced.

THEOREM A closure operator of a category with M-unions is fully additive if
and only if it is additive and directedly additive.

Proof For m;e M/X , i€ I1#0 ,andforevery F CI finite and non-empty,
let¢ mp be the join of (m;)icr . Then

m'—“\/m,@m”\/mp
sel

Since (mp:0# F C I finite) is a directed family in M/X , the “if” part of the
Theorem follows readily. The “only if” part is trivial. !

We want to stress that full additivity, like minimality, but unlike the other prop-
erties discussed previously, is usually not expected to hold. For instance, the Ku-
ratowski closure operator K = (kx)xeTop is not fully additive (see Exercise 2.I):
a Ty-space X for which kx satisfies (FA) must be discrete. More precisely, the
following statements are equivalent for a topological space X :

(i) K is fully additive for X ;
(ii) each point of X has a least neighbourhood;
(iii) the intersection of an arbitrary family of open sets in X is open.

Spaces X with these properties are called Alezandroff. We denote by Alex the
corresponding full subcategory of Top.

An example of a directedly additive but not additive closure operator will be
given in 3.4 below (see Example (1)).

REMARK Trivially, every minimal closure operator is fully additive, but it is
grounded only if it is (isomorphic to) the discrete operator (see Exercise 2.A). In
3.4 below we will encounter important examples of (non-discrete) minimal closure
operators; it is for this reason that we excluded groundedness from the requirements
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for full additivity. For the same reason, we did not define additivity in the sense of
“finite additivity”, so that it would include groundedness.

Full additivity, however, does not imply minimality, even in the presence of
idempotency, hereditariness and groundedness, as is shown by the following easy
example.

EXAMPLE Define the point-closure P of a subset M of a topological space
by
px(M) = |J kx({=})

zeM

(with K the Kuratowski closure). One easily checks that P is indeed a closure
operator of Top (w.r.t. embeddings) which is obviously fully additive and grounded
and which inherits idempotency and hereditariness from K . Every space X

which is not 7; shows that P is not discrete, hence not minimal.

2.7 Productive closure operators

Hereditary closure operators are well-behaved with respect to AAf-subobjects,
that is: for an M-subobject y:Y — X , cy is completely determined by the
restriction of ¢x to Y . Similarly, we now want to investigate closure operators
which are well-behaved with respect to direct products. To make this precise, we let
X have direct products and consider M-subobjects m; : M; — X;, i € I . Their

direct product
m:Hm,- :M:HM;—»X:HX.-
i€l i€l il

is again an M-subobject (see 1.7). By the Diagonalization Lemma, for every ¢ € I
there is a commutative diagram

M —% . M

jm Jmi
ex (M) 2 ex, (M) (210)
cx(m) cx,(m:)
X Pi X;

(with product projections p;, ¢; ). There is an induced morphism

t:ex(M) — ch'.(M,')
i€l
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with r;-t =1 (r; aprojection, i€ I ). One easily checks that s-t=cx(m)

holds with
s=[Lexims) : Tlex.(M:) = X,
iel i€l
hence cx(m) < s. C is called (finitely) productive ( for X ) if, for every
(finite) family (m;)ier of M-subobjects (of X ), s < cx(m), thatis: ¢ is
an isomorphism. Equivalently, cx(M) is a direct product of (cx;(M;i))ies with
product projections t; (as in (2.10)), i.e.

@) ex(M)=[]exi(M;) and cx(m) = []ex.(m:)-
i€l i€l
Thus for a productive closure operator, the closure of a “box-shaped” subobject is
given by the product of the closure of each edge. The Kuratowski closure operator
K of Top has this property (see Exercise 2.B).

PROPOSITION C is ( finitely ) productive if for every (finite) family (mi)ier
the induced morphism t belongs to &; if C is idempotent, it even suffices that
t belongs to E£C .

Proof  Since s €M wehave t € M (see 1.7). Hence t is an isomorphism if
t belongs to &£ (see Exercise 1.E). For C idempotent one has s € M€ | hence
t € MC (see 2.3). Therefore it suffices to have ¢ € £ in order to conclude that
t is an isomorphism (see Corollary 2.4). ) ]

THEOREM If C is (finitely) productive, then the (finite) direct product of C-
dense M-subobjects is C-dense, i.e., £ N M is closed under (finite) direct
products. Conversely, if £ N M is closed under (finite) direct products for a
weakly hereditary closure operator C , then C is (finitely) productive.

Proof If each m; is C-dense, one has cx(m;) iso and therefore cx(m) =
ch..(m,-) iso under condition (II), so that m is C-dense. Conversely, for C

i€l
weakly hereditary, each j,, is C-dense, hence
k= Hj’”" M- 2Z:= ch‘.(M,-)
i€l iel
is C-dense by hypothesis. Since, in the notation used previously, one has s-k =m ,

the Diagonalization Lemma 2.4 yields a morphism v : cz(M) — cx(M) with
cx(m)-v=s,hence s<cx(m). u

COROLLARY For C (finitely) productive and & closed under (finite) direct
products, also EC is closed under (finite) direct products.

Proof Every C-dense morphism is the composite of an £-morphism followed
by a morphismin £€nNM . u]
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2.8 Restriction of closure operators to full subcategories

For a full subcategory )Y of a category X , it is natural to ask whether it is
possible to restrict a closure operator C of X wua.t. M to the category Y ,
by considering cx(m) as the closure of the subobject m : M — X belonging to
Y . Obviously, we are implying here that our notion of subobject in the category
Y is given by the class

My =MnN Mor Y.

But we must make sure that this gives indeed a satisfactory notion of subobject in
Y, for instance: does each morphismin Y have a right My-factorization (so that
the continuity condition in ) makes sense)? Furthermore: does cx(m) belong
to My for m in My ? Obviously, the latter question has a positive answer if
the full subcategory J is closed under M-subobjects in X, that is: if for every
m:M-—- X in Mwith X €)Y onehasalso M €)Y . Since M contains
all isomorphisms of X, this property implies that ) is replete in X , i.e., closed
under isomorphisms. Obviously, the class My is a class of monomorphisms in ),
contains all isomorphisms of ), and is closed under composition when M has the
respective properties. Furthermore:

LEMMA If Y 1is closed under M-subobjects in X, then it is closed under
the formation of images, inverse images, inlersections and unions, that is: when
applying these constructions in X to data in My , one oblains data in My ; in
particular, ( finite ) M-completeness of X implies ( finite ) My -completeness
of Y.

The easy proof can be left as an exercise. (A more general result will be proved
in 5.8.) The following Proposition is now evident:

PROPOSITION Let C be a closure operator of X w.rt. M. For a full
subcategory Y of X closed under M-subobjects and for every Y € Y, the
function cy : M]JY — M/JY can be restricted to

cvy tMylY - My/Y,

and Cly = (c})yey is a closure operator of ¥ w.r.t. My. Each of the properties
discussed in 2.4 - 2.6 is inherited by Cly from C ;( finite ) productivity is inherited
if Y is closed under ( finite ) products in X. Furthermore, m € My is Cly-
closed (Cly-dense) if and only if m is C-closed (C-dense). a

We call Cly the restriction of C to Y ,and C is an eztension of Cly to
X.

Recall that a full subcategory Y of X is reflective in X if for every X there
is an object RX € Y and a morphism px : X — RX (the reflezion of X into
Y) such that every morphism f: X —Y with Y €) factorsas f =g-px , with
a uniquely determined g : RX —Y . Y is &-reflective if all reflexion morphisms
px (X € X) belong to the class €.
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COROLLARY A closure operator C of X w.rt. M can be restricied to every
replete E-reflective subcategory.

Proof It suffices to show that a replete £- reflective subcategory of X is closed
under M-subobjects. Indeed, factoring m : M — Y in M with Y €y
as m = g-pu gives, by the (£, M )-diagonalization property, a morphism
w:RM — M with w-py = 1y . With the uniqueness property of reflexions, one
also has ppr-w=1gpy since (py -w)-py=py . Hence MZRMeYy. O

For a replete reflective subcategory, closedness under M-subobjects in fact char-
acterizes E-reflectivity. We also note that a replete reflective subcategory is closed
under all limits, particularly under direct products. For X with products and &-
cowellpowered (= dual to M-wellpowered) and any full replete subcategory, closed-
ness under products and AM-subobjects characterizes E-reflectivity (see Exercise
2.K).

Instances of the Corollary will be discussed in Section 3.

REMARK Closedness under M-morphisms is not a necessary condition for being
able to restrict a closure operator C' of X to a full subcategory Y. Obviously
it suffices that for m : M — X in My , also cx(m) belongs to My . We
shall give an important example of a subcategory Y with this property which is
not closed under A4-morphisms at the end of Section 3.5.

Exercises
2.A (Discrete and trivial closure operators)
(a) Show the existence of the following closure operators in a finitely M-complete
category X':
S = (sx)xex withsx(m)=mforallme M/X,
T = (lx)xex Wwithix(m)=1xforallme M/X;

S is called the discrete closure operator and T the trivial closure operator.

(b)  For the closure operators of (a), characterize the closed and the dense mor-
phisms. Decide which of the properties idempotent, weakly hereditary, heredi-
tary, grounded, minimal, (fully) additive and (finitely) productive are enjoyed
by each of the two operators. Prove that these are the only minimal closure
operators of Top.

2.B (Properties of the Kuratowskt closure operator)  Verify that K of Top
satisfies all properties discussed in 2.4-2.7, except full additivity, directed additivity,
and minimality.
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2.C (Characterization of idempotency and weak hereditariness)  Prove for a
closure operator C' of X with respect to M:

(a) C is idempotent if and only if for all m € M/X, X € X:
cx(m) A{fneM/X :n>m and nis C-closed}.

(b) C is weakly hereditary if and only if for alll m € M/X, X € X:
cx(m) = \/{ke M/X :k-d=m for a C-dense d}.
(Note that it is not necessary here to assume X to be M-complete).

2.D (Defining closure operators from given closed subobjects)

(a) In an M-complete category X, let C C M be a subclass containing all
isomorphisms, closed under composition with isomorphisms, and stable under
pullback. Prove that one can define an idempotent closure operator C of X
wr.t. M by )

cx(m)= A{kec/X : k>m}.

(b)  Under the assumptions of (a), show that € = M€ if and only if C is stable
under multiple pullback. In this case, C is weakly hereditary if and only if
C is closed under composition.

() Show that C is hereditary if and only if for every m: M — X in M and
every k: K — M in C thereis I:L — X in C with k=m~(l).

(d) Guided by 2.C(b), under which conditions can you define a closure operator
with dense subobjects in a given class DC M 7

2.E (Closure operations of a poset) For a partially ordered set (X, <),
we call a function ¢: X — X with m <c(m) and (m < m' = ¢(m) < c(m'))
for all m, m’ € X a closure operation of X . (Most authors require further
properties). (X, <) is considered as a (small) category X in the usual way (see
Example (2) of 1.10). Note that every morphism in X is monic. Let therefore M
be the class of all morphisms in X.

(a)  Verify that X is finitely M-complete if and only if (X, <) has finite meets.
(b) If (X, <) has finite meets, then every closure operation ¢ of X inducesa
closure operator C = (cz)zex of the category X wr.t. M with
cz(m) :=c(m)Az

forall m <z in X . Notethat ¢ isuniquely determinedby C ,as c=¢,; ,
for 1 the top element in X .

(c) Let X =1[0,1] be the closed unit interval with its natural order. With

m+z
2

one obtains a closure operator C of the category & . Show that C is not
induced by a closure operation of the poset [0,1] in the sense of (b).

c(m) =
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(@ In the setting of (b), find conditions on ¢ which equivalently describe each of
the properties introduced in 2.4-2.7 for the induced operator C .

(e) Find an example of an M-complete category X and a closure operator C
which is not finitely productive.

2.F (More on closed and dense subobjects)  Provefor a closure operator C
of an M-complete category X:

(@ If C is idempotent, then the formula

ex(\/ m) = ex(\/ ex(m:))

i€l i€l
holds; describe arbitrary joins in MS/X (see 2.6).

(b) For arbitrary morphisms d, e in X such that the composite d-e exists,
one has

d-ec&=3deé

ecf,deEC=>d-ec&C

e€éC,deE=>d-c€€€

d-e€&C = de £° (cf. Corollary* 2.3)

d-ec&C,de M, C hereditary =>e € £° .

(c) For k<m and £<n in M/X ,let K - N be C-dense. Then also
M —-MVN is C-dense. .

(d) For M-subobjects d; : M; = Y;, y;i : Y; = X , the induced AM-subobject
d: Vet Mi = Vi1 Yi is C-denseif all d; ’s are C-dense.

Al ol ol A o

2.G (Grounded closure operators of R-modules)  For a unital ring R,
show that the only grounded closure operator (up to isomorphism) of the cate-
gory Modpg of (left) R-modules with respect to the class of all monomorphisms
is the discrete closure operator (cf. Exercise 2.A). Hint: For a submodule N of an
R-module M | consider the quotient module M/N .

2.H (Non-grounded closure operators of Top) Prove that the only non-
grounded closure operator of Top is the trivial closure operator (cf. Exercise 2.A).
Hint: For every closure operator C of Top, there is a functor F : Top — Top ,
X .+ cx(0).; depending on whether ¢;(0) =@ or ¢;(§) =1 (for 1 a single-
ton space), show that either X =@ for al X € Top or FX = X for all
X € Top .

21 (FPully additive closure operators in the presence of “points”)

(2) Recall that an object P in a category X with coproducts is an E-generator
if the canonical morphism
P—X
X(P,X)
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belongs to £ for every X € X . Show that then every m: M — X in M
has a presentation as “join of its points”:

m = v m-z(1lp) .

TeX (P, M)

(b)  Under the hypothesis of (a), show that two fully additive closure operators c
and D on & coincide if

cx(2(1p)) = dx(2(1p))

forall z € X(P, X), X € X . Conclude that, if “points” z(1p) are C-
closed, then a fully additive closure operator C is the discrete closure operator
(up to isomorphism, see Exercise 2.A).

(¢) Show that the Kuratowski closure operator K of Top is not fully additive.
However, if the subspace inclusion maps m; : M; < X satisfy the property:
for every z € X , thereis a neighbourhood U of z which meets only finitely
many M; ’s, then (FA) holds with C=K .

2.3 (Finite productivily in additive categories) Prove that in the category
Modpg, every closure operator is finitely productive. (Hint: For M; < X; and
ci(M;) = cx,(M;), prove ¢;(M;) x 0 < (M) x M;) and then conclude ¢, (M) x
co(M3) = (c1(M1) x 0) + (0 x c2(M3)) < (M) x M3).) Extend this result to every
additive category with finite products (and coproducts).

2.K (Characterization of E£-reflective subcategories) Let )Y be a full and
replete subcategory of X. Prove:

(a) For Y reflective in X one has that YV is E&-reflective if and only if YV is
closed under M-subobjects in X.

(b) If Y isreflective in X, then it is closed under all existing limits in X (i.e.,
whenever lim H existsin X for H:D —- X with Hde ) forall de?D,

then imH €Y ).

(¢) If X has direct products and is &-cowellpowered (so that for every X € X
there is only a set of isomorphism classes of &£-morphisms with domain X),
then Y is &-reflective in X if and only if Y is closed under direct products
and M-subobjects in X. Hint: Study the Adjoint Functor Theorem in any
book on Category Theory.

2.L (Hereditariness for free)  Prove that (HE) holds for every closure opera-
tor C , provided that y is a section (so that there exists a morphism p:Y — X
with p-y = ly ). Hint: First show that for every k € M/X with k <y (so
that k = y-ky ) one has p(k) = ky . Then exploit C-continuity of p to show
p(ex(m)) < ey (my) .
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o.M ((x, A)-additivity)  Let oo denote a symbol greater than any element of
the ordered class Card of all (small) cardinals numbers. For A < k € Card U {o0},
define a closure operator C of an M-complete category A (as in 2.1) to be (x,A)-
additive, if for all X € A and m; € M/X, i € I, with card I < «, the formula

ex(Vm)=  \/ ex(\m)

i€l JCIcardI<A  ieJ

holds true. Confirm for every C:

1. C is additive & C is (Ro, 2)-additive,

C is fully additive <& C is (o0, 2)-additive,

C is grounded & C is (1,0)-additive,

for every x € CardU {00}, C is (x, x)-additive,

C is (5,A)-additive & X' < A <k < k' = Cis («',X)-additive.

o

Notes

The categorical notion of closure operator as introduced in 2.2 {with the key ingre-
dient given by the continuity condition) goes back to Dikranjan and Giuli [1987a}
and includes both, the lattice-theoretic closure operations (see Exercise 2.E) and
the Lawvere-Tierney topologies or universal closure operations of Topos- and Sheaf
Theory (see Chapter 9), as special instances. Principal properties like idempotency,
(weak) hereditariness, and additivity are already discussed in the Dikranjan-Giuli
paper, although the “symmetric” approach to idempotency / weak hereditariness
and to hereditariness / minimality as given in 2.4 and 2.5 is not yet apparent in that
paper. Earlier papers in Categorical Topology are mostly concerned with particular
instances of closure operators, predominantly in the category of topological spaces
(see Chapters 6-8). To be mentioned particularly is the paper by Cagliari and Ci-
cchese {1983] which introduces for epireflective subcategories of Top a stronger
notion of closure operator, with the continuity condition stated explicitly as one of
the axioms.



3 Examples of Closure Operators

Most of the examples presented in this chapter will be used throughout the
book, especially the closure operators for topological spaces, R-modules and for
groups presented in sections 3.3, 3.4, and 3.5, respectively. Nevertheless, we begin
with structures which generalize topological spaces, namely pretopological spaces
and filter convergence spaces, for two reasons. First, additive and grounded closure
operators of concrete categories may be interpreted as concrete functors with values
in the category of pretopological spaces, as we shall see in Chapter 5 and apply in
Chapter 8. Second, the natural closure operators of these generalized topological
structures are closely linked to the natural closure operators occurring in the cate-
gories of graphs and partially ordered sets presented in 3.6. Hence they provide a
unifying view of topological and “discrete” structures.

3.1 Kuratowski closure operator, Cech closure operator

The Kuratowski closure operator K = (kx)xeTop of the category Top as
described in Example 2.2 determines completely the structure of each space X :

MC X closed < kx(M)=M

N C X is a neighbourhood of z € X & z ¢ kx(X \ N).

In what follows, we shall describe extensions of the Kuratowski closure operator
to supercategories of Top. This approach will allow for common descriptions of
fundamental closure operators in some familiar categories.

In this section, we consider the category PrTop of prefopological spaces: a pre-
topology kx onaset X isamap kx:2X —2X with

Ex(0)=0, M Ckx(M) and kx(MUN)=kx(M)Ukx(N);

note that then kx is monotone, but idempotency is not required. A continuous
map f : (X, kx) — (Y, ky) must satisfy f(kx(M)) C ky(f(M)) for all
MCX.

Every subset Y of a pretopological space (X,kx) carries the subspace struc-
ture given by ky(M) =Y nkx(M) .

Let M be the class of embeddings, i.e. of injective maps f : (X,kx) — (Y, ky)
such that (X,kx) is isomorphic to the subspace f(X) of (Y,ky) ; equivalently,

kx(M) = f~'(ky(f(M))) for all M C X .

The existence of M-pullbacks and M-intersections is easily verified. Hence PrTop
is M-complete.

Now, by the very definition of PrTop and of the class M , the Cech closure
operator K = (kx)xeprrop 0f PrTop is grounded, additive and hereditary but
neither idempotent nor fully additive. 1t is less obvious that it is also productive,
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since the explicit description of direct products in PrTop is a bit cambersome: see
Exercise 3.B. (We shall provide another proof for the productivity of K in 3.2
below.)

Finally we point out that, by means of its Kuratowski closure operator, Top
is fully embedded into PrTop; a pretopological space (X,kx) is topological iff
kxkx = kx . Hence, by definition of this embedding, the Cech closure operator
of PrTop restricted to Top gives the Kuratowski closure operator of Top. It is
important to note here that subspaces of X € Top formed in PrTop are in fact
subspaces in Top, so that Top is closed under subobjects in PrTop, and Proposition
2.8 applies here.

Furthermore, one easily sees from the description of direct products as given in
Exercise 3.B that Top is closed under direct products in PrTop, hence productivity
of the Kuratowski closure operator in Top can be formally concluded from the
corresponding result in PrTop.

Closedness of Top in PrTop under subobjects and direct products follows also
from the fact that Top is a bireflective subcategory of PrTop ( so that the reflexions
are bimorphisms in PrTop, i.e., bijective continuous maps): the reflector R takes
(X, kx) € PrTop to (X,k%) € Top ; here k = k% for the least ordinal
number o with k}‘” = k% . (The ordinal powers of kx are defined by k% =
id, k' = kxkg , and k3 (M) = | ) k%(M) for a limit ordinal $). The

v<B
verification of these claims is left to the reader as Exercise 3.A.

3.2 Filter convergence spaces and Katétov closure operator

In a pretopological space (X,kx) one has, as in Top, a notion of convergence:
a filter F converges to a point z € X if and only if every neighbourhood of z
belongs to F, i.e., if and only if

Ve ={NCX:zgkx(X\N)}CF.

Often it turns out to be useful to replace (and in fact generalize) pretopologies by
convergence struclures, as follows. A filler convergence space (X,qx) isaset X
equipped with a map g¢x which assigns to each z € X aset gx(z) of filters on
X such that, when writing F — z instead of F & ¢x(z) , one has

t—z, withz={NCX:z€ N},

fF—z and GO F, thenG—=z

for every z € X and all filters F, Gon X . A continuous map f:(X,qx) —
(Y,qy) must preserve convergence, i.e.

F 2%, z implies fF 25 f(z)

for all z € X and filters F on X ; here fF denotes the filter on Y with
filter-base {f(F): F € F} . This defines the category FC.
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For a family f;: X — X; with (X;,¢;) € FC, i€ I, we can define an initial
(or weak) convergence structure gx on X , as follows:

FIp e (Vie D) iF L fi(z)

In particular, subspace and direct product structures are easﬂy described. For a
subset Y of (X,qx) , the subspace structure gy on Y is given by

FLye= 3665y and FO2{GNY |GEeG}.

The direct product (X,gx) of (X:,¢) , i €I, is given by the cartesian product
X= HX; with the convergence structure
el

FE s (Vie) pF Bz,

for z = (z;)ier and p; the i-th projection.

One easily shows that for M the class of (subspace) embeddings, FC is M-
complete. Hence we are ready to define the Katétov closure operator K = (kx)xerc
by

kx(M):={zeX:AF)F &z and McF}

PROPOSITION K is a hereditary, grounded, additive and productive closure
operator of FC w.r.t. the class of embeddings.

Proof That K is a hereditary and grounded closure operator of FC is easily
checked. In order to prove its additivity, let z € kx(MUN) sothat F —z fora
filter F on X with MUN € F . Choose an ultrafilter ¥ D F ;then M clU
or NeU ,and U —z . Hence z € kx(M)Ukx(N) .
Finally, consider a subset M = HM.' of X = HX,- ,and let z = (Zi)ier €
i€l iel
Hk.-(M.') . Hence there are filters F; on X; with F; — z; and M; € F;,

i€l
i € I . By the definition of the convergence structure on X , for the filter F on

X with filterbase
{1’[1?.»: (VieI)F.'efe},

iel
one has F — z , and HM.-EF.Hence z € kx(M) . o
iel

We wish to show that the Katétov closure operator K of FC is an extenston
of the Cech closure operator of PrTop and of Top. First of all, each pretopological
space becomes a filter convergence space, by

Foz<=V,CF
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(see the beginning of this section). This gives a full embedding
PrTop — FC,

in fact, a bireflective embedding. The reflector provides (X,qx) € FC with its
pretopology kx , as described above. Hence, if (X,gx) originates from a pretopo-
Jogical space, the induced pretopology kx coincides with the original pretopology.

A continuous map in PrTop is an embedding if and only if it is an embedding in
FC. This can easily be shown directly or, as we shall point out in 5.8, derived from
general categorical facts. They also imply that PrTop is closed under subobjects
and products in FC: see Exercise 2.K. The latter fact shows that the productivity
of K in FC gives in particular:

COROLLARY The Cech closure operator of PrTop and the Kuratowski closure
operator of Top are productive. o

On the other hand, one concludes that K in FC is neither idempotent nor fully
additive since its restriction to PrTop does not have these properties.

We shall resume the discussion of extensions and restrictions of the Kuratowski
closure operator in 3.6.

3.3 Sequential closure, b-closure, -closure, t-closure

In this section we discuss four particular closure operators of the category Top of
topological spaces w.r.t. the class M of embeddings. Each of them is of interest to
topologists and is therefore discussed here in some detail, although they are instances
of more general constructions to be discussed later.

For a topological space X and a subspace M , we denote by kx the usual
(Kuratowski) closure and then consider:

(a) the sequential closure ox(M) of M in X , containing all points z € X
such that there exists a sequence (z,) in M convergingto z in X ;

. (b) the b-closure (or front closure) bx(M) of M in X , containing all points
z € X with
Ex({zHhNMAU#0

for every neighbourhood U of z ;
(c) the O-closure 9x(M) of M in X , ¢ontaining all points z € X with
Mnkx(U)#0
for every neighbourhood U of z ;

(d) the t-closure Ex(M) of M in X , containing all points z € X such that
there is a compact subspace B of X with

z € kx(M N B).
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It is not difficult to check that each of the four operators gives in fact a closure
operator of Top w.r.t. M; in order to check continuity of the #-closure, it is useful
to observe that

9x(M)=({kx(U):U 2 M, U open}.

First we relate these closure operators to the usual closure:

PROPOSITION Let X be a topological space and M C X . Then:
(1) bx(M) C kx(M) and ox(M)C Ex(M) C kx(M) C 0x(M) .

(2) (a) ox =kx if X is Frechét-Urysohn;
(b) bx =kx iff X is a topological sum of indiscrete spaces;
(c) 0x =kx #ff X is a regular space;
(d) Ex=kx iff X isa k-space

(3) Each of the inclusions in (1) may be proper.

Proof

(1) ox(M) C kx(M) holds since {z}U{z, : n € N} is compact whenever
z, — z in X . The other inclusions follow immediately from the definitions.

(2) (a) By definition, a space X is Frechét-Urysohn if a subset M C X is
closed whenever z, — z with z, € M forall n implies z € M . For (b), see
Exercise 3.E. (c) Let X be regular, i.e., for every neighbourhood V of z there
is a neighbourhood U of z with kx(U)CV . To show Ox(M) = kx(M) ,let
z € 0x(M) andlet V be a neighbourhood of =z . With U as above, one has
MOkx(U)#® by definition of the f-closure, hence M NV # B . Vice versa, given
0x = kx , in order to show regularity of X , one shows that for every z € X and
AC X closed with z & A, there are disjoint open sets U,V with z € U and
A CV . Infact, by assumption one has 0x(A) = A , hence z ¢ 0x(A) . Therefore
there is an open set U 3z with ANkx(U)=0 ,ie, ACV :=X\kx(U) . (d)
By definition, X is a k-space if a subset M C X is closed whenever M N B is
closed in B for every compact subspace B of X . The k-space property means
that E-closed sets in X are closed, and the latter property translates into

kx(M) C kx(Ex(M)) = Ex (M)
forall MCX .

(3)  For any non-discrete Hausdorff space X , bx # kx , by (2)(b). By (2)(c), for
a non-regular space, f-closure and Kuratowski-closure are different. Similarly, for
any space which is not a k-space, E-closure and Kuratowski closure differ. (Consider,
for example, the subspace NU{z} of SN with any z € SN\N .) To see that the
sequential closure may be properly smaller than the k-closure, consider any compact
space which is not Frechét-Urysohn. (For example, X = SN is compact, so that
Ex = kx , while N is a o-closed subspace of X which is dense.) [m}
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THEOREM The closure operators o, b, 6 , and & of Top have the following
properties:

(1) b is idempotent while 6,6 and E are not.

(2) b and o are hereditary, while & is weakly fzeredztary but not hereditary. 0
is not even weakly heredilary.

(3) All b, 0,68 and t are grounded, addilive and productive. None of the four
operators is fully additive, but they are all fully additive for Alezandroff spaces.

Proof

(1)  To check idempotency of bx , consider z € X \bx(M) . Then for some open
neighbourhood U of =, kx({z})NMNU =@ . Hence, foreach y € kx({z})nU ,
kx({y}) € kx({z}) , and U is an open neighbourhood of y , thus y & bx(M) .
This proves

kx({=)nU)Nbx (M) =0

hence z & bx(bx(M)) .

For non-idempotency of 8 , we refer to Exercise 3.F. Non-idempotency of o and ¢
is witnessed by the following space X introduced by Arhangel’skii and Franklin
[1968]. In R? , consider the set

X ={(0,0)}v 0 Xn
n=1

with X, = {(1/n,1/m): m €N} forall n € N, and provide it with the following
topology: each point (z,y) with zy > 0 is isolated; the basic neighbourhoods
of z, = (1/n,0) are {zo}UX,\{(1/n,1/m): m < k} with k € N ; the basic
neighbourhoods of (0,0) are {(0,0)} U U(X,, \ F,) with £ € N and each
n>k
F, C X, finite. (Note that this topology 7 is obtained by adding to the usual
Euclidean topology 7 of X new neighbourhoods of (0,0) in order to make all
“diagonal” sequences converging to (0,0) in (X,7) closed setsin 7' .) Then, for

M={(z,y) € X: zy> 0},

onehas ox(M) = X\{(0,0)} , whereas ox(ox(M))= X . Sincealways ox(N)C
Ex(N) ,for N C X ,onealsohas tx(Ex(M)) = X . On the other hand, (0,0) ¢
tx (M) . In fact, by definition of the topology of X , any subset {(1/n;, 1/m;):
keN} with n) <ny<...<mn <... is closed and discrete in X , hence cannot
be contained in a compact subset B of X. Hence B meets M in only finitely
many “columns” X, . This shows (0,0) ¢ tEx(M N B) .

(2)  For hereditariness of b , see Exercise 3E. Hereditariness of o is trivial. To
show that @ is not weakly hereditary is left to the reader: see Exercise 3.F and
Example 4.4 below. To check weak hereditariness of €x for a Hausdorff space
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X (or, more generally, for any space X in which compact subspaces are closed),
consider M C X and z € €x(M) hence z € Y = kx(M N B) for a compact
subspace B C X . Since Y C E&x(M), it suffices to show z € ty(M NY).
Indeed, C:= BNY isa compact subset of Y containing M NB ,since Y is
closedin X . Hence

Y:kx(MnB)-_-ky(ManY)=ky((Mn§f)nC)

is contained in ty (M NY) .

To see that k is not hereditary, consider X = SN and any point x in the remainder
X\N. By (2)(d), tx =kx , hence z € tx(N) . On the other hand, z ¢ ky(N)
for Y =NU{z} since N contains no infinite compact subsets. (In fact, for every
infinite subset A C N consider a partition A = A,UA; into infinite subsets; then
at least one of the two subsets A; does not meet all neighbourhoods of z , hence
A; has an accumulation point in X .)

(3) Groundedness holds trivially. ¢ and @ are additive since the intersection of
two closed neighbourhoods is a closed neighbourhood. Additivity of & follows from
additivity of k and the fact that the union of two compact subsets is compact.
Additivity of & is a direct consequence of the definition of b-closure. For the
assertions on full additivity, see Exercise 3.G. Finally we turn to productivity and
consider a family of spaces X; and M; C X;, i€l . With X = HX,- and

i€l
M= H M; we must show H ¢x;(M;) C M for each of the four closure operators.
i€l ier
()

In case of the sequential closure operator, one just observes that if zn’ — z; for
every ¢ €1 ,then (zg')),-g — (zi)ier -
For the &closure, let z; € Ex,(M;) forall : €I, hence

z; € kx,(M; N B;)

for compact sets B; C X; , ¢ €I . Since K is productive (see Corollary 3.2),

z=(z;)iecs € A=kx (H(Mi n Bi))

i€l

By Tychonoff’s Theorem, B = HB; is compact, hence A = kx(M N B) C
iel

Ex(M) in view of the obvious equality M NB =[];;(M;NB;) . Hence z€ AC

Ex(M) .

Let now z; € 0x,(M;) for every i € I . Since K is productive, the (ordinary)

closure of a basic neighbourhood of z = (z:)ier in X is of the form

W= H’U{;(Ui)x H X;

i€F i€\P
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with F C I finite and each U; a neighbourhood of z; . Since kx;(U;) meets
M; forall i€ F ,onehas WNM #£0 ,hence z€6x(M).

The argumentation in case of the b-closure is similar and can be left as an exercise
(see Exercise 3.E). o

3.4 Preradicals in R-modules and Abelian groups

Preradicals give a rich supply of closure operators in the category Modg of
Jeft R-modules and R-linear maps, for a unital ring R . Here M is the class of
monomorphisms, a skeleton of which is given by inclusion maps of submodules.

A preradical r in Modpg is a subfunctor of the identity functor of Modr ;
hence for every R-module M one has a submodule r(M) such that every R-
linear map f : M — N can be restricted as r(f) : (M) — r(N) . We are
interested in closure operators C of Modg with the property that cp(0) =
r(M) for every R-module. When writing C < D iff cm(N) C dm(N) for all
submodules N < M , M € Modpg , we easily obtain:

PROPOSITION For every preradical ¥ of Modpg , there is a least closure op-
erator Cy of Modgr with (¢;)m(0) = r(M) for all R-modules M , and a
last closure operator C* of Modr with ¢},(0) = x(M) for all M . For all
N < M , the formulas

(ce)u(N) = N +x(M)
(V) = ="' (x(M/N))

hold; here m: M — M/N is the canonical projection. One calls C, and CT the
minimal and the maximal closure operator induced by r, respectively.

N is C.-closed (Cr-dense) in M iff ¥(M)C N (r(M)+N =M, respectively) ;
N isC-closed (C™-dense) in M iff r(M/N)=0 (r(M/N)= M/N, respective-
ly). o

Proof  Every closure operator C with cp(0) =r(M) for all M must satisfy
r(M) < em(N) for all N < M , by monotonicity, hence N +r(M) < cp(N) .
Also, by continuity, one has

em(N) = ep(n71(0)) < 7~ (x(M/N)) .

Checking that the given formulas define closure operators Cr and C* with the
desired properties is routine work now. o

Below we list some properties of C. and C* which, of course, depend on
properties of the preradical r . The definitions of these properties are given in the

proof below.

THEOREM Let r be a preradical of Modg . Then:
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(1) C: is idempotent, minimal and fully additive, but not grounded, unless r(M) =
0 for every R-module M .

(2) C* is idempotent iff r is a radical.

(3) Eguivalent are: C. 1is weakly hereditary; C* is weakly hereditary; r is
tdempotent.

(4) Eguivalent are: C is hereditary; C* is hereditary; r is hereditary.

(5) Cr and C* are finitely productive. Equivalent are: Cp is productive; C*
is productive; r s Jansenian.

(6) Equivalent are: Cp = C* ; r is cohereditary; CT is additive. In this case
r is necessarily a radical
Proof
(1) s trivial.

(2) Forall N< M ,onehas cf,(ch(N)) = chy(N) ifandonlyif r(M/c}h(N))=
0. Since always r(M) < 7~ }(r(M/N)) = c§4(N) , with equality to hold for
N =0, the latter condition is equivalent to

r(M/r(M))=0
which, by definition, means that r is a radical.

(3) r(r(a)) is the Cy-closure of 0 in r(M) . This shows that C, is weakly

hereditary if and only if
r(x(M)) = (M)

for all M ,ie. iff r is idempotent. Any N < M is C"-dense in c},(N)
iff r(c;(N)/N) = c}(N)/N . Since the latter module is isomorphic to r(M/N) ,
according to the definition of c};(N) , one concludes that C* is weakly hereditary
iff r(r(M/N))=r(M/N) holds for all N < M . This is clearly equivalent to the
idempotency of r.

(4) Hereditariness of r means, by definition,
r(L)=r(M)NL
forall L <M . Hence, for N < L , this implies .
(ee)u(N)NL (c(M)+N)NL=(e(M)NL)+ N
r(L)+ N = (er)L(N),

i

that is: C, is hereditary. For the converse proposition, consider N = 0. To
derive hereditariness of CT , observe that

r(x(L)) = X(M/N) O x(L)
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holds when r is hereditary. Taking inverse images w.r.t. = yields
E(N)=cy(N)N L,

i.e. hereditariness of CT . Again, for the converse proposition, apply this to N =

0.

(5) For finite productivity, see Exercise 2.J. For r to be Jansenian means that
for all families of modules M;, i€,

r([] M) = []r(mi).

iel iel
To deduce productivity of C, and CT is a straightforward exercise. On the other

hand, this is a necessary condition for the productivity of each C, and CT as the
application to zero-submodules shows.

(6) Ce=C" holdsiff
r(M/N) = (x(M)+ N)/N

whenever N < M ; by definition, this means that r is cokereditary. This condition
implies that C™ is additive since C; is always additive. To prove the converse is
left as Exercise 3.M. That a cohereditary preradical is a radical follows from (1) and

-

]

We now turn to three specific preradicals, in fact: radicals, in the category
AbGrp (= Mody) of abelian groups which will be of interest later on. .

EXAMPLES
(1) Consider the radical t defined by the torsion subgroup

t(A)={a€A:(3n€Z)n>0 and na=0}

of an abelian group A . The corresponding closure operator C* can be described
by

&(B)={a€A:(3n€Z)n>0 and na€ B}
for every subgroup B < A . From the Theorem one obtains that C*® is hereditary,
idempotent and finitely productive, but neither productive nor additive. Furthermore,
it is easy to check that C*® is nevertheless directedly additive.

(2) The marimal divisible subgroup d(A) of an abelian group A defines a
tadical d . (Recall that A is divisible if for every y € A and for every positive
integer n ,thereis z € A with nz =y .) From the respective properties of d one
derives with the Theorem that C? is idempotent, weakly hereditary and productive
but neither hereditary nor additive. A subgroup B < A is Cd-closgd (C9-dense)
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if and only if A/B is reduced (divisible, respectively).

It is easy to see that C? coincides with the discrete closure operator of AbGrp
for the groups A with the property that all quotients of A are reduced; see (i)
and (ii) of (3) below.

(3) The Frattini subgroup f£(A) = {M : M is a maximal (proper) subgroup
of A} of an abelian group A defines a non-idempotent and non-Jansenian radical
f of AbGrp . For the corresponding closure operator Cf one has

& (B)=(){M : M is a maximal subgroup of A with B < M}

The Theorem gives that Cf is idempotent, but neither weakly hereditary nor pro-
ductive. We note that B < A is Cf-dense iff there is no maximal subgroup of A
containing B .

The following presentation of f(A) turns out to be useful:
£(A) = N{pA : p prime }. (*)

In fact, for every maximal subgroup M of A there is a prime number p with
pAC M (since A/M isasimple Abelian group, hence p=|A/M} is prime). On
the other hand, for every prime p, A/pA is a group of exponent p , hence it is
a direct sum of cyclic groups of order p . Therefore f(A/pA) =0, and the Cf-
closed subgroup pA of A is an intersection of maximal subgroups. This proves
(*).

Since d(A) C pA for every prime number p , (*) gives d(A4) < f(A) for every
A, hence C? < Cf. In particular, C9-dense maps are Cf-dense. In fact, the
converse proposition is also true (although C9 is weakly hereditary and Cf is
not): () gives that for a Cf-dense subgroup B < A, the quotient A’ = A/B
satisfies A’ = pA for every prime p . This means that A’ is divisible, hence B
is Cd-densein A .

For a proof of the following result which relates properties of C? and Cf further,
we refer the reader to Dikranjan-Prodanov [1976).

Equivalent are for an abelian group A4 :

(i) C9 coincides with the discrete closure operator for A ;
(ii) every quotient of A is reduced;
(ii) no proper subgroup of A is C'-dense ;
(iv)  every proper subgroup of A is contained in a maximal subgroup;

(v) there exists a subgroup B of A and non-negative integers k, for every
prime p such that B = Z® for some n > 0, and A/B is a torsion
group such that its p-torsion component t,(A/B) is of exponent p*r ,ie.,
PPr,(A/B) =0 .
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3.5 Groups, rings and fields

We consider examples of closure operators in the category Grp of (multiplica-
tively written, not necessarily Abelian) groups and their homomorphisms, in the
category CRng of commutative unital rings and their homomorphisms, both with
respect to the class of monomorphisms, and in its full subcategory Fld of fields (in
which every morphism is monic).

(1) The normal closure of a subgroup M of a group G is defined by
ve(M):=({{N:M <N 4G}

with M < N standing for “M subgroup of N” and N4 G for “N normal sub-
group of G”. According to Exercise 2.D(a), (b) and Example 1.8, v = (¥6)cecrp
is an idempotent closure operator of the category Grp (with respect to the usual
subobjects) which is not weakly hereditary. Normal subgroups are not only stable
under intersection, but also under arbitrary joins in the subgroup lattice. Therefore
v is fully additive. It is trivially grounded and also easily seen to be productive.

(2) With the help of the normal closure, one may generate closure operators from
preradicals, as in the Abelian case (see 3.4). For a preradical r in Grp, that is: for
a subfunctor of the identity functor of Grp, we first observe that r(G) is actually
a normal subgroup of G (since it is invariant under every endomorphism of G ).
For every subgroup U < G , we therefore have

Uve(G)=U-v(G)=x(G)-U,
and we can define

(cr)a(U) rG) U,
c(U) 1 (x(G/ve(V)))
with 7 :G — G/vg(U) the canonical projection. While (c;)g(U) is, like U, just

a subgroup of G, cg(U) is always normal in G , so that vg(ck(U)) = c&(U) ,
and due to the idempotency of v one also has ¢ (U) = c&(ve(U)) .

We can leave it to the reader to check that Proposition 3.4 remains valid for groups,
sothat Cr and CT are the least and last closure operators C respectively with
cc({e}) =r(G) , with e the neutral element of G .

Of particular importance is the preradical k given by the commutator subgroup:
K(G) = [G,C] = (eyz"'y i 2,y € G .

Here one has (cx)g(U) =k(G) - U = c&(U) , so that there is (up to isomorphism)
only one closure operator C' with cg({e}) =k(G) .

.

.

(3) For asubring B of A € CRng, let int4(B) be the integral closure of
B in A, i.e., the set of all elements a € A for which there is a monic polynomial
p(z) € Blz} with p(a) =0 . It is elementary to verify that int is a closure operator
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of CRng. int #s hereditary (since trivially C Nint4(B) = int¢(B) for B <
C < A) and idempotent (which follows from elementary facts on finitely generated
modules; see, for example, Hungerford [1974], p.397). int is not grounded: in A =
Q(z)/(z* - 2) = Q(V2) , the least subobject, Z , is int-dense.

Although FId is not closed under subobjects in CRng, it is nevertheless possible
to restrict int to Fld, since for fields B < A also int4(B) is a field; it coincides
with the algebraic closure of B in A ; i.e., with the subfield of elements of A
which are algebraic over B .

(4) Let S be aset of polynomials in Zfz] of positive degree. For a field F ,
let Kp(S) be the splitting field of S in F ,ie. the subfield of F generated
by the roots of polynomials from S in F . Then, for every subfield L < F,
let c3(L) = L-Kp(S). We leave it to the reader to verify that C5 is an
idempotent and weakly hereditary closure operator of Fld; see Exercise 3.I. Here
we just mention that, in general, C° is neither grounded (by the same example
as in (1)) nor hereditary: consider S = {z* -2}, L =Q, F = Q(v2) and
M =Q(¥2). Then L is CS-densein M ,but CS-closed in F ;if C° was
hereditary, by assertion 5 of Exercise 2.F(b), we would have L also CS-dense in
F , a contradiction.

(5) We now generalize the setting of (4), by allowing S to be a set of pairs
(k,f) , with a field k& and a polynomial f(z) € k[z] of positive degree. Let
ks be the subfield of k generated by the coefficients of f . For a fixed field
F and a subfield L < F, consider the set Z(S) of all triples « = (&, f,0)
with (k,f) € S and o : k; — L a field homomorphism. For each such «,
we have the polynomial o(f(z)) € L[z] , so that we can form the splitting field
Ko = Kr({o (f(z))}) (see (2)). Now let c#(L) be the composite of L and all
Ko, a€3(S).

As before, C° is a closure operator of Fld. To check continuity, considér p:F—
F' in Fld. For every a = (k, f,0) € I(S) , by restriction of ¢ -o one obtains
a field homomorphism o : ky — (L) , and @(Ko) C Kp({¢'(f(z))}) . This
implies

p(cr(L)) € cgi(e(L)) -

It is easy to see that C° is weakly hereditary, but in general no longer idempotent:
consider S = {(k1,f1), (k2,f2)} with by =Q, k2 =(Q(V2)) , fi(z) =z2-2,
fo(z) =22 — V2 ; then,for L=Q and F =Q(¥?2) , one has .

(L) =Q(V2) and cF(cE(L) = F).

3.6 Graphs and partially ordered sets
A (directed) graph is a pair (X,E) withaset X and asubset EC X x X .
Elements in X are called vertices, while elements in E are edges of the graph; an

edge of type (z,z) isa loop. We often write z —y (or =z £, y)if (z,y)€E .
A morphism f:(X,E) — (Y,F) ofgraphsisamap f:X — Y with the property
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that
z —y implies f(z) — f(y)

for all z, y € X . This defines the category Gph of graphs.
Much of our interest in graphs arises from the fact that each filter convergence
space (X,gx) induces a graph with X as its set of vertices, as follows:

t—ye=zty
In particular, each pretopological space (X,kx) induces a graph:

< (VN obhdofy)zeN
<= ye€kx({z}).

We note that graphs (X, E) arising this way have a loop for each z € X , i.e. the
relation E is reflexive on X . We call graphs (X, E) with this property spatial,
for reasons which will become clear from the Corollary below. The full subcategory
of spatial graphs in Gph is denoted by SGph.

Each preordered set (X,<) (with < a reflexive and transitive relation) is
in particular a spatial graph. Hence the category PrSet of preordered sets and
monotone maps is a full subcategory of SGph. Finally, PrSet contains the full
subcategory PoSet of partially ordered sets (X,<) (for which < is also antisym-
metric).

All Gph, SGph, and PrSet (but not PoSet) are topological categories over
Set : for a family f; : X — X; with (X, E;) € Gph one defines the initial
structureon X by

zoy:=>Viel) fi(z)— fi(y).

As in FC, this yields an easy description of substructures and direct products (also
for posets). A subset M C X in a graph (X,E) becomes a subgraph, by taking
EN(M x M) as its set of edges. Clearly, Gph, SGph, PrSet and PoSet are M-
complete, for M the class of embeddings (of subgraphs) in the respective category.
For a graph (X,E) and a subset M C X one introduces the up-closure of
M by )
txM:={z€X: (e € M)a— z},

and the down-closure of M by
lxM={z€eX:(3a€ M)z — a}.

It is clear that M C 1x M holdsfor all M C X iff (X,E) is spatial; similarly
for |x . The other axioms for a closure operator hold even for arbitrary graphs,
hence one has closure operators { and | of SGph with respect to the class of
embeddings.
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The convez closure convx(M) of aset M C X in a spatial graph (X, FE)
is defined as the set of all vertices z in X such that there exists a finite path of
edges

i SRR R R S e 20

with both endpoints in M .

PROPOSITION

(1) 1 and | are hereditary, grounded, fully additive and productive but non-
tdempotent closure operators of SGph.

(2) conv is a weakly hereditary, idempotent, grounded and finitely productive clo-
sure operators of SGph, but it is neither hereditary, nor additive, nor productive.

u]

Proof (1) and the positive statements of (2) are checked routinely. To see that
conv is not additive, observe that in the spatial graph

0—-1—2

both {0} and {2} are conv-closed, but {0,2} isnot. (When presenting a spatial
graph by a diagram, we do not draw loops.) In the spatial graph

021223,

for M = {0,3} and Y = {0,2,3} one has 2 € Y N convy(M), but 2 ¢
Y N convy (M) ; hence conv is not hereditary. Finally, to show that conv is not
productive, let (X,, E,) be the spatial graph

0—=l—-...-c=a0—>....-—2n.

For every n € N, M, = {0,2n} is conv-dense in X, , but z = (z5)nen with

zo=n in X = HX,, does not belong to convx(M) , with M = HM,, . In
neN neN

fact, if

a—-...-o=T—-, ., .-—b

with e, b € M, then necessarily a = (0,0,0,...) and b = (2,4,...,2n,...).
Let k be the length of the above path, i.e. the number of edges. Projecting it onto
X yields a path of length at most & - a contradiction. [m]

For a spatial graph (X,E), both fx and |x are pretopologies on X .
These assignments are functorial, so that there are functors

1 :SGph — PrTop and {:SGph — PrTop.
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THEOREM
(1) Both 1t and | give full embeddings of the category SGph as a bicoreflective
subcategory of PrTop.

(2) The closure operators | and | of SGph are the restrictions of the Cech
closure operator K of Pr'Top along the embeddings 1 and | , respectively.

(3) The following are equivalent for (X,E) € SGph :

(1) 1x is idempotent,
(ii) (X,1x) € Top,
(iii) lx is idempotent,
(iv) (X,1x) € Top,
(v) E is transitive,
(vi) (X,FE) € PrSet.

(4) The following are equivalent for (X, E) € PrSet :

(i) eack vertez of the graph (X,E) is conv-closed,
(i) (X,1x) is a Ty-space,
(iii) (X,|x) is @ To-space,
(iv) (X, E) is a partially ordered set.

Proof

(1) By repeated use of (z — y & y €1 {z}) one shows that { is a full
embedding. Its coreflector is given by the underlying graph of a pretopological
space (X,kx) , as described before:

z =y ey € kxiz).

Indeed, we then have that idx : (X, 1%) — (X,kx) is continuous, ie., t% M C
kx(M) forevery M C X (since z€t% M means a 2,z forsome a€ M ,
hence z € kx{a} C kx(M) ). One also easily verifies that, for any spatial graph
(Y,F) and its induced pretopology {y , every continuous map f : (Y Ty) —
(X kx) gives a morphism f:(Y,F)— (X,1%) of graphs.

This proves the claim for { which, by dualization, also proves the claim for | :
there is an isomorphism of categories * : SGph — SGph which sends (X, E) to
its opposite graph (X,E~!) ,and |=1%*.

(2) Apply Proposition 2.8.

(3) s trivial. (Of course, Top is being thought of as being embedded into PrTop,
according to 3.1.)

(4) Statement (1) means {z} conv({z}) forall = € X ;that is: the existence
ofapath £ —-...-—y—-...-—z yields y =z . In the presence of transitivity,
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this simply means that E is antisymmetric. Hence (i) < (iv). For the equivalence
of these statements with both (ii) and (iii) one just needs to recall that a topologlca.l
space X is Tp if and only if kx({z}) = kx({y}) implies z =y .

Let us call a pretopological space (X,kx) Alezandroff if kx satisfies condition
(FA) of 2.6, i.e.

kx(U M;) = U kx(M;)

iel iel

for every non-empty family of subsets M; of X . Hence we have the full sub-
category PrAlex of PrTop, and (with the notation introduced in 2.6), Alex =
PrAlexNTop . By Top, we denote the full subcategory of Tp-spaces in Top;
and Alexp = AlexN Top, .

COROLLARY There are isomorphisms of categories

PrAlex = SGph, Alex=PrSet, Alexo= PoSet.

Proof It suffices to show that the bicoreflective modification
idx : (X, f’;() — (X, kx)

of a pretopological space is an isomorphism if and only if kx satisfies (FA). Since
1 is fully additive, “only if” is clear. On the other hand, if (FA) holds for kx , one
has

kx(M) = | kx({a})

aEM

forall M C X . Since kx({a}) =1% ({a¢}) forall a € M ,this means kx(M) = Ix
(M) foral MCX .

We may summarize the relations between subcategories as given in this section,
as follows:
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PrTop

bt —c bi—r

SGph =PrAlex
epi—r
bi~r
PrSet = Alex Topy
epi—r i—c

PoSet = Alexg

Hence there are full reflective and coreflective embeddings as indicated: see also
3.1 and Exercises 3.A, 3.J, and 3.L.

3.7 Directed-complete posets and Scott closure

A partially ordered set (X, <) is directed-complete if every directed subset A C X
has a supremum in X , thus \/A exists in X whenever A # @ and for all
z,y€ A thereis z € A with z > 2 and z > y. The morphisms of the
category DCPO of directed-complete posets (dcpos, for short) are given by maps
f:X =Y which preserve directed joins, ie., ' f(\/ A) =V f(A) for every directed
subset A of X . Note that such a map is necessarily monotone, and f(A) is
directed whenever A is. A subdcpo M of (X,<) is given by a subset which
is closed under directed joins. With the corresponding class M of embeddings,
DCPO is M-complete. (We remark that some authors require a dcpo to have
a bottom element, without insisting on its preservation by morphisms. However,
they assume then the bottom element of a subdcpo to coincide with the bottom
element of the given dcpo. The severe disadvantage of these assumptions is that the
resulting category has neither equalizers nor pullbacks of subdcpos. Not to insist
on the existence of a bottom element does not prevent us from recognizing their
importance. In fact, all our examples of dcpos either have bottom elements or can
easily be modified to this extent.)

Since DCPO is a non-full (!) subcategory of PoSet one is tempted to 1nvest1gate
the up- and down-closures of PoSet in the new environment. For a subdcpo M
of X , the up-closure {x M = {z € X : (3a € M)a < z} is indeed a subdcpo
(since for every non-void subset A Ct M with existing join X , this join belongs
to 11 M =t M ). However the down-closure |x M = {zr € X : (3a € M)z < a}
may fail to be closed under directed joins.

ExXAMPLE Provide L = {a, :n € N}U {b, : n € N} U {00} with the following
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partial order:

ap

Then X is adcpoand M = {b,|n € N} a subdcpo. However, the directed
set {a,|n € N} hasnojoinin | M = X\ {oo} .

Of course, every subset Z of a dcpo X may be closed under directed joins,
ie., dirx Z = {z € X : (3A C Z directed ) \/ A = z} is a subdcpo (check!). We
may now define the up-directed down-closure (dir |)x(M) of a subdcpo M of
X as dil‘x(lx M) .

ProPOSITION The up-directed down-closure dir | is a weakly hereditary, groun-
ded, additive and productive closure operator of DCPO . I is neither hereditary,
nor idempotent, nor fully additive.

Proof dir | is certainly extensive and monotone. ¥or everymap f: X — Y
of dcpos and every directed subset A C| M with a subdcpo M , also f(A) C
f(l M) C| f(M) is directed and f(\V A) =V f(4) . Hence f(dir | M) C dir |
f(M) , thus the continuity condition holds.

To show that dir | is weakly hereditary, consider z € dirx |x M =:Y . Then
z =\ A for a directed subset A Clx M . Butsince |x M =|ly M CY , this
shows immediately = € diry |y M , as desired. Groundedness of dir | is obvious
since dir |0 =0 .

In order to establish additivity of dir | , we first show

dir (ZUW) = dir ZUdir W (*)

for arbitrary subsets Z, W of a dcpo X . (In fact, here it suffices that X is
just a poset). Since “D” is obvious, we need to show only the inclusion “C” of (%) .
Hence consider z =\ A for a directed subset A C ZUW . Foreach a € A the
set A, := AN T a is directed and cofinal in A (so that for every b € A there
is ¢ € A, with ¢ > b), hence z =\ A; . Under the assumption z ¢ dir 7 ,
we then know that no A, is contained in Z . This means that for every a € A
thereis b>a in A with b & Z , hence wb & W . Consequently, ANW is
cofinalin A and ANW is directed. Therefore z=\(ANW)edirW .

Since for a subdecpo M of X onehas dir M = M , formula (*) shows that
the join of subdcpos M and N is simply given by M UN . Hence additivity of
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dir | follows immediately from (%) and the additivity of | in PoSet.

Checking productivity is a routine matter that can be left to the reader. To see
that dir | is not hereditary one may return to the “ladder” L of the Example
and consider M = {b, :n €N} and N = MU{oo} . Then oo € NNdiry |1 M ,
but co g dirny In M .

In order to show non-idempotency of dir | , we again consider the ladder L
and glue to each b, anew copy L™ of L ,identifying co € L(™ with b, € L .
This defines a dcpo L, which contains L := L as subdcpo.

by -

ao

Now let Mz be the set of all maximal points of L, , with the exception of
bo, b1,..., and oo . Thisis a subdcpo of L, with

dir | My = Ly \ ({an :n € N}U{oo}) # Lo = dir | (dir | Mp).

Finally, in order to show that dir | is not fully additive, first we remark that
the join of subdcpos N, (n € N) is given by dir ({JN;) . Now consider the dcpo
L' = LU{c} with ¢ < oo but ¢ incomparable to any other element in L ,
and let N, := {a;, b : i < n} . This defines an ascending chain of subdcpos
N, =dir | N, of L' whosejoinis L . However, dir | (VN,)=dir | L=1L".

m]

DEFINITION A subset M ofadcpo X iscalled Scoti-closed if it is down-closed
(1 M = M) and closed under directed joins (dirM = M) . This is the same as
to say that M is a (dir {)-closed subdecpo of X . (f M = dir | M, then
{IMCdir [IM=M and dtMCdir | M=M )

THEOREM (1)  The Scoti-closed subsets of a dcpo X form a topology on X ,
making X a topological space ScottX.

(2)  The Scott closure scottx(M) of a subdecpo M of X is the Kuratowsk:
closure of M in ScottX , ie. scottx(M) := kscotex(M) . This defines an
idempotent, weakly hereditary, grounded and edditive closure operator of DCPO
whichk is neither hereditary nor fully additive. Closedness with respect to scott means
Scott-closed.

3) Scott : DCPO — Top is a full and faithful functor whick commutes
with the underlying Set-functors.

Proof (1)  Scott-closedness is stable under finite union since dir | is additive.
It is trivially stable under arbitrary intersection.
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(2)  We check the continuity condition for scott. For f: X —Y in DCPO
and a subdcpo M of X , one has

f(scottx (M))

F(UN:McNCX, N=dir | N})

(g}

(V) : M NS X, N=dir | N}

(ML:f(M)CLCY, L=dir | L}
scotty (f(M)),

since N = dir | N implies f(N) C dir | f(N) , see the Proposition. Idempo-
tency, groundedness and additivity of scott in DCPO follow immediately from the
respective properties of K in Top. For weak hereditariness of scott one evokes the
respective property of dir | . Finally, scott is neither hereditary nor fully additive,
for the same reason as dir | , see the Proposition.
(3) The continuity condition for scott means that every map f: X — Y

in DCPO gives amap f:ScottX — ScottY in Top. Hence Scott becomes a
functor which, at the Set level, maps identically. Its fullness follows from Exercise
3.P. (n]

An element ¢ of a dcpo X is called compact (or finite) if ¢ < VA fora
directed subset A of X implies ¢ <a forsome a € A . The dcpo X is called
algebraic if every element z € X is the join of the compact elements below =z,
that is:

z:V{cGX :c<z, ccompact}.

(Note that this join is directed since finite joins of compact elements are compact.)
An algebraic dcpo X in which every pair of elements with an upper bound actually
has a least upper bound is called a domain. These structures play an important role
in Theoretical Computer Science. Although we must leave it to the interested reader
to study the closure operators dir | and scott in the realm of domains, we observe
that the crucial examples L = L;, L, and L’ used in the proof of the Proposition
are actually domains.

Exercises

3A (PrTop as a topological category)
(a) For a family of Set-maps f;: X; — X with (X;, k;) € PrTop , show that
kx (M) = i (k:(f71(M)))
i€l

gives a pretopology on X with the property: a Set-map ¢: X — Y with
(Y,ky) € PrTop belongs to PrTop iff each composite g¢- f; does.
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(b)

(©)

3B

Conclude that the forgetful functor U : PrTop — Set is topological. (Readers
not familiar with topological functors are referred to Exercise 5.P). In particu-
Jar, PrTop is complete and cocomplete.

Verify that Top is bireflectively embedded into PrTop.

(Direct products in PrTop)  For a family (X;,kg) , t €1, of pretopo-

logical spaces, let X = [lic Xi and p; : X — X; be the i-th projection. For
asubset M C X ,let Ap be the set of families (Ai)ier with F C I finite,
A; CX; foreach i€ F ,and

McJr4).

i€F

Finally, let kx(M) be the set of all £ € X with the property:

(3)
(b)

(©)

@

3.C
(@)

(b)

3D

(V(Ad)icr € An)(3i € F) z € p (ki(4))) -

Show that kx is a pretopology on X .

Prove that (X, kx) , together with the projections p; , gives a direct product
in the category PrTop .

Conclude that the Cech closure operator K of PrTop is productive.Hint:
For M; C X;, t €I ,first consider the case I = {1,2} and show k;(M,)x
k2(M2) C kx(M) , hence K is finitely productive. Then use finite produc-
tivity to show H ki(M;) C kx(M) in the general case.

’ i€l
Show that Top is closed under direct products in PrTop, by showing kxkx =
kx whenever k;k; =k; holdsforall i€.

(House-keeping in FC)

Verify the claims that FC is a topological category over Set (see Exercise 3.A)
and that PrTop is bireflectively embedded into FC.

Show for the Katétov closure operator K of FC andevery M C X € FC :

kx(M)={z €X :(@3F)(F %z and (YFEF)MNF £0)}.

(9-modification and 6-closure in FC)

Show that for (X,gx) € FC one defines a new convergence structure 8gx
on X , as follows:

FU% 2.5 (36) 6 5z and F D kx(G);

here kx(G) denotes the filterbase (check!) {kx(G):G € G}, with kx the
Katétov closure operator.
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(b)
()

(d)

3.E
(2)

(®)
(©)

3.F
(a)

(b)

3.G
(2)

(b)
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Prove that the assignment (X, ¢x) — ©X := (X,0¢x) isfunctorial, i.e. yields
a functor FC — FC .

Show that
0x (M) := kex (M)

is an additive closure operator of FC (with respect to the class of embeddings)

Prove that the §-closure of topological spaces (as defined in 3.3) is a restriction
of 6 in FC, subject to the embedding Top — FC . Conclude that the §-
closure in FC is neither weakly hereditary nor idempotent (see 3.F below).

(b-closure)

Prove that b is hereditary, grounded, additive and productive, but not fully
additive.

Prove (2)(b) of Proposition 3.3. Hint: If bx = kx , using hereditariness of
bx , show that point-closures Y = kx({z}) are indiscrete.

Show that, in general, bx(M) is not comparable with ox(M) by inclusion.
Hint: Show ox(M) € bx(M) for every non-discrete metrizable space X .
For bx(M) ¢ ox(M) , consider the space X of ordinals < w; (the first un-
countable ordinal), provided with the following topology: basic neighbourhoods
of w, areintervals (a,wy], @ < w; , and the least neighbourhood of o < wy
is [a,w1] . Then X =kx({w1}) . For M = X\ {w1}, wy € bx(M) . On
the other hand, M is o-closed since no sequence (@) with o < w;
converges to w) .

(Bad properties of the 9-closure in Top)

Show that the #-closure of Top is neither idempotent nor weakly hereditary.
Hint: To disprove idempotency, provide X = {z,a,b} with the topology given
by the open sets @, {a}, {b}, X , and consider the &-closure of {a} . To
disprove weak hereditariness, consider the unit interval X = [0,1] equipped
with the topology in which points z # 0 have the usual neighbourhoods while
a typical neighbourhood of 0 is of the form [0,¢)\ F with 0<e <1 and
F={L:neN}. Then x(F)= FuU{0} isdiscrete, hence 0 ¢ b5, (r)(F) .

Prove that 0x satisfies the weak hereditariness condition (WH) for every finite
topological space X .

(Behaviour of b, 0,8 and t with respect to full additivity)  Prove:

For every Alexandroff space X (see 2.6), all b, o, 6 and & are fully
additive.

b is fully additive for a space X iff X is Alexandroff; the corresponding
statement for € holds true for X Hausdorff.
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©

@

3H
(@

(b)

31
(a)

(b)

3.
(@)

(b)

(©)

3K

6 is fully additive for a Hausdorff space X iff X is discrete; there is a
pon-discrete Ty-space X for which @ is fully additive but K is not (i.e.,
X is not Alexandroff).

Noneof b, 0,80 and t isfully additive.

(Properties of mazimal closure operators)

Prove all claims on the maximal closure operators induced by t, d, and f
as given in 3.3.

Show that every hereditary maximal closure operator of Modg is directedly
additive. Hint: For C = C* with r hereditary, show that z € M belongs
to cm(N) if and only lf z € cp,(NNRz) ; here Rz is the cyclic submodule
generated by z .

(Properties of C°)

For S C Z{z] ,show that C5 is an idempotent and weakly hereditary closure
operator of Fld (cf. 3.5 (2)).

Let S be as in 3.5 (3), but assume that Icf contains all roots of f(z) in
k ,for every (k,f) €S . Prove that C° is hereditary.

(Some reflections and coreflections)

Show that PrSet — SGph and SGph — Gph are full bireflective embed-
dings, and that PoSet — PrSet is epireflective. Hint: Every relation E
on a set has a “transitive hull”. For a preorder < on X , consider X/ &
for (z=2yez<y and y<z).

Verify that Top, (Alexg) is epireflectivein Top (Alex, respectively) .
Hint: For a topological space X , consider X/~ for (z~y o kx({z}) =
kx({y}) -

Prove that Alex (Alexg) is bicoreflectivein Top (Top,, respectively) .
Hint: The bicoreflector of SGph = PrAlex — PrTop can be restricted
accordingly.

(Undirected graphs)  Characterize the spatial graphs (X,E) for which

E is an equivalence relation (2) in terms of the operators 1x, |x , and convy,
and (b) by topological properties of the space (X, |x) (see Theorem 3.6).

3L
(a)

(Why many coreflective categories are bicoreflective)

Let Y be an epicoreflective subcategory X (so that the coreflexions px :
RX — X are epic for every X € X' ). Show that each px is also monic, so
that Y is bicoreflective in X.
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Prove that a coreflective subcategory of Top either contains only the empty
space, or is bicoreflective. If ) is replete, then RX can be chosen to have
the same underlying set as X, with px the identity map in Set; RX is
called the coreflective modification of X . Hint: If there is a non-empty space
Y € Y, consider constant maps Y — X to show that px is surjective.

Formulate conditions which allow to generalize (b) from X = Top to an
arbitrary concrete category X (which comes equipped with a faithful functor
U:X —Set).

(Minimality versus (full) additivity)

Find examples in Top (with M the class of embeddings) which show that for
each of the implications

C minimal = C fully addit:ive = C additive

the converse does not hold true in general.

Prove that in Modg every additive closure operator is minimal (hence here
the implications of (a) are reversible), while there exist directedly additive non-
minimal (hence non-additive) closure operators. Hint: For a submodule N
of M , consider the submodule (N x N)+Ap of M xM and use Exercise
2.J. For the second part consider the closure operator Ct of AbGrp.

Find an example of a fully additive closure operator of Grp which is not mi-
nimal.

(Some non-ezamples in Grp and PoSet)

For asubgroup H <G ,let Ng(H)={g€ G :9H = Hg} be the normalizer
of H in G . Show that H +— Ng(H) satisfies the axioms of a closure
operator (w.r.t. M = {monomorphisms}) , ezcept monotonicity.

Show that the following two constructions fail to give preradicals of Grp (w.r.t.
M = {monomorphisms} ): Z(G) = {g € G: (Vz € G) gz = zg} , the centre
of G; f(G), the Frattini subgroup of G (to be defined as in the abelian
case, see Example 3.4(3)). Show that both constructions are functorial with
respect to surjective group homomorphisms.

For every subset M of a partially ordered set X , let dirx(M) be the
set of elements = € X for which there is a directed subset D C M with
V D = z . Show that this construction satisfies the conditions of extension and
monotonicity for a closure operator of PoSet (w.r.t. order embeddings) as well
as conditions (ID), (HE), (AD), but that the continuity condition fails.

(Recognizing total preorders)  Recall that a preorder < on X is total

if any two elements in X are comparable w.r.t. < . A subset of a preordered set
is a chain if it is total w.r.t. the induced preorder. For a preordered set (X,<) , let
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(X,<) be the set of f-closed subsets of X (hence T (X,<) gives a skeleton
of MV/(X,<) , while the entire powerset P(X) gives a skeleton of M/(X,<) ).

Prove:

(a) Apreorder < on X istotalifandonlyif 1(X,<) isachainin (P(X),C) .

(b A preorder < on X is a total order if and only if { (X,<) is a maximal
chain in (P(X),C) .

(c) For every chain C in (P(X),C) , there exists a total preorder <¢ on X
with 1 (X,<c) =C . (Hint: Define £ <cy iff z € D implies ye€ D for
all DEC.Then 1z={D€C:z€D} forall z€X )

(d)  For every set X , show that the assignments

$p:<—=1(X,8) and  p:CH<c
define a Galois correspondence between preorderson X and subsetsof P(X) ,
that is:
pdY:({ECX x X : E preorderon X}, C) — (P P(X), ©)*
is a pair of adjoint maps (see 1.3). Characterize the preorders < on X with
¢(¥(<)) = < and the subsets C C P(X) with ¥(p(C))=C .

(¢) Show that there is a bijective correspondence between total orders on a set X
and maximal chains in (P(X),C)

3.p (Specialization order and Scott topology)

(a) For a topological space X , define the specialization preorder of X by (z <
Yy & z € kx(y) “yspecializes z”) . Prove that this defines a functor S :
Top — PrSet which is the coreflector of the embedding |: PrSet — Top .

(b)  For every preordered set (X, <), there is a finest topology on X whose spe-
cialization preorder is < . This topology is given by the Alezandroff space
(X,1x). There is also a coarsest topology X whose specialization preorder
is <, the so-called upper-interval topology; a base of its closed sets is given by
{L{z}:zeX}.

(c) Foradepo X ,show S(ScottX)= X . Conclude that ScottX isa Tp-space.
(Hint: Observe that for every y € X, | {y} = dir | {y} = scott{y}.)

(d) Show that for a morphism f : (X,<) — (Y,<) in PrSet, f need not be
continuous with respect to the upper-interval topology. Conclude that “the
upper-interval topology is not functorial.”

3.Q (Productivity of Scott)  Is the Scott closure operator productive?

3R (Cartesian closedness of Alex)
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(a)  Show that the category Alex is cartesian closed, i.e., find for all spaces X,Y €
Alex a space YX € Alex and a continuous map e : YX x X — Y such
that every other continuous map f : Z x X — Y (with Z € Alex) factors
as f = e-(h x 1x) for a unique continuous map 4 : Z — YX. Hint: Find a
suitable topology on the set of continuous maps from X to Y, or work in the
category PrSet.

(b) Show that for every X € Alex the functor (—) x X : Alex — Alex preserves
all limits and colimits.

3S (Modification of E-closure)  For a topological space X and M C X
set ex(M)=U{kx(M Nkx(B))|B C X compact} . Show:
(a) For X Hausdorff, ¢x = kx iff X is a k-space.

(b) ¢ is a closure operator of Top which is weakly hereditary for Hausdorff spaces,
but not hereditary.

(c) ¢ is productive.

Hint: (a) If X has the property that every compact subspace is closed, in particular
if X is Hausdorff, the k-space property means that c-closed sets in X are closed,
and the latter property translates into kx(M) C kx(¢x(M)) = ex(M) . (c)
As in the proof of Theorem 3.3, let z; € cx,(M;) for all { € I, hence z; €
kx.(M; Nkx,(B;:)) for compact sets B; C X; , i€l . Since K is productive,

z=(zi)ier EA=kx (H(Mi n kx;(Bi))) .

i€l

By Tychonoff’s Theorem, B = HB; is compact, hence kx(M N kx(B)) C

iel
¢x(M) . Since kx(B) =[] kx.(B;) ,onehas MNkx(B) = [T;e;(M:Nkx,(B:)) .
i€l
Hence z€ A C cx(M) .
3.T (Some topological concepls based on closure)  For the category Top and

its Kuratowski closure operator K, and for every continuous map f : X — Y, show
the following properties:
(a) fis a closed map if and only if f(kx(M)) = ky(f(M)) for all M € X.
(b)  f is an open map if and only if f~(ky(N)) = kx(f~}(N))forall N €Y.
(¢) f is a local homeomorphism if and only if f and the induced diagonal map
§: X =+ X xy X ={(z,2') : f(z) = f(z')} € X x X are open.
(d) X is Hausdorff if and only if the diagonal map § : X — X x X is closed.

(e) X isirreducible (that is if X = FUG with F, G closed subsets of X, then either
F =X or G = X) if and only if the diagonal map of (d) is dense.

(f) X is discrete if and only if the diagonal map of (d) is a local homeomorphism.
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3.U (Metric spaces)  Metric spaces form the objects of the category Met
whose morphisms f : (X,d) — (Y, d') are non-expansive maps, i.e., d'(f(z), f(¥)) <
d(z,y) forall z,y € X.

(a) Prove that the class M of isometries (those f with d'(f(z), f(y)) = d(z,y) for
all z,y € X) makes Met an M-complete category, and that Met has finite
products.

(b)  For every fixed real € > 0 and every M C X € Met, define
px (M) = {z € X : dist(z, M) < €},

with dist(z, M) = inf{d(z,y) : y € M}. Show that p° is a non-idempotent but
hereditary, grounded, fully additive and finitely productive closure operator of
Met wao.t. M.

() Forall M C X € Met, show

\J p%(M) =X if M #0, and () py(M) =M,
e>0 >0

with M = kx (M) the topological (Kuratowski-) closure of M in X.

Notes

The category FC contains the cartesian closed topological category of all Chogquet
spaces or pseudotopological spaces as a full subcategory, and PrTop is still fully
contained in that subcategory: see Bentley and Lowen [1992] for details. We re-
fer also to Bentley, Herrlich and Lowen-Colebunders [1990] for further reading on
generalized convergence structures. Chapters 6-8 contain an abundance of closure
operators of Top which make the four given examples of 3.3 look like chosen rather
arbitrarily; however, these four are most frequently used as building blocks for new
operators. Moreover, the Kuratowski closure operator can be characterized as the
only non-trivial hereditary and additive closure operator of the subcategory of 7-
spaces with “good behaviour” on products {called finite siructure property, see 4.11);
this and further characterizations are given in Dikranjan, Tholen and Watson [1995].
Readers interested in (pre)radicals of modules and Abelian groups should consult
Fuchs [1970] and Bican, Jambor, Kepka and Nemec [1982]. Finally, we note that
domain theory is still a fast-growing branch in the interface between mathematics
and computer science. Almost any of the many expository articles and texts will
inspire the reader to establish new closure operators in the categories in question.



4 Operations on Closure Operators

Despite the powerful continuity condition, the notion of closure operator is very
general. It is therefore important to provide tools for improving a given operator.
Fortunately, there is a natural lattice structure for closure operators that allows us
to distinguish between properties stable under meet (idempotency, hereditariness,
productivity), and those stable under join (weak hereditariness, minimality, addi-
tivity). Hence it is clear that each closure operator has an idempotent hull and a
weakly hereditary core, and analogously for the other properties. The passage to
the hull w.r.t. to a meet-stable property will normally not destroy already existing
join-stable properties, and the passage to the core w.r.t. to a join-stable property
will normally preserve meet-stable properties.

In order to show this, it is advantageous to have computationally accessible
constructions at hand. In the case of the idempotent hull and the weakly hereditary
core, they are provided by the composition and cocomposition of closure operators.
The computation of the additive core and especially of the fully additive core and
the minimal core is fairly easy, while determining the hereditary hull requires more
effort and restrictive conditions on the category.

We do not describe (finitely) productive hulls since, contrary to first impressions,
(finite) productivity is an extremely weak property which, as we shall see, often
comes as a by-product of idempotency. Even in categories with a rich supply of
closure operators (like topological spaces), it is in fact hard to find examples of
closure operators which fail to be finitely productive.

4.1 The lattice structure of all closure operators

For a category X and a class M of monomorphisms as in 2.1, we consider the

conglomerate
CL(X, M)

of all closure operators on X with respect to M. It is preordered by
C<D<=rcx(m)<dx(m)foralme M/X, X eX.
This way CL(X, M) inherits a lattice structure from M:

PROPOSITION  For X  M-complete, every family (Ci)ier in CL(X, M) has
a join VC; and a meet /\ C; in CL(X,M) . The discrete closure operator is

i€l i€l
the least element in CL(X, M) , and the trivial closure operator is the largest one.
[m]

Proof 1t is easily checked that, in case I # @ , with

cx(m) := \/c,'x(m) and dx(m):= /\ cix(m)
i€l i€l
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for all m € M/X , X € X , one obtains closure operators C and D orn X .
(For the continuity condition, use 1.4 (3), (4).)

That C and D assume therole of the join and meet of (C;)ies in CL(X, M)
respectively is checked immediately. It is also obvious that the discrete and the triv-
ial closure operators (as defined in Exercise 2.A) are least and largest respectively
in CL(X,M). . =

We say that CL(X, M) has the structure of a large-complete lattice in this
situation.

4.2 Composition of closure operators

In this and the following section we shall show that CL(X, M) has also an inter-
esting algebraic structure which is compatible with its lattice structure. We first
define the compostte

DC = ((de)x)xex

of two closure operators C and D on X with respect to M by composing the
maps cx and dx :

(de)x (m) = dx(cx(m))
forall me M/X .

dx(cxJ(M))

cx (M) dx(cx(m)) (4.1)

N

M m X

One easily proves (see Exercise 4.A):

LEMMA DC is a closure operator on X with respect to M. The composition
provides CL(X, M) with the structure of a monoid with zero which is compatible
with the lattice structure. More precisely, one has the following rules:

(1) (A B)C = A(B C) (associativity);

(2) SC =C =C S (discrete operator is neutral);

(3) T C =T = C T (trivial closure operator is absorbing);
(4) A< B= AC < BC and CA< CB (monotonicity);
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(6) (A 4)C= \(4:C) and (\/ 4)C = \/(AC) (for 1#0);

i€l sel i€l i€l
6) AN C) < AAC) end A\ C) 2 \/(4Cy). o
iel i€l iel i€l

For later use we prove:

PROPOSITION Ifboth C and D are weakly hereditary (grounded, (fully, di-
rectedly) additive, minimal, (finitely) productive, resp.) closure operators, then also
DC  is weakly hereditary (grounded, (fully, directedly ) additive, minimal, (finitely)
productive, resp.).

Proof Groundedness, additivity, minimality and productivity are obviously sta-
ble under composition. The assertion for weak hereditariness is more complicated.
For m: M —-X in M ,let

i=im M —cx(M) and k= jo(m): cx(M) — dx(cx(M)) =Y.

For my :=k.j , we must show that dy(cy(my)) is an isomorphism. Since j is
C-dense, from Corollary 2.4(1) one obtains a morphism ¢ rendering the diagram

M ____IL. M
J cy (M) (4.2)
T
Cx(M) k Y

commutative. Since k is D-dense, we conclude 1y = dy(k) < dy(cy(my)) and
have the desired result. D

The composite of hereditary (idempotent) closure operators need not be heredi-
tary (idempotent, resp.):

EXAMPLES

(1) The Kuratowski closure operator K of the category PrTop of pretopological
spaces is hereditary (see 3.1), but KK is not. In fact, for a pretopological space
X and subspaces M CY C X one has

ky(ky(M)) = kx(kx(M) nY) ny,

but this set may be properly contained in kx(kx(M))NY . For instance, consider
X =Z with kx(M)={z:(3n € {-1,0,1})z+n € M} , and take Y theeven
integers and M = {0} .
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(2 For the (hereditary) sequential closure operator ¢ of Top, oo is not hered-
jtary: see Exercise 4.B.

® One defines an idempotent and weakly hereditary closure operator K* of

Top by
kx(M)=({UC X:MCU, U open }

(see Exercise 2.D). K* is called the inverse Kuratowski closure operator of Top .
The composite K*K (with K the Kuratowski closure operator of Top) fails to
be idempotent. Indeed, for the space X = {a,b,c} with @, {a}, {s,b}, {¢,c}, X

open and its (K-) closed subspace M = {b} , one has k% (kx(kx(M))) # k% (M) .

We also note that K*K is not hereditary: again consider X = {a,b,c} , but now
with @, {6}, {c}, {b,c}, X open;for M = {b} and Y = {b,c} , one then has
ky(M) = k(M) = M while k%x(kx(M))NY =Y . However, K*K is weakly
hereditary, by the Proposition.

4.3 Cocomposition of closure operators

Taking the D-closure of cx(m) as in the definition of the composite DC' is only
one of the two obvious choices to proceed. The other is to form the D-closure of j,
in cx(M). Hence the cocomposite

D+C=((d*c)x)xex

of two closure operators C and D on X with respect-to M arises by factoring
the morphism jm : M — cx(M) =:Z through dz(M) :

(d*c)x(m) := cx(m) - dz(jm)
forall me M/X .

dz (M)

dz (jm )

cx(M)=2 (4.3)
AR
U X

The cocomposition satisfies properties similar to the composition but the respective
rules are harder to prove:

M

LEMMA D+ C is a closure operalor on X with respect to M . Like the
composition, the cocomposition gives CL(X, M) the struciure of a monoid with
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zero which is compatible with its lattice structure. Specifically, the following rules
hold:

(1) (A*xB)*C = A« (B *C) ( associativity );

(2) T+ C =C=C#T (trivial closure operator is neuvtral );

(8) S*xC =85=C#S ( discrete closure operator is absorbing);
(4) A<B=>A+C<BxC and C+A < Cx*B (monotonicity );

(6) (\A)*C = A\(Ai+C) and (\/ A)+C=\/(Ai*C) (for I#0);

iel i€l i€l iel

6) Ax(A\C) < AN(A+C) and Ax(\/ C)) > \/(A*C)).

iel iel iel i€l
Proof D+ C is obviously extensive. Its monotonicity follows easily with the
Diagonalization Lemma. In order to show the Continuity Condition, we consider
Diagram (4.3) and an X-morphism f:X — Y . One has £-morphisms e¢: M —
f(M) and d:Z — f(Z) with Z=cx(M) . Let g be the composite
Z8+f(2)Ewex(F(M)) == W
with k given by the continuity condition for C . There is a commutative diagram

M —S—f(M)

Jm

'j,f(m) (4.4)
g —9 . w

which shows g(m) = f(m) , more precisely: ¢(jm) = jy(m) in M/W . Similarly,
one easily sees that g(dz(m)) = f (dz(m)) . Now the Continuity Condition for D

applied to ¢ shows
g(dz(Jm)) < dw(9(im)),
and this implies the desired inequality

. f((d*e)x(m)) < (d*c)y(f(m)).
For rules (1) - (6), see Exercise 4.A. o0
PROPOSITION Ifboth C and D are idempotent (hereditary, grounded, (finitely)

productive) then also D+ C is idempotent (hereditary, grounded, (finitely) produc-
tive resp.). (n]

Proof Once again we consider Diagram (4.3) and form the D % C-closure of
n:=(d*c)x(m): N=dz(M)— X :
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dw (N)
dw (jn)
k cx(Ny=w (4.5)
Y
N B X

For C and D idempotent, we must show that k& is an isomorphism. Since
m < n one has cx(m) < cx(n) . On the other hand, by definition of n we
have n < cx(m) , hence cx(n) < cx(ex(m)) = cx(m) . Therefore there is an
isomorphism i : Z = cx(M) — W = ¢x(N) with ¢{.dz(jm) = jn . Since
dz(dz(jm)) = dz(jm) , this gives immediately that k is an isomorphism as well.
The assertions on hereditariness, groundedness and (finite) productivity are eas-
ier to prove and are left as Exercise 4.D. o

In general D*C does not inherit weak hereditariness, (full) additivity or min-
imality from D and C : see the Examples below and Exercise 4.C(c).
EXAMPLES

(1) In the category AbGrp of abelian groups, we consider the idempotent pre-
radicals given by

d(A) = maximal divisible subgroup of A (see 3.3),
soc(A) = sum of cyclic subgroups of prime order (socle of A ).
hen
r(A) = soc(d(4))

is a sum of cyclic subgroups of prime order, thus r(A) contains no divisible sub-
groups except zero, Hence d(r(A)) =0 , whence also soc(d(r(k))) = r(r(4)) =0 .
The induced closure operators C? and C®°¢ are weakly hereditary ( C*°°¢ is
even hereditary), and one has ‘ ’

C*exClxCecd =Cr
(see 3.4). But since r is not idempotent, CT is not weakly hereditary.

(2) Both K and K* areadditive, idempotent and hereditary closure operators
of Top (see Example (3) of 4.2). By Exercise 4.A one has

K+xK '=2KAK*.
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But KAK* isnot additive. For this, provide X = [0,1JU{oo} with the following
topology: the unit interval [0,1] with its natural topology is an open subspace
of X , and the only neighbourhood of 0o in X is X . Since kx({1/2}) =
{1/2, oo} ,for M =[0,1/2)U{oo} one has 1/2 € kx(M)Nk%(M) , hence M
isnot K A K* -closed. On the other hand, M is the union of the two K A K* -
closed subsets [0,1/2) and {oo} . Therefore K A K* is not additive (see 2.6).

(3) Both f and | are fully additive, idempotent and hereditary closure op-
erators of PoSet (see 3.6). But 1+ |=1 A | (see Exercise 4.A) is not additive (see
Exercise 4.E).

4.4 Closedness and density for (co)composites

For arbitrary operators C and D, we wish to describe the DC-closed and the
D # C-dense morphisms. This will prove useful in the sequel. We first note some
easy facts on joins and meets of closure operators which follow immediately from
the respective definitions:
PROPOSITION

(1) If C< D, then € CEP and MP C MC .

@ If C=\/Ci, then MC =M.

iel iel
@) If D= A\Ci, then €0 =()£% .
el iel

In pursuing our goal, we now prove:

LEMMA
(1) DxC<DAC<DVC<DC.
(2) MCC = M€ and £°*C =£°.

Proof
(1) Immediately from the definitions of D*C and DC onehas D+C< D,
C < DC , hence (1).

(2) From C < CC one obtains MSC C M€ . On the other hand, m =
cx(m) implies cx(m)—cx(cx(m)) hence MS C M€€ . Similarly C+C < C
gives £°*C C £€ , and since cx(m) = 1x implies cy(jm) & 1y for ¥V =
cx(M) , one also has £C C £6+C . o

THEOREM For arbitrary closure operators C and D one has:
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(l) MCD ___.MDC =MDVC =MD nMC’
(2) 8CoD = gD-C = £DAC - gD ngc.

Proof
(1) From the Proposition and the Lemma, we obtain
MPC c MPVE — p(DVEXDVO),

But since D, C < (DVC), monotonicity of composition gives DC < (DV
C)(DV C) , hence MDVONDVC) ¢ MPC | With the Proposition, this shows
MPC = MPVE = MP A MC | with the latter term symmetricin D and C;
hence it coincides also with MCPD |

(2) follows dually, by reversing the order and by replacing composites by cocom-
posites. n]

We remark that £° may be a proper subclass of £°¢ and M€ a proper
subclass of MC*C |

EXAMPLE Consider the #-closure of Top (see 3.3).

(1) Let X be the unit interval [0,1] provided with the least topology such
that F = {1/n : n € N} and every naturally closed subset of [0,1] is closed.
Now 0x(F)= FuU{0} is discrete, hence Opyqo}(F) = F . In other words: F is
9 %0 ~closed in X , but not f-closed. (See Exercise 3.F.)

(2) Asin Example 4.2(3), let now X = {a,b,c} be the topological space with
8, {8}, {c}, {b,c}, X open. Then Ox({b}) = {a, b} and 6x({a,b}) = X .
Hence {b} is 66 -dense but not f-densein X . (For an algebraic example of this
type, see Exercise 4.C.)

4.5 Properties stable under meet or join
A property P for closure operators is said to be stable under arbitrary meet if for

any family (C;)ier of closure operators with property P also /\Cg satisfies

iel
P (whenever the meet exists); analogously for joins. Note that empty families are
permitted; hence a property stable under arbitrary meet (join) must necessarily hold
for the trivial (discrete) closure operator.

ProposITION

(1)  The following properties are stable under arbitrary meet: idempotency, hered-
ilariness, (finite) productivity.

(2) Stable under arbitrary join are: weak hereditariness, minimality, grounded-
ness, (full, directed ) additivity.
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Proof

(1) A closure operator A is idempotent if and only if AA < A (see Exercise

4.A). From Lemma 4.2 one always has A(/\ C)< /\(AC,-) ,hencefor A = /\ Ci
i€l iel iel

44 < A\c) < Accy).
iel iel
Therefore AA < A ifeach C; isidempotent. Hence idempotency is stable under
arbitrary meet.

one obtains

Stability of hereditariness and productivity under arbitrary meet follows from the

principle that “limits commute with limits”, hence meets commute with inverse

images (cf. 1.4) and products. Indeed, for A = /\ C; andfor m<y in M/X
iel

(as in Diagram (2.7)), one has

ay(my) = N\ vy (cix(m) =y~ (A cix(m)) =y~ (ax(m)),
iel el

ifeach C; is hereditary. Similarly for direct products.

(2) A closure operator A is weakly hereditary if and only if A+ A > A (see
Exercise 4.A). Now stability of weak hereditariness under arbitrary joins follows
dually to the first part of proof (1) —replace < by >, A by V , and composition
by cocomposition. The assertion for groundedness and (full, directed) additivity is
obvious since “joins commute with joins”, and it is trivial in the case minimality. O

We already showed in Example (2) of 4.3 that the meet CAD of additive (and
idempotent and hereditary) closure operators C', D may fail to be additive. Exer-
cise 4.E provides an example with C, D even fully additive (and idempotent and
hereditary). Likewise, C AD may not be weakly hereditary for both C and D
weakly hereditary: this follows from Example (1) of 4.3 in conjunction with Exercise
2.A(c).

Example (3) of 4.3 shows that C VvV D may fail to be idempotent when both
C and D are idempotent. Exercise 4.D (b) indicates how to show that heredi-
tariness in general, is not preserved by the binary join:

EXAMPLE Let (X,<) be alattice (i.e., a poset with finite meets and joins). It
was observed in Exercise 2.E that every closure operation ¢ of the lattice (X, <)
induces a closure operator C of the induced category X':

cz(m) = c(m)Az
forall m <z in X . Obviously C is hereditary; in fact, any closure operator

of X is induced by a closure operation of the lattice (X,<) if and only if it is
hereditary.
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Assume that (X, <) isnot distributive, so that there are elements a, b, z € X

with
(avd)Az>(anz)V(bAZ).

(Consider, for instance, the lattice of subspaces of a 2-dimensional linear space.)
We may define closure operations ¢, d of the lattice (X,<) by

¢(m):=mVa , d(m):=mvVb.
For the induced categorical closure operators C and D we obtain in case m =
0:
c,(O) v d,(O)
(aAz)V(bAZ)
< (avVbd)Az
(c:(0) Vi (0)) Az
(cvd);i(0)Az.

(cV d)<(0)

Hence CV D is not hereditary.

Together with Exercise 4.D(b), this shows that a lattice is distributive if and
only if the join of any two hereditary closure operators of the induced category is
hereditary.

4.6 Idempotent hull and weakly hereditary core

In this section we assume X to be M-complete. C is a closure operator w.r.t.
M. As an immediate consequence of Proposition 4.5 we obtain:

PROPOSITION

(1)  There is a least idempotent closure operator C>C. Wecal € theidem-
potent hull of C .

(2)  There is a largest weakly hereditary closure operator C < C . We call C
the weakly hereditary core of C .

Proof .

(1) With D={D:D>C, Didempotent} , Proposition 4.5 gives that C =
AD isidempotent, hence C is a least element in D.

(2) follows dually. a

In order to be able to “compute” ¢ . and C in concrete examples, we need a
more concrete description of C and C . To this end, one defines the ascending
extended ordinal chain of C :
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C’<C'<C?<...<Cc*<CM < ... < C® < oo

as follows:
C’=s5,c*' =cce, cf=\/ C"
v<B
for every (small) ordinal number o and for a = oo , and for every limit ordinal
B andfor f =00 ;here 0o, c0o+1 are (new) elements with co+1> 00 > a for
all a € Ord , the class of small ordinals. ( S is the discrete closure operator, see
Exercise 4.A.) Dually one can define the descending ezlended ordinal chain of C .

Co041£C0<...SCe41£C £...C2 1 LG

by putting
Co:T, Ca-i-l:C*Ca, Cﬁ= /\ C‘y
v<p
forall @« and f as above, with T the trivial closure operator.

LEMMA Ifforeach meM/X , X € X, there is an a € OrdU {o0} with
c*(m) = c®+(m) , then C* is idempotent. Similarly, if for each m there is an
a with ca(m) = coq1(m) , then Cy is weakly hereditary.

Proof By ordinal induction, one easily shows ¢?(m) = c*(m) and ¢"(c?(m)) =
?(m) forall B,y€ OrdU{oo}, B> a . Hence

() & ¢ (m)
for B =9 =00 . Analogously one proves (ceo * Coo)(m) = coo(m) . o

We say that a preordered class P has no proper ascending extended ordinal
chains if for every ascending extended ordinal chain

202 S22< ... S 2o S Tap1 S - £ Too < Tootl

in P thereisan a € OrdU{oo} with z4 = z,4) . In the dual situation one says
that P has no proper descending eztended ordinal chains. Obviously, if there is only
a (small) set of 2 -equivalence classesin P ,then P has neither proper ascending
nor descending extended ordinal chains. In particular, if X is M-wellpowered, so
that for every X € X , P = M/X has only a set of =-equivalence classes, the
hypotheses of the Lemma are satisfied.

Independently from M-wellpoweredness, we shall often encounter closure op-
erators C with C* = C°+! for some (small) a € Ord, so that one has
¢g(m) = c&t'(m) for all m € M/X, X € X . In that case we shall call
C bounded, and the least such o« is called the order of C ; otherwise C is un-
bounded. Similarly, if Cy =2 Co41 for some a € Ord, C is called cobounded,
and the least such « is the co-order of C ; otherwise C is uncobounded.
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For each a € Ord , there are examples of closure operators with order a or
co-order « : see Exercise 4.F. Unbounded and uncobounded closure operators will
be considered in detail in Chapter 8.

THEOREM

) If X is M-wellpowered or if C is bounded, then C* = C is the idem-
potent hull of C . One has

MC™ = MC and £°7 DE°.

C® inherits the following properties from C : weak hereditariness, groundedness,
(full, directed) additivity.

(2) If X is M-wellpowered or if C is cobounded, then C = C is the weakly
hereditary core of C . One has

£C» = €° and MC> D M€

Co inherils the following properties from C : idempotency, hereditariness, ground-
edness, (finite) productivity.

Proof

(1) Idempotency of C* under the given hypotheses.follows from the Lemma.
By induction one easily shows C* < D for every idempotent closure operator
D> C andevery a€ OrdU{co}; hence C*® <C ,and C®=C holds if (and
only if) C*® isidempotent. Since C < C* , one has &€ C £C7 . Furthermore,
with Proposition and Lemma 4.4 one shows M = M€ for all a € Ordu {oo}

by induction. Finally, with Propositions 4.2 and 4.5 one obtains that every C® is
weakly hereditary (grounded, {fully) additive), a € OrdU {co} , whenever C has
the respective property.

(2) is proved analogously. u]

REMARK We shall show in 5.4 that, mdependently from the validity of C = C*®

and C = C , one always has MC = MC® C M and €€ = £° C £° as
well as the implications (C' weakly hereditary = C weakly hereditary) and (C
idempotent = € idempotent).

COROLLARY For any closure operator C with C® idempotent or Co weakly
hereditary, one has (Coo)® < (C®)oo . These two closure operaiors are isomorphic
if C is idempotent or weakly hereditary; otherwise, the inequalily may be sirict.

Proof C < C*® implies Cpo < (C®)oo ;if C® isidempotent, also (C®)y is
idempotent, hence (Coo)® < (C*®)oo . Similarly one obtains this inequality when
Co is weakly hereditary. If C is idempotent, also C, is idempotent, and one
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has C = C® and Cx = (Co)® . Similarly, when C is weakly hereditary, one
has C=2Cyx and C® & (C®)y .

In order to show that one may have (Coo)® % (C*®)s we consider C = CT for
the preradical r =socd of Example (1) of 4.3. According to Exercise 4.G, we must
show (r®)e < (reo)® . We already saw in 4.3 that r? =0 , hence (r®)e =0 .
On the other hand, soce(A) = t(A) is the torsion subgroup of an abelian group
A ,hence ro, =td . Since r,, is idempotent, one has (re)™ =re, . For every
non-zero divisible torsion group A one now has (re)®(4) =ro(A)=A#0 .
0

The #-closure of Top shows that, in general, £€ is properly contained in
£°" and MEC is properly contained in MC= : see Example 44. C =K in
PrTop or C =0 in Top gives a hereditary closure operator for which C* is not
hereditary: see Example 4.2. Example (1) below shows that the passage C +— C*
does not preserve productivity. Finally there is an example of an additive (in fact:
fully additive, see Exercise 2.I) closure operator whose weakly hereditary core is not
additive; see Example (2) below.

EXAMPLES

(1)  For afixed prime number p , we consider the closure operator C of AbGrp
given by
ca(M)={z€A:pze M}.

It can be presented as the maximal closure operator CS» , with
sp(A)={z€A:px=0}

the p-socle of A . s, is a hereditary preradical with s;° = sy =t, , with ¢,
the preradical given by the p-torsion subgroup of a group. It follows from Theorem
3.4 that C is hereditary. Furthermore, C is productive (since s, is Jansenian),

but C® =C¥ =Ct isnot (since t, is not Jansenian). More specifically, {0}
. [

is C®-dense in Z,» ,but {0} isnot C®-densein [] Zp» (cf. Exercise 4.G).

n=1

(2) For aprime number p,let p be the radical given by p-multiples: p(A) =
pA for an abelian group A . CP is easily seen to be fully additive. One has
(CP)eo = C®T) (see Exercise 4.G), and p*™ assigns to' A its maximal p-
divisible subgroup d,(A4) . Now it follows from Theorem 3.4 that C(P™) is not
additive since C(P”) 2 C(p) . But one can see non-additivity of C®™) also
without reference to the Theorem:

Consider the group A =17, of p-adic integers; it satisfies dp(Z,) =0 . Fix a cyclic
subgroup Z of I, with Z &€ pI, ;itis Cd -densein I, ,ie. dp(Z,/2Z) =
Z,/Z ,or I,/Z is p-divisible. Now consider

X=A4z,+Z2%x2
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as asubgroup of I, xI, ,with Az the diagonalin Z, xZp . Both M; = Zx{0}
and M= {0} x Z are proper C8-closed subgroups since

X =M xZI, =My x1I,
and dp(Zp) = 0. On the other hand, X/(Z x Z) = I,/Z sothat My + M, =
Z x Z is a proper d,-dense subgroup, in particular not dp-closed.

4.7 Indiscrete operator, proper closure operators

As remarked in Proposition 4.5, groundedness is stable under arbitrary join. Triv-
ially, one also has that /\ C; is grounded if at least one C; is grounded. What

about the case I =07 Certa.lnly, the largest operator T in CL(X, M) is not
grounded unless Ox = X for all X € X . But is there a largest element in

GCL(X, M),

the conglomerate of grounded closure operators with respect to M?

PROPOSITION For X M-complete, GCL(X,M) has the structure of a large-
complete lattice. Arbz’trcry joins and non-empty meets are formed asin CL(X, M) .
The largest element G in GCL(X,M) is called the indiscrete closure operator
and is described by

(*) gx(m) = /\{e'l(oz) 1(3Z2€X3e: X -7 in £)e(m)=oz)}
foral me M/X , X € X, with the meet taken in M/X . o
Proof  We first show that (gx)xex defined by () is in fact a closure operator,
with the help of the formulas given in 1.4 and in Exercise 1.K. First of all, for every
e €E with e(m)= oz onehas m < e (e(m)) = e !(oz) , hence m < gx(m) .

In order to check 2.2 (4), let f(m) < n for f: X =Y, me M/X , and
n € M/Y . We then have

Flax(m)) < \{f(e*(0z)) :e € A, Z = codomain (e)}
with A= {e €& | domain (¢) = X, e(m) =0} whereas

gy (f(m)) = /\{d'l(ow) :d € B, W = codomain (d)},
with B = {d € £ | domain(d) =Y, d(n) = 0} . Hence to obtain f(gx(m)) <
gy(n) it suffices to show that, for every d € B, there is an ¢ € A with
f(e'l(oz)) < d Y(ow) (with Z , W the respective codomains). Indeed, f(m) <

n gives d(f(m)) < d(n) = oz ,the (€, M)—factorization of d-f=1u-e with
e€f and u€ M, hence u(e(m)) = ow and

e(m) = v~ (u(e(m))) = v~ ow) = 0z



86 Chapter 4

since ¥ € M . Thus e € A, and from e(e~!(0oz)) < 0z one obtains
d(f(e*(02))) = u(e(e™' (02))) < u(oz) = ow ,

hence f(e~!(0z)) < d'(ow) as desired.
Cleatly, G = (gx)xex is grounded (consider e = 1x ). For any other
grounded closure operator C and every e € A as above, one has

cx(m) < e7'(e(cx(m))) < e (cx (e(m))) = e (ex (02)) = €7 (02),

hence C<G. o

EXAMPLES

(1) In Set with M the class of injective maps, one has

M=
gx(M)={g( for M =0

forall M C X ,hence G induces the coarsest or indiscrete topology on X . The
same formula holds true in Top with M the class of embeddings.

(2) In Modg with M the class of monomorphisms, G coincides with the
discrete closure operator since this is the only grounded closure operator (up to
isomorphisms), see Exercise 2.G.

(3) InFld with M the class of all (mono)morphisms, the formula

E for the prime subfield E of F
E)=
9r(E) { P o

holds. Indeed this formula obviously defines a closure operator of Fld and therefore
gives the largest grounded closure operator of Fld .

Since groundedness is stable under arbitrary join, for every closure operator C
there is a largest grounded closure operator C% < C , called the grounding of C .
With the Proposition one obtains:

COROLLARY For a closure operator C of an M-complete category, C¢ =
C AG is the largest grounded operator < C , called the grounding of C . If C
is idempotent or hereditary, C€ has the respective property. . O

Proof  CAG is grounded since G is grounded, and for every grounded operator
D < C onehas D<G,hence D < CAG. G isidempotent and hereditary:
see Exercise 4.I. These properties are stable under meet, hence they are inherited
by C¢=CAG from C. o

In an M-complete category one always has the discrete, the indiscrete, and the

trivial closure operators:
S<GKLKT.
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Any closure operator not isomorphic to any of these is called proper. There are
categories which do not have any proper closure operators:

LEMMA The category Set (with M the class of injective maps) has no proper
closure operators.

Proof  Let C be a closure operator of Set, and for D = {0,1} first assume
Cp({0}) = D . We claim that then cx(M) =X forall § # M C X . Indeed
for £ € M and any y € X , one considers f : D — X with f(0) = z and

f(1) =y and has

v € flen({0})) C ex({z}) C ex(M) .
Hence C must be G or T in this case. The only other case is cp({0}) = {0}
, in which case one has C = S . Indeed, if there was N C X with N #£ cx(N),
consider h:X — D with A(N)= {0} and h(X \N) = {1} ; then

1 € g(ex(N)) C ep({0}) = {0} .

We have seen in 3.3 that Top (with M the class of embeddings) has quite
a few proper closure operators. (We shall see in Chapter 8, for instance, that the
f-closure in neither bounded nor cobounded, so that all its powers 6% and copowers
0, are distinct.) We already know that every non-trivial closure operator C of
Top must be grounded (see Exercise 2.H), hence C < G ,infact C<G if C is
proper. The next question then is whether there is a largest proper closure operator
in Top. -

For this we define Q = (¢x) xeTop by

gx(M)=[){AC X : A open and (K-)closed , M C A} ;
ie, gx(M) is the quasicomponent of M in X .

THEOREM Q is an idempotent, grounded, additive and productive closure oper-
ator of Top, but neither weakly hereditary nor fully additive. It is the largest proper
closure operator of Top, hence every proper C salisfies S<C<Q<G<T.

Proof That Q is an idempotent closure operator of Top follows from Exercise
2.D(a). Checking the other properties of Q claimed in the first part of the Theorem
is left as Exercise 4.T. For any proper closure operator C we have C < G, and
we must show C < Q . Let D ={0,1} be discrete. The first part of the proof of
the Lemma shows that we must have cp ({0}) = {0} . For every closed and open
N C X one considers the characteristic map h as in the second part of the proof
of the Lemma. This shows that N = h~!({0}) is C-closed. Consequently, for
every MC X ,

ex(M)C[{NCX:N C-closed, M C N} C qx(M).
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4.8 Additive core

Since additive closure operators are stable under arbitrary join, for each closure
operator C of an M-complete category there is a largest additive closure operator
< C , called the additive core of C . Under some additional assumptions, we will
give a more concrete description of the additive core below. However, without any
additional assumptions we can state:

LEMMA The additive core of an idempotent (grounded) closure operator is idem-
potent (grounded, respectively).

Proof  Denoting the additive core of C by C , we have C’C_<_ CC < C when
C is idempotent. By Proposition 4.2, CC is additive, hence CC < C . But this
means that C is idempotent (cf. Exercise 4.A). The assertion on groundedness is
trivial sihce C < C . n]

Let now
c}(m):/\{cx(ml)v...ch(mg):m;GM/X, 1<i<k,mV...Vm >m}

for every m € M/X and consider the following conditions on X and M :

(a) Binary joins are preserved by inverse images, i.e.
f7H 1V ng) = £ (ny) V £ (ng)
forall f:X—Y and n;, no € M/Y .

(b)  Joins distribute over arbitrary meeis in eack M/X ,ie.
mv Am=Amvm
iel iel

forall m, m; e M/X , i €I . (In other words, (M/X)° has the structure of
a frame.)

REMARKS
(1) Condition (a) entails the distributive law

nA(nVng) = (nAn)V(nAng)
for n= f € M , whereas condition (b) entails the distributive law
mV(my Ame) = (mVm)A(mVm,).

In every lattice, the two (finite) distributive laws are logically equivalent. Therefore,
and since f can be factored as f=m-e with e € £ and m € M , in the
presence of (b) it is sufficient to consider f € £ in (a).
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(2) I the distributive law holds in each M/X , in particular if condition (a) or
(b) holds, then

c;(m)a‘/\{cx(ml)v...VC)((mk)Zm,'GM/X, 1<i<k,mV..Vm =m}.

In fact, whenever m; V...Vm >m ,then (miAm)V...V(mrVm)=m and
cx(m1 A m) V...V 6x(mk A m) < 6x(m1) V...V 6x(mk).

THEOREM Under condition (a), C* = (c})xex is a closure operator with
Ct < C aend D < Ct for every additive closure operator D < C . If, in
addition, condition (b) holds, C* is additive and therefore the additive core of C .
Furthermore, if C is idempotent (heredilary, grounded ), Ct has the respective
property.

Proof Extension and monotonicity are obviously satisfied. To check continuity
for C*, f(m)<nV...Vn, with me M/X and n; € M/Y implies

m< f’l(f(m)) < f'l(nl V...Vn) f"(n;) V...V f‘l(nk)
by Condition (a). Therefore

Gim) < ex(FHm) VooV ex(F ()
< fHer(m)) VeV T er (me))

by continuity of C. Since f(~) preserves joins, it follows that

flex(m)) < U ey(m)) V...V f(f ey (ne))
< cy(nl)V...VC)r(nk).

Consequently, f(ck(m)) < cf(f(m)) .
Obviously, when D < C is additive, for any “cover” my V...Vm; > m one
has

dx(m) <dx(mi)V...Vdx(mg) <cx(mi) V...Vex(myg)

hence dx(m) < c}(m) .
For any “covers” m;V...Vmp >2m and n; V...Vn; > n one has m Vv
. VmpVn V...Vn; >mVn , hence

c’;(mv n) < (ex(m)V...Vex(mg)) V(ex(m) V... Vex(n;)) .

Hence c}(mVn) is covered by the meet of all latter terms which, under Condition
(b), is isomorphic to ¢} (m) Vv ck(n) .

By the Lemma, C* inherits idempotency and groundedness from C . With-
out reference to Condition (b), we now show that C* is hereditary when C is
hereditary. For that,let m=y-my and y:Y — X bein M and consider
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any “cover” myV...Vnpy >my in M/Y . Then y-nyV...Vy-nz > m (see
Exercise 1.J) and

R

vy Y ex(y-m))V...Vy Hex(y - ne))
v (ex(y-n) V... Vex(y:ne))
v~ (ck(m)),

hence cf(my) > y~!(ck(m)) . o

cy(m) V... Vey(ng)

R

v

Under the assumptions of the Theorem one obtains with Proposition 4.5:

COROLLARY The conglomerate of additive closure operators
ACL(X, M)

has the structure of a large-complete latiice. Joins are formed as in CL(X, M) ,
whereas the meet of (Ci)ier in ACL(X,M) is given by

(/\ Cf)+ ’

sel
with /\ denoting the meet in CL(X, M) . o

EXAMPLES (1) With K and K* asin Example 4.2
(KAK*)t

is the front-closure & in Top (see 3.3).

(2) Although in Modg conditions (a) and (b) do not hold, it is easy to deter-
mine the additive core of a closure operator C (which, by necessity must be given
by the defining formula for C* :) it is the minimal closure operator C, , with
r the preradical induced by C (in particular, C* as defined above, is indeed a
closure operator). For the proof observe that C, < C < C* with C; additive (see
Theorem 3.4) implies C. < Ct < C* . Bence Ct induces the same preradical as
C , and according to Exercise 3.M it is minimal. Hence

ct=cC,.

4.9 Fully additive core

Fully additive closure operators are, like additive closure operators, stable under
arbitrary joins. Hence each closure operator of an M-complete category has a fully
additive core, i.e., a largest fully additive closure operator below itself. Replacing
finite joins by arbitrary joins, one may construct it analogously to the additive
core (see Exercise 4.M). Here, however, we give an alternative construction which is
modeled after the point-closure in Top (see Example 2.6) which is the fully additive
core of the Kuratowski closure operator K .
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A subobject p € M/X is called \-prime if p < V;c;m; for any family
(m.).e[ in M/X implies p < m; for at least one i € I . Since here 7 = §
is permitted, one has p ¥ ox . The class P of all \/-prime elements in M will
assume the role of “points”, under the following hypotheses:

(A) f(p) €P/Y forevery f:X—~Y and peP/X,
B) m=V{peP/X :p<m} forevery me M/X .

Under hypotheses (A) and (B) we may put

C%(m) g{zr{(";rx(f).PE‘P/X, p_<_m} it;ser:‘;ggoX ,

and then prove:

THEOREM In an  M-complete category satisfying conditions (A) and (B), the
fully additive core C® of a closure operator C is given by the formula above.
C® inherils each of the following properties from C : idempotency, groundedness
and heredilariness.

Proof  First we must verify that C® is a closure operator. Property (B) implies
that for every m ¥ ox thereis p € P/X with p < m . With this observation
one easily checks the properties of extension and monotonicity. Continuity for C®
follows from

f(c%(m))

V{fex(p):p€P/X, p<m}
Vi (f() :p€P/X , p< m}
Vier(9): 0 € P/Y, ¢ < f(m)} = @ (f(m))

IA

IA

for m % ox ; here we use successively Axiom (B), preservation of joins by f(-) ,
continuity of C , and Axiom (A). In case m = ox , continuity for C® follows
immediately from continuity of C since f(ox) = oy

Ciea.rly, C® < C . Full additivity of C® follows from (B) and the deﬁmtlon
of \/-primeness. Furthermore, any fully additive D < C satisfies

V{dx():p€P/X, p< m}
Viex(p):p€P/X, p<m} = cg(m)

IR

dx(m)

iR

for m % ox . The case m = ox is trivial. Therefore C® is the fully additive
coreof C .
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As in Lemma 4.8 one may show that C® is idempotent and grounded if C
has the respective property. In order to show the same with respect to hereditariness
we need:

LEMMA In the presence of (B), condition (A) holds if and only if f~1(-)
preserves arbilrary joins.

Proof Under condition (A), forall f: X — Y, n; € M/Y(i € I) and
p €EP/X one has

p<f! (Vni) & fe)s\n

i€l iel
@ @iel) fp<n
© (Fiel) p<fi(m)
& p<\/Fi(w)
i€l
and therefore f~'(V;e; ni) = Vier f7 (ni) from (B). Conversely, the last formula
gives the implications

f<Vn = p<sf? (Vm) =\ (n)
iel iel iel
= @el) p<fi(m)
= (Fel) flp)<ni;
hence f(p) €P/Y , and (A) follows. ]
Now we can complete the proof of the Theorem and show that C® is hereditary

if C is. Indeed, if we consider m <y in M/X and denote by my : M —Y
the morphism with m = ymy , then there is an order-isomorphism

{preP/X:p<m} — {g€P/Y : q<my}
p = pr
y-qg <« 9

(note that, by (A), y-¢ = y(q) belongsto Pif g does). Hence, with the Lemma,
one obtains

IR

v (<&(m)) Vi{v ™ (cx(p)):p€P/X, p<m}
Vier(ey):peP/X, p<m}
Vier(a) :q€P/Y, ¢ < my}

c?(my) .

IR

R

R
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EXAMPLES '
(1) For the 6-closure operator of Top (with M given by subspace embeddings)

6x{z} = J{kx(U): U open nbhd of z in X} = adh(z)

is the set of adherence poinis of the neighbourhood filter of the point = in X .

Since the \/-prime subobjects are described by singleton subspaces, one has

62(M) = | J adh(z)
zeEM

for every subset M of X .

(2) It is easy to see that the Kuratowski closure K and the sequential closure
o of Top coincide on points. Consequently, ¢® = K® is the point closure P
of Example 2.6.

(3) The hypotheses (A) and (B) are usually not satisfied in “algebraic categories”.
For instance, in the category Grp of groups (with M the class of monomorphisms),
\/-prime subobjects must be cyclic subgroups (since every group is the join of its
cyclic subgroups). On the other hand, since Z = nZ+ mZ for n, m relatively
prime, the cyclic group Z (as a subgroup of itself) is not \/-prime, and since every
non-zero subgroup of Z is isomorphic to Z, this group cannot be presented as the
join of its \/-prime subgroups.

In general, the situation cannot be improved by restriction to subcategories: in
every full subcategory of Grp which is closed under finite direct products, every non-
trivial group G contains a cyclic subgroup which is not \/-prime; just consider the
cyclic subgroup generated by (a,a) in GxG = (G x {e})({e} xG) , with e the
neutral element of G and a#e .

(4) Although conditions (A) and (B) do not hold in Modpg either, it is easy to
“compute” the fully additive core of a closure operator in this category: since here
every additive closure operator is minimal (see Exercise 3.M), both its additive and
its fully additive core are given by its (easily computed) minimal core, as discussed
at the beginning of the next section. See also Example 4.8(2).

REMARKS

(1) Conditions (A) & (B) imply (a) & (b) of 4.8. Indeed, the more general state-
ment of ((A) & (B) = (a)) follows from the Lemma, and for ((B) = (b)) see Exercise
4.M.

(2) When trading \/-prime elements for V-prime elements (so that p < m;Vm,
implies p <m; or p < m; ), one may construct the additive core C* analogously
to the fully additive core C® .

(3) Instead of conditions (A) and (B), let us consider:
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(a) Meets distribute over arbitrary joins in eack M/X , ie., each M/X has
the structure of a frame.

(B) Every m € M/X is the join of the compact elements below it, i.e., each
M/X has the structure of an algebraic dcpo.

Then, in our approach to C® |, if we replace \/-prime elements by compact elements
and put

ck(m) = \/{cx(k) : k € M/X compact, k< m},

then C* isa largest directedly-additive closure operator < C , i.e., the directedly-
additive core of C . (Condition (o) is needed to prove the analogue of condition
(A) in this context: f(k) is compact for every f: X — Y in £ and every
compact k€ M/X .)

We note that if C is additive, also ct s additive, in fact fully additive (by
Theorem 2.6). Similarly, for C directedly additive, also the additive core C¥

(if constructed under the hypotheses (a) and (b) of 4.8) is directedly additive and
therefore fully additive. Consequently, in the presence of conditions (a), (b) of 4.8
and of (a), (B) as above, there are two alternative ways to construct the fully

additive core of an arbitrary closure operator C : as (C*)* , and as (CH)* .

4.10 Minimal core and hereditary hull

Clearly, for every closure operator C of X w.r.t. M one can find a largest
minimal closure operator < C . Indeed, every minimal closure operator D < C
must satisfy

dx(m)=2mVdx(ox) <mVex(ox),

and it is elementary to show that
cBi(m) = mV cx(ox)

defines in fact a minimal closure operator C™ < C (for the Continuity Condition,
just use preservation of joins under direct images). C™ is called the minimal core
of C . For properties of C™ | see Exercise 4.N.

Clearly, for every closure operator of Modg with induced preradical r, the
minimal core is given by the minimal closure operator C; .

Since hereditariness is stable under meet, for each closure operator C of an
M-complete category one can find a least hereditary closure operator > C, the
hereditary hull of C . Asin the case of the (fully) additive core, we are able to give
an explicit description of this hull only under additional hypotheses on & and M.

Let C € CL(X,M) . For every hereditary closure operator D > C and all
m:M—X in M one has

cx(m) < \{z ' ez(z-m)):2: X -2 in M}
< Vi 'dz(z-m)):2: X -2 in M}
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= dx(m).

We therefore define
g(m) = \/{z7 (cz(z-m)):2: X = Z in M}. (%)

Clearly, each function ¢ is extensive and monotone. However, in order to ver-
ify the continuity condition we assume that X hkas the M-transferability property:
for every morphism f: X —Y andall 2: X —Z in M thereis a commutative
square

X—L>Y

w (4.6)

with w € M . (If X has pushouts and if M is left-cancellable (w.r.t MorX ) then
X has the M-transferability exactly when M is stable under pushout.) The M-
transferability property is satisfied if X has enough M-injectives so that for every
object Y thereis a morphism w:Y — W with W M-injective. (Recall that
Y is M-injective ifforall z: X — Z in M and every morphism h: X — W
there is a morphism ¢:Z — W with g-z = h .) We are now ready to prove:

THEOREM Under each of the following two hypotheses the hereditary hull Che
of a closure operator C € CL(X, M) ezists and is described by formula (*):

(2) X is finitely M-complete and has enough M-injectives;
(b) X is M-complete and each M/X has the structure of a frame (so that

meets distribute over arbitrary joins: mA\V;;mi =V, ;mAm; ), and X
has the M-transferability property.

Under condition (a) CP™ is idempotent if C is idempotent, and under condition
(b) Ch is (fully) additive if C is (fully) additive.

Proof Let us first operate under hypothesis (b). Obviously, the function c
defined by () is extensive and monotone. In order to verify the continuity condition,
for f: X —>Y andevery 2: X —Z in M wechoose g, and w, :Y = W,
as in (4.6) and observe that

(ws - (271 () = g:(2(27" (K))) < 9:(k)

holds for all k € M/Z , hence f(z1(k)) < w;l(g:(k)) . With k := w,(z-m)
(for m € M/X ) this gives

f((m)) = V{f(z'l(cz(rm))):z:X—rZ in M}
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IA

VAwr (g (cz(z-m):2: X = Z in M}
VA{w Y ew, (g:(z-m))):2: X = Z in M}
VA{wr (ew. (s - f(m))):2: X = Z in M}
Viw Y (ew(w- f(m)):w:Y =W in M}
S (f(m)) -

Hence, together with our initial considerations, we have that CP® is a closure
operator > C with D > CP¢ for every hereditary operator D > C . Under
condition (b) one has that y~!(—) preserves joins for every y:Y — X in M.
Therefore,

vy~ (K (m))

IN

IR

IN

IR

R

Vv 'z (cz(z-m)) :2: X = Z in M}
Vi 9 ez(z-y) - my)):z: X~ Z in M}
= V{w"(cz(w smy)):w:¥Y =2 in M}

R

= c;'f(my)

for every m € M/X with m <y and y-my =m . Hence C"® is the hereditary
hullof C .

The following computation shows that (full) additivity is inherited by CP® from
C,with m=V;,m in M/X :

&(m) = \[{z"\(cz(z- m)):2: X > Z in M)
V{z"(cz(vt_elz-m;)) :2:X =2 in M}
V{z"(vie;cz(zom;)):z:X—vZ in M}
ViV ez(z-m)):2: X = 2 in M})
= \/ie,':'f\"(mi)-

Let us now assume that Condition (a) holds. We can then show that the join (%)
exists and is given by

R

R

R

hE(m) =i Yew(i - m)), (+*)

forany i: X — W in M with W M-injective. Indeed, for every z: X — Z
in M there is a morphism ¢g:Z — W with g-z=1, and one has

z7Y(cz(z - m)) 27 (g7 (g(cz(z - m))))
i~ (ew(9(z - m)))

i“ew(i-m)).

IR IA A
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Hence, we obtain the closure operator Ch¢ > C with D > C" forevery D > C
as under Condition (b). Under Condition (a) its hereditariness can be shown as
follows (notation as above):

v (m) =y (ew(i-m)))
G-9) N ew((G-y) - my))

c'i‘,’(my) .

IR

IR

Finally, idempotency of CP¢ follows from idempotency of C :
& (5 (m)) i~ ex (ii™ (ex (i - m)))))
i~ (ex(ex(i-m)))

i“Yex(i-m) = E(m)) .

R

IR A

u]

COROLLARY If the M-complete category X is M-wellpowered and has enough
M-injectives, then (C®)P® is the least idempotent and hereditary closure operator
>CeCL(X,M) . In the chain

(Co)® S (C®)e < (CP)™ < (C®)P

each closure operator is idempotent and weakly hereditary. The first and last in-
equalities. collapse to isomorphisms when C is idempoient. (]

Proof  The first statement follows immediately from the Theorem. In Corollary
4.6 we showed (Coo)® < (C®)c , and that “” holds for C idempotent. The
middle inequality follows trivially from

(C®) SC® < (CM)™.
Since CM® < (C®)r* with (C®)" idempotent, one has (CP¢)® < (C®)te .
In case C = C* this inequality becomes an isomorphism since then (C*®)he =
u]

Che < (Che)oo .

EXAMPLES

(1) In Top, the hereditary hull of a non-hereditary closure operator may be quite
large. In the case of the #-closure, one obtains the indiscrete operator : ghe =G .
More precisely, with K* as in Example 4.2 one has

K<KK*<0 ad K=K"<(KK")ez=ghex=g.
In fact, in order to show (KK*)' = G it suffices to verify that

(KK )¥{z)) =X
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holds for all X € Top and z € X . For that we take a new point y and define
the space Y := X U {y} in such a way that {y} is open in Y and that every
open set in Y which meets X contains y. Then ky(k}({z})) =Y , hence
{z} is (KK*)P*-dense in Y . But since (KK*)' is hereditary, {z} is also
(KK*)"-dense in X .

Since Y is a Tp-spaceif X is Tp , this construction persists in the category
Top, of Ty-spaces.

(2) That (KK*)P =G holdsin Top and in Top, is quite surprising since for
its restriction to the category Top, of T)-spaces one has

KK"*|1op, = KlT0p, »

which is hereditary. Nevertheless, one can show

(olTOP; )he = GIT°P| .

To see this, one proceeds as in (1) but considers the disjoint union Y := X UN,
with each point of N open, and with basic neighbourhoods of a point z € X
having the foom U UC , where U is neighbourhood of z in X and CCN
cofinite. Now Oy ({z}) D X , hence 84({z})=X forevery z€ X .

(3) In general, the inequality (CP)® < (C*®)he is strict. For instance, the
idempotent hull 1 of the up-closure 1 in SGph fails to be hereditary although
1 is hereditary. (See Exercise 4.K). More generally, one can show for certain Set-
based categories & (including SGph and Top) and for every hereditary closure
operator C of & that C* is hereditary if and only if C is idempotent (see
5.10 and Exercise 5.R; a more general proof is provided in 9.1).

(4) For a preradical r of Modg one can find a least hereditary preradical
r" > r (with the partial order to be defined “pointwise”), namely

(M) =r(E(M))N M,

with E(M) an injective hull of the R-module M (see Bican, Jambor, Kepka and
Némec [1982]). We claim that

(Ce)' & Cone .

In fact, since Cpue is a hereditary closure operator > C, (see Theorem 3.4(4))
one has (Cr)™ < Cyne . From the same theorem one obtains that the preradical s
induced by (C,)"® is a hereditary preradical > r , hence r" <s and therefore
Cene £C < (Cr)he .

In AbGrp a corresponding result holds for maximal closure operators: see Exercise
4.P.

4.11 Productivity of idempotent closure operators

All closure operators which we encountered in Section 3 are (at least) finitely pro-
ductive. We also noted that in an additive category with finite products, every
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closure operator (with respect to any notion of subobject) is finitely productive:
see Exercise 2.J. In this section we will give conditions in the general context of a
category & with subobjects in M as in 2.1 which ensure that every idempotent
closure operator is finitely productive, and then discuss an extension of this result to
arbitrary productivity. In these cases there is therefore no reason to worry about the
(finitely) productive hull of a closure operator (but see Exercise 4.Q). As in 4.9, our
conditions are tailored for applications to topology and order theory, but in most
cases not to algebra. However, note that the idea for the proof of the key lemma
below is borrowed from the simple trick that one applies in the case of modules.

We assume that X has finite products and consider m; : M; — X; in
M (i=1,2) , and we first examine the behaviour of the sections for the canonical
projections p; : X x Xz — X; . For any section s : Xj; — X) x X, for p
(hence p1s=1x, ) one has

s(lx,) Slx, xmy

if and only if there is a section s’ : X; — X; x My for the projection pj :
X1 x My — X; with (1x, X mp)s’ = s . For such a section there is a section
s" : My = My x M, for the projection p'y : My x My = M; with (m;x1p,)s" =
s'my .

Consequently,

s(my) < (1x, x m2)(my X 1p1,) = my X Mo My x My — X; x X, .
Therefore, if we denote by
’ Sect (p1,m2)

the class of sections s for py with s(lx,) < 1x, X my , one obtains

V{s(ml) : 5 € Sect(p1,m2)} <My X My (*)

We say that the section condition holds for mj,m; if in (*) one has “=”,
rather than “<”. In greater detail, we say that finite products of M-subobjects in
X are covered by their sections if the section condition holds for all m;, my € M .
(Of course, since direct products commute up to isomorphism, in this case one
symmetrically has

V{t(my) : t € Sect(pz,m1)} = my x my) .

Let now C be a closure operator with respect to M. We shall write c¢;(m;)
instead of cx,(m;) andput m=my xmy: M =M x M = X =X; x X, .

LEMMA If finite products of M-subobjects in X are covered by their sections,
then

(Cl(m|) X mz) \" (ml X Cz(mz)) S cx(m) .
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Proof  The continuity of every s € Sect(py,m2) yields
s(c1(m1)) < ex(s(m1)) < ex(m) .
Hence the section condition for ¢;(m;), m, gives
ci(m) x mp < ex(m) .
Symmetrically one has m; x ¢3(m2) < cx(m) . o
PROPOSITION If finite products of M-subobjects in X are covered by their

sections, then every idempotent closure operator of X with respect to M is finitely
productive.

Proof  Since always cx(m) < ci1(my) x cz2(my) , it suffices to show “>”. The
Lemma gives
c1(my) x ma < cx(m),

when applied to m; , m2 and
cl(ml) X 62(m2) < C)((C](m]) X "I2)

when applied to ¢;(m;) , m, . But then, with the monotonicity of cx one obtains
c1(m1) x ca(m2) < ex(cx(m)) -

Hence the desired result follows since C is assumed to be idempotent. a]

REMARKS

(1)  The condition that finite products of subobjects be covered by their sections
is certainly essential to obtain finite productivity of an idempotent closure operator.
For example, if A and C are given by a lattice (X,<) and a closure operator
¢ of the lattice (see Example 4.5), then finite productivity of C amounts to the
preservation of finite meets by ¢ . But obviously, idempotency of ¢ does not
generally imply this preservation property. Indeed, the section condition fails badly
here.

(2) Idempotency is certainly not a necessary condition for finite productivity: see
Example (2) below.

(8) For an example of a closure operator of Top (in which finite products of
subobjects are covered by sections, see Example (1) below) which fails to be finitely
productive, see Exercise 4.U.

We now turn to (unrestricted) productivity and therefore assume the existence
of (arbitrary) products in X. For AM-subobjects m; : M; — X; (i € I) and
every subset J C I ,let

m;:Hm;:M::HM;—*XJ=HX£,
iedJ ieJ ieJ
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and let ps: X = X1 — X; be the canonical map given by projection. A closure
operator C of X with respect to M is said to have the finite structure property
for products if

z < cx(m) & (YF C I finite) pr(z) < cr(pr(m)) (*)

holds for all =z , m € M/X ; equivalently, if

cx(m) = /\P;l(CF(PF (m))
F

for all m € M/X . (Here we write cp instead of cx, .) The case m = my
shows that finite productivity and the finite structure property for products entail
productivity, for non-trivial products, that is: for those products whose finite product
projections belong to £ . In fact, from the latter provision one has mp = pp(m) .
Hence, with z := ], ci(m;) , finite productivity of C gives

pr(z) < [] ci(mi) = cr(mF) = cr(pr(m))
ieF
for every F C I finite. Therefore, z < cx(m) follows from (*) . The following
Theorem gives a much better criterion in case C is idempotent.
THEOREM Let C be an idempotent and finitely productive closure operator of
X wrt M. If there exists a closure operator D < C with the finite structure
property for products, then C is productive for non-trivial products.

Proof D <C implies C < DC <CC ,hence C=DC since C isidempo-
tent. Therefore, in order to show z <cx(m) for m=m; and z <[ ci(mi),
it suffices to show z < dx(cx(m)) . But since D has the finite structure property
for products, for that we need to show only pr(z) < dr(pr(cx(m))) for every
finite FC1T.

In fact, since m = mp x mp\r and since C is finitely productive, one has
cx(m) = cr(mr) x cnp(mp\r) and therefore pr(cx(m)) = cr(mr) . Further-
more, applying finite productivity again, one obtains cp(mp) = [[;cpci(mi) .
Therefore, z < [;e;ci(m:) implies

pr(z) < cr(mr) = pr(cx(m)) < dr(pr(cx(m))),
as required. ' o
COROLLARY Let finite products of M-subobjects in X be covered by their sec-
tions, and let D € CL(X, M) have the finite structure property for products. Then

every idempotent closure operator C > D is productive for non-trivial products.
D.

ExaMPLES (1) In Top, with M the class of embeddings, one has the sec-
tions s: X; — Xy x X, of the foorm s(zy) = (z1,4;) with a; € X, constant,



102 Chapter 4

hence finite products of subspaces are covered by their sections. Furthermore, the
Kuratowski closure operator K has the finite structure property for products. Con-
sequently, every idempotent closure operator C of Top is finitely productive, and
it is productive in case C > K . Here both idempotency of C and the condition
> K are essential, see (2) and (3) below.

(2) According to the Theorem, the idempotent hull #° of the (productive)
#-closure of Top is productive. It will be shown in Chapter 10 that, by contrast, 6«
is not productive. Since #“ > 8 > K , we therefore cannot dispense of idempotency
in the Corollary.

(3) Similarly, for the (productive) sequential closure & of Top, ¢“ is not
productive, but here also 0 = ¢*1 (cf. Exercise 4.F(c)) fails to be productive
(see Chapter 10). Consequently, 6 < K .

(4)  The Corollary may similarly be applied to the categories PrTop and FC,
rather than to Top, with K now playing the roles of the Cech and Katétov closure
operator, respectively.

(5)  The product of a family {X;};¢s in Top is trivial if and only if there exist
i and j such that X; is empty but X is not. Since for trivial products (PR) trivially
holds, one can drop the condition on non-trivial products in the Theorem and the
Corollary in this case.

Exercises

4.A (Computational rules for composition and cocomposition)

(a) Prove the rules given in Lemmas 4.2 and 4.3.

(b) Show that a closure operator C is idempotént (weakly hereditary) if and only
if C2>CC (C<Cx*C ,respectively).

(c) Show for closure operators C and D

DxC = DAC if D is hereditary,
DC = DvC if D is minimal .

(d) Show the distributive laws

C(AvB) = CAVCB if C is additive,
C*(AAB) = C+AANCxB if C is hereditary

for closure operators A, B, C .
(¢) Show the inequality
(D * B)(C * A) < (DC) = (BA).

Using the discrete and the trivial closure operators, show that this inequality
may be strict even when any two of the four closure operators A, B, C, D
coincide.
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®

(8)

4B

Show the distributive law
(D+D)C = (DC)*(DC) if C is weakly hereditary.
Show that the inequality
(CAD)2<C*AD*

is in general strict. Hint: In SGph (see 3.6), consider | and 1.

(Bad properties of 02) Let o be the sequential closure operator of

Top (see 3.3). Show:

()

(b)

4C

(b)
(©)
4D
(2)
(b)

4E
C)

o2 is not hereditary. Hint: Consider the Arhangel’skii - Franklin space X

as described in the proof of Theorem 3.3. For M = {(z,y) : zy > 0} and
Y = M U{0,0)} one has ox(M) = X\ {(0,0)}, o%(M) = X, but
o} (M) = M . (Cf. Arhangel’skii and Franklin [1968].)

Although o2 is weakly hereditary, there are subobjects M CY C X with
M o%dense in X but not o2-dense in Y (cf. Exercise 2.F; see also
Exercise 4.C (a) below).

(Bad properties of C* and C; )

Let r(A) =d(A) be the maximal divisible subgroup of an abelian group A
(see Example (1) of 4.3). Show that Z is C"-demse in @, but that there
are intermediate groups Z C A CQ such that Z isnot C'-densein A ;in
fact, ZC A is C"-dense if and only if A is a subringof Q .

Let r(A) = soc(A) be the socle of A (see Example (1) of 4.3). Show that
{0} is (C™)? -demse in Zp2 (the cyclic group of order p?> , p prime), but
not CT-dense.

For r(A) = p(A) = pA with a prime number p , show that C,*C, is not
minimal (see Example 4.6(2)).

(Cocomposites and joins of hereditary closure operators)

Complete the proof of Proposition 4.3.

Show for hereditary closure operators C and D that CV D is hereditary
if each M/X is a distributive lattice.

(Meets of additive closure operators)

For C=1 and D=} in PoSet, showthat C and D are fully additive,
idempotent and hereditary, but that C A D is not additive.
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(b)

4.F

Chapter 4

Let 2Top be the category of bitopological spaces: objects are triples (X, 7, 72)
with 7,72 topologies on the same set X , and maps must be continuous with
respect to both topologies. Show that with the usual closure with respect to
the first (second) topology, one obtains additive, idempotent and hereditary
closure operators K() ( K(®) | respectively) of 2Top, but KM A K(® s
not additive. Hint: Consider the space (X,n,72) with X = {a,d,c,d}
and {e,b} the only proper 7, -opensetin X and {a,c} the only proper
To-open set in X ; examine the closure of {4} and of {c} .

(Closure operators of order a and of co-order «) For an ordinal

number o ,let X, be the category arising from the ordered set a+1={f#:8<
a} (as in Example (2) of 1.10).

(®

(b)
(c)

4.G

(@)

(b)

(c)

(d)

(¢

(f)

Let C be the closure operator of X, induced by the closure operator ¢
with ¢(8) = (B+ 1) Aa of the poset a+ 1 (see Exercise 2.E). Show that
C hasorder o .

Find a closure operator D of the category X2 (the opposite category of
X, ) with co-order a .

Prove that the order of ¢ in Top (c¢f. 3.3) is w; (the least uncountable
ordinal).

(The extended ordinal chains for C = C¥)
Preradicals in Modpg are partially ordered by inclusion:
r<s<= (VM €Modr) r(M)<s(M).

Show the existence of class-indexed meets and joins.

Establish an extended descending chain of preradicals r® (a € OrdU {oo})
for every preradical r, with r®(M) =M and r*+t!(M) = r(r*(M)) for all
M.

Establish an extended ascending chain of preradicals ro, (o € OrdU{oo}) ,
with ro(M) =0 and ro41(M) = 7~} (r(M/ra(M))) for all M ; here =:
M — M/r.(M) is the projection.

Prove by induction for all o € OrdU {co} :
C (@a=C) (O cE.

Define the Loewy length I(xr) (Ulm length u(r) ) to be the least o € Ord U
{0} with ro41 =re (r®t! = r® | respectively). Sow that the maximal
closure operator C* has order I(r) and co-order wu(r) .

Prove that, for C = C* with r = soc d as in Corollary 4.6, Cs is
idempotent, but C is not; and that C* is weakly hereditary, but C is
not.
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4H
®

(b)
©
C)

41

()
(b)

43
)

(b)

4K
()

(Revisiting conditions (ID), (WH), (CC), (CD) of 2.4)
Recall that the implications
(ID)&(CC) =+ (WH) = (CC) and (WH)&(CD) = (ID) =% (CD)
hold (see 2.4); give “direct” proofs of these implications, without referring to

1.5 or 1.8.

Let Co be the weakly hereditary core of C . Show that Cy is idempotent
if and only if £C is closed under composition.

Let C*® be the idempotent hull of C . Show that C*° is weakly hereditary
if and only if M€ is closed under composition.

With the help of Exercise 4.G, find an example of a closure operator which

- simultaneously shows

(CC)&(CD) #= (ID) and (CC)&(CD) #= (WH).

(The indiscrete closure operator G )

Determine which of the properties described in 2.4-2.7 are enjoyed by G .

Provefor m € M/X :m is G-denseiff,forall e: X — Z in &, e(m) = oz
implies that Z is trivial; m is G-closed iff, whenever k& > m has the
property (e(m)= oz = e(k) = oz) forall e: X —Z in £ ,then k=m.

(Iterations and order of fully additive closure operators)

Verify that full additivity is stable under arbitrary join and under composition
of closure operators. Conclude that every “power” C¢ is fully additive if C
is.

Show that the order of a fully additive closure operator C is at most w (the
least infinite ordinal). Hini: Examine cx(c%(m)) for m € M/X . Conclude
that { and | in SGph have order w .

(Operations on 1 and | in SGph)

Show that every iteration {™ (n > 2) is weakly hereditary, grounded, fully
additive and productive, but neither idempotent nor hereditary. Hini: For the
first four properties, see Theorem 3.6 and Proposition 4.2. Then consider the
graph 0 -1 — ...~ (n+1) and compute " {0} .

For the subgraph H

0 2-83—4—...—=(n+1)
one has ne (1" {0})NH , but n &} {0} .



106

(b)

()

4L

Chapter 4

For integers m, n> 1 asubset M of aspatial graph G is (m,n)-convez
if M contains every vertex z in G for which there is a subgraph

G —a) —...=qp=2=by—=b — ... = by

in G with 0<m'<m, 0<n'<n,and ap, by €M .

1. Provethat M is (1™ A |") -closed ifand only if M is (m+1, n+1)-
convex.

2. Showfor m, n>1

(™A SA™ AL <™ AL,

Hint: Let G, be the spatial graph a =1 —+2— ... = s — b . Now evaluate
the closure operators in question for the subgraph {a,b} of Gm4n . (Here
“<” means “< and % 7, similarly for “>”.)

3. Show for mn > 1

(Tm A 1n) > (T A l)ma.x{m,n}.

Hint: Evaluate the closure operators for M in Gmin-1 (see 2.).
4. Prove that the closure operators 1™ A | (m,n > 1) are mutually non-
isomorphic, i.e.

@AM A Y =m=k,n=1.

5. Show that the operators {™ A |® are grounded and productive, but
neither idempotent nor additive nor hereditary. {™ A |® is weakly hereditary
iff m=n=1.

Show that {“ and |“ are grounded, fully additive, idempotent, weakly
hereditary and finitely productive closure operators, but neither hereditary nor
productive.

Hint: For asubgraph M of G onehas z €1“ (M) iff there is a finite path
m—-...-.—z in G with £ € M . To show its non-productivity, consider
the spatial graph G=N:

12— ... —wn—...

{1} is 1% -densein G . On the other hand, {(1,1,1,...)} is not {“-dense
in GN since there is no finite chain from (1,1,1,...) to (1,2,3,...) in GN.

(Interplay between idempotent hull and additive core)  (a) Under existenc

guaranteeing assumptions on X and M , show

(CH)= < (C™)5

both operators are isomorphic if C is idempotent or additive.

(b)

Prove that for a preradical r of Modg one has (C*+)® = (C*®)* for

every closure operator C with induced preradical r if and only if r is a radical.
Hint: First observe that (C*)* is the minimal closure operator C, (cf. Example
(2) of 4.8). Then show that it suffices to consider C = C* .
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4M (Fully additive core and generalized distributivity)  (a) Show that con-
dition (B) of 4.9 implies the generalized distributive law

VAms= A Vmy

ieljel; (,-,.),.e,el‘[',y]; i€l

in M/X forevery X €X (with [[,c;Ji#0).

(b)  Suppose that f-~ }(-) preserves arbitrary joins for every morphisms f :
X — Y and that the generalized distributive law holds in M/X , for every object
X of the M-complete category X . Show that the fully addntlve core C® ofa
closure operator C can be constructed by

Sm=\{V extmysmemxen, Ymzm)

iel’ iel

4N (Minimal core)  Show that the minimal core C™ ofany C € CL(X, M)
is idempotent and minimal, in particular fully additive. If C is hereditary and if
each M/X is modular, then also C™ is hereditary. (Recall that a lattice L is
modular if for all a,b,c€ L with a>c onehas aA(bVc)=(aAb)Vec.)

4.0 (Hereditary hull of € for Tychonoff spaces)  Show that the hereditary
hull of the restriction of the E-closure to Tychonoff spaces (= completely regular
Ts-spaces) is the Kuratowski closure:

(ryen)™ = Klryen -

Hint: Cousider any compactification Y of a Tychonoff space X . For every
M C X one has

M) = B(M)NX Dy (M)NX = ky(M)N X = kx(M).

4P (Hereditary hull of mazimal closure operators in AbGrp)  Prove that
for every preradical r of AbGrp one has
(Cr)re=c™
(see Example 4.10(4)).
4.Q (Productive hull)  Show that every closure operator of an M-complete

category has a (finitely) productive hull. Investigate which properties of C are
inherited by these hulls.

4R (Scott closure as idempotent hull)  Prove that the Scott closure operator
of DCPO is the idempotent hull of the up-directed down closure: scott = (dir |)* .
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4.8 (Finite structure property for products in Modg)  Prove that if a closure
operator of Modpg has the finite structure property for products, then its induced
preradical r is Jansenian and both C, and C™ are productive.

4T (Properties of @)  Check the properties of @ stated in Theorem 4.7.

4.U (A closure operator of Top that is not finitely productive)  For a subset
M of a topological space X ,let z € jx(M) iff z € kx({a}) or a€kx({z})
for some a € M . Show that J = (jx)xeTop is a hereditary and fully additive
closure operator of Top which is neither idempotent nor finitely productive. Show
also that J = K® vK* ,with K* asin Example 4.2(3). Hint: To show that J
is not finitely productive, consider X = S x S, with S the 2-point 3-open-set
Sierpinski space. (Cf. Dikranjan, Tholen and Watson [1995).)

4.V (Closure operators of Grp and normality)  Show that for every closure
operator C of Grp and for every normal subgroup NG also ¢g(N) isnormal
in G . Conclude

vCv = Cy,

and that Cv is idempotent whenever C is idempotent. In this case show that
the Cr-closed subgroups are exactly the C-closed normal subgroups.

Notes

The constructions for both the idempotent hull and the weakly hereditary core of
a closure operator via infinite (co-)iterations can be found in Dikranjan and Giuli
[1987a] who, however, do not formally introduce the binary (co-)composition of
closure operators. Additive cores appear in the context of topological categories
in Dikranjan [1992). The categorical constructions for the additive core, the fully
additive core and the hereditary hull of a closure operator do not seem to have
been published previously, and the same is true for the general construction of the
indiscrete operator and for the sufficient criteria for (finite) productivity given in
4.11.



5 Closure Operators, Functors,
Factorization Systems

The functorial presentation of closure operators and their well-behavedness “along
functors” are the dominating themes of this chapter. -Briefly, closure operators are
equivalently described by (generalized functorial) factorization systems. The inter-
play between closure operators and preradicals which we have seen for R-modules in
3.4 extends to arbitrary categories; it is described by adjunctions which are (largely)
compatible with the compositional structure. With the notion of continuity for func-
tors between categories that come equipped with closure operators we can define —
like in topology — initial and final structures. This permits us to “transport” clo-
sure operators along functors. For adjoint functors and for M-fibrations, these
“transported” closure operators can be computed effectively.

In 5.4 we present criteria for detecting classes of dense subobjects which will be
used frequently in subsequent chapters.

5.1 Pointed endofunctors and prereflections

In order to describe closure operators functorially we recall some general categorical
notions which will be used in various contexts.

For an arbitrary category K , one calls a pair (C,y) with an endofunctor
C:K — K and a natural transformation 7 : Idx — C a pointed endofuncior of
K . (C,v) is idempotent if

C=Cy:C-CC

is an isomorphism of functors (i.e., a natural equivalence). Finally, a pointed endo-
functor (C,v) is called a prereflection if for every commutative diagram

A —TJA . cA
f h (5.1)
B 1B .CB

in K onehas h=Cf .

For a given class £ of morphismsin K , a pointed endofunctor (a prereflection)
(C,1) is E-pointed (an E-prereflection, respectlvely) if y4€€& forall A€eK ;
in case £ is the class of all epimorphisms in K , we shall speak of ep:pomted
endofunctors and epiprereflections.

With each pointed endofunctor (C,v) of K one associates the class

Fix (C’ 7) = {A He 7/ iSO} 3
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considered as a full subcategory of K.

EXAMPLES

(1) Let A be a full reflective subcategory of a category X . Hence for every
X € X one has an object RX € A and an X-morphism. px : X — RX , the
reflection of X into A , such that every X-morphism f: X — A with A€ A
factors uniquely as

f=h-px

with h: RX — A . These data define uniquely an idempotent prereflection (R, p)
of X .H A is replete,ie. if X =2 A€ A impliecs X €A forevery X € X,
then A =Fix (R,p) .

(2) For a topological space X ,let Io(X) be the set of arc-components of X |
provided with the quotient topology with respect to the natural map

X :X—rno(X).

(o, ) is an epiprereflection of Top. Fix(o,n) is the category of arcwise totally
disconnected spaces (i.e., each arc-component is a singleton set). (Ho,x) is not
idempotent: for the Topologist’s Sine Curve

X={(zsin2) 2> 0)U{(0):~1<yS 1} CR?,
Ho(X) is the (two-element) Sierpiniski space, whereas Mo(IIo(X)) is a singleton
space.
(8) For a preradical r of Modg , the projection
MM — M/x(M)=RM

gives a epiprereflection (R, ) ; it is idempotent if and only if r is a radical.

PROPOSITION In each (1) and (2) below, the implications
(2) = (#%) = (3#d)

hold for a pointed endofunctor (C,v) , whereas in (3) all three statements are equiv
alent: .

(1) () (C,v) is epipointed,
(ii) (C,y) is a prereflection,
(i) yC=Cy.
(2) (@) (C,7) isidempotent,
(ii) vca =Cva is monic for every AEK ,
(i) (C,7) is a prereflection.



Closure Operators, Functors, Factorization Systems 111

(3) () (C,7) ts idempotent,
(ii) (C,7) is a prereflection with CA € Fix(C,v) forall A€cK ,
(ii) Fix (C,v) is a reflective subcategory with reflexions v4, A€EK .

Proof

(1) (i) = (i) is trivial. (ii) = (iii) For all A € K apply the prerefiection
property to

A A cA
A Tca (5.2)
CA XA .ccA

toobtain ycq4 =Cv4 .

(2) (i) = (ii) is trivial. (ii) = (iii) Given the commutative diagram (5.1) we

obtain
YcB-h=Ch-vca=Cv8-Cf=7cB-Cf,
hence Ah=Cf .
(3) can be left as an exercise. o

LEMMA For the pointed endofunctor (C,vy) of K with vC = Cv, and for
an object A€ K, let v4 be a section. Then A€ Fix(C,7) .

Proof Suppose f-v4 =14 . Then
Ya-f=Cf -vca=Cf -Cya=Cla=1ca. o

THEOREM For a prereflection (C,v) of K, the full subcategory Fix (C,7)
of K is closed under all ( ezisting ) limits of K . In particular, it is replete and
closed under retracts.

Proof  Consider a functor H :D — K with Hd € Fix (C,v) forall d€D
such that its limit L =limH existsin K . We must show L € Fix (C,v) . The

limit property yields a mc‘:rphism f:CL —L rendering the diagram
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L —2d pq
f TRy (5.3)

cr —C\ ., cpq

commutative (with g a limit projection). Since
Aa-fv=753Cha- 7L =753 THa Aa = Ma

for all d € D, one has f.q; = 1y . Now the Lemma (in conjunction with
Proposition (1)) yields L € Fix (C,v) . :

If B isaretract of A ,so that there are morphisms s:B— A, r:A— B
with rs =1p , then one has an equalizer diagram

14
B—’—A.T»A (54)

Hence A € Fix (C,y) implies B € Fix (C,v) by the preceding observation. In
particular, Fix (C,y) is replete. (u]

5.2 Closure operators are prereflections

Throughout this section, let A be an arbitrary class of morphisms in the
category X. M can be considered a category which, by abuse of notation, is
denoted by M again, as follows: its objects are the elements of the class M, and
a morphism

(w,v):m—n

in the category M is given by a pair of morphisms in X’ such that

.7 g— N
m n (5.5)
X v Y

commutes. There are the projection functors
dom :M—=X and cod : M= X

which assign to each object m € M its domain and its codomain, respectively,
and there is the structure transformation

¢ :dom — cod,
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givenby om:=m forall me M .
Let us now go back to the situation of 2.1/2.2 and consider a closure operator
C = (cx)xex of X wur.t. M. Then we have in fact 2 functor

C:M-M, (m:M—X)—cx(m),
which assigns to a morphism (u,v) : m — n in the category M the morphism
(w,v) : cx(m) — cx(n) ; here w: cx (M) — cx(N) is the “diagonal morphism”
of diagram (2.3). Furthermore, we have a natural transformation
v:ldy - C, Ym:=(im,1x):m—cx(m),

arising from the commutative diagram

M —Imex(M)
m cx(m) (5.6)

x 1x . x

Naturality of v is easily checked by chasing along the arrows in

M ¥ N

in/ i/

cx (M) w cy (N) n
m ov(n (5.7)
cx(m) x X riv) Y
ly/ Ay
X —5— Y

We observe that each v,, belongs to the following class of morphisms of the cate-
gory M :
M, ) :={(u,v):ueM,v=1}.

{We note that for any morphism (u,v) : m — n in the category M, v =1
necessarily yields u € M ). Hence (C,v) is an (M,1) -pointed endofunctor of
M. But when M is a class of monomorphisms in & , then (M,1) is a class of
‘monomorphisms in M, hence by (2)(ii) = (iii) of Proposition 5.1, (C,7) isin
fact an (M, 1) -prereflection.

This proves most of the following Theorem; the rest of its proof is routine work.

THEOREM For X and M asin2.1, there is a bijective correspondence between

o closure operators of X w.rt. M , and
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o (M, 1)-prereflections of M.

Idempotent closure operators correspond ezactly to idempotent (M, 1)-prereflections,
u]

Under the correspondence described by the Theorem, isomorphism classes of
closure operators correspond to isomorphism classes of (M, 1)-prereflections. Recall
that the closure operator C = (cx)xex and D = (dx)xex are isomorphic if
C<D and DLC,ie,if cx(M)=dx(m) foral me M/X, X € X.
This gives an isomorphism of functors o : C—=+D for the induced (M,1) -
prereflections (C,v) and (D,§) , with the additional property that

Idpm
/ \ (5.8)
c o D

commutes. This, by definition, means (C,7) = (D,$) .
The Theorem indicates how to expand the notion of closure operator to the case
that M is an arbitrary class of morphisms of X:

DEFINITION A closure operator of X w.ri. M isan (M,1)-prereflection
of the category M . In other words, the Theorem holds true by definition in the
arbitrary case. .

Also for a closure operator (C,7) in the general context, when there is no
danger of confusion, we often simply call C a closure operator. For M a class
of monomorphisms, 7 is uniquely determined by C anyway: for every m € M
one has cod v =1 ,and j,, = dom v, is determined by cx(m)-jm = m when
cx(m) is monic.

Since, in the contert of 2.1 each (M,1)-pointed endofunctor of M is a pre-
reflection, requiring a closure operator in the general context to be an (M,1) -
prereflection rather than just an (M, 1)-pointed endofunctor seems like an unnec-
essary complication. However, a closer examination shows that when M is not
necessarily a class of monomorphisms in X, the prereflection requirement means
precisely that the crucial Diagonalization Lemma remains true verbatim.

As in 2.3, also for a closure operator (C,y) w.rt. an arbitrary M one calls
m:M — X in the class M tobe C-closed if j,, = dom 7., is an isomorphism,;
as before, let M€ be the class of C-closed elements of M. We now have a common
proof for Proposition 1.7 and Theorem 2.3, even in the current more abstract context;
see the Remark below.

COROLLARY For every closure operator (C,v) with respect to a class M of
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x-morphisms, which is closed under the formation of D-limits, also the class M€
is closed under D-limits, for any diagram type D . 0

Proof One considers a natural transformation g:H — K with H, K:D —
& suchthat m:limH —limK existsin X. We shall show that if s € MC for

all d€ED and m € M ,then m € MC . Indeed, p: H — K yields a functor
M:D—M with domM=H, cod M =K, oM =y . One routinely verifies
that m =Zlim M in the category M which contains M€ as a full subcategory.

But by definition, M€ = Fix (C,7) , hence Theorem 5.1 yields m € MC . (=}
REMARK Clearly the Corollary generalizes Theorem 2.3. That it also generalizes
Proposition 1.7 can be seen as follows. If X has right M-factorizations, then one
can define a closure operator (C,v) with respect to Mjp := Mor X the class of
all morphisms of X, by putting Cf := m and vy := (e,1) with a right M-
factorization f=m-e . Now M = M§ = Fix (C,7) is closed under D-limits in
Mor X , by the Corollary.

When considered without restrictions on the class M, the concept of closure
operator w.r.t. M becomes self-dual. To see this, let us re-draw diagram (5.8) as

M M, M
ex(M) (M)«
It now represents a morphism

Om = (Im,cx (M) : j —> m

in the category M. With Dm := j,, one obtains a copointed endofuncior (D,§)
(sothat D: M — M isafunctorand 6§:D — Ida is anatural transformation),
with the additional property that each §,, belongs to the class

A,M) ={(u,v):u=1, ve M}

of morphisms in the category M.

Dually to the notions introduced one says that a copointed endofunctor (D, §)
is idempotent if 6§D = § is an isomorphism, and a precoreflection if 6g-h = f-64
for f:A— B implies f=Dh .

Routine work shows:

THEOREM™ For any class M of morphisms in X, there is a bijective corres-
pondence between
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o closure operators of X w.nt. M , and

o (1, M)-precorefiections of the category M.

For X and M asin 2.1, weakly hereditary closure operators correspond to idem-
potent (1, M)-precoreflections.

REMARK® Finally we ought to supply a proof of Theorem* of 2.3 which states
that, in the context of 2.1, the class £C of C-dense morphism is closed under
D-colimits. For that one defines an (1, Mo)-precoreflection (D, §) of Mg :=
Mor X , by putting Df = jy, -¢ and §; := (1x,cy(m)) forevery f: X =Y
in X and f=m-e aright M-factorization. Then £€ = Fix (D,$) is closed
under D-colimits, by the dual of the Corollary above. a

5.3 Factorization systems

In 1.6 and 1.8, we introduced the notions of right M-factorization and (&, M)-
factorization, respectively. For a closure operator C of X w.r.t. M, and under
the assumptions of 2.1, we considered the factorization

f=c!-df (*)

with ¢; := cy(m) and df := jm-e,for f=m-e an (€ M)-factorization of
f: X — Y. This factorization gives a right MC-factorization of f provided C is
idempotent, and it is an (£€, MC)-factorization of f if, in addition, C is weakly
hereditary. In general, the essential property of (*) is as follows:

LEMMA (Diagonalization Property) For every commutative diagram
u.
f g (5.10)
v .

of morphisms in X, there is a uniquely determined morphism w rendering the
diagram
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U
dy dg

2 : (5.11)
¢s Cq

v

commutative.

Proof  First consider (£, M)-factorizations f=m-e and ¢ =m'-¢’ and apply
the (€, M)-diagonalization property to obtain a morphism u' with v'e=¢'-u

and m’'-u' = u-m . Then apply the Diagonalization Lemma 2.4 to the latter
identity to obtain the desired morphism w ; it is trivially unique since M is a
class of monomorphisms. ]

The Corollary leads us to the following definition which requires no assumptions
on the category & : :

DEFINITION A factorization system F of X is a map which gives, for every
morphism f , a pair (dy,c;) of morphismsin X such that (x) and the Diago-
nalization Property hold. (Note that there are no further conditionson d;y and c¢; ;
for instance, ¢; need not be monic in X .) We call (x) the F-factorization of

For every factorization system F, there are associated classes of morphisms,
DF ={h:cpisiso} and CF ={h:dyisiso},

the left and right factorization class of F ,respectively. F is called a left (right)
factorization system if, for every morphism f , one has d;y € DF (¢ € CF
respectively). An orthogonal system is both, a left and right system.

Let us first note the following elementary properties:

REMARK For a factorization system F of X one has:
(1) The only endomorphism ¢t with td; =d; and c¢jt=c¢c; is t=1.

"(2) in (5.10) both v and v are isomorphisms, then also the diagonal w is
iso.

(3) DF NCF is the class of all isomorphisms of X .
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(4) Each DF and CF is closed under composition with isomorphisms of X.

For the proof of (1), use the uniqueness part of the Diagonalization Property in
case g=f and u=1, v=1. (2) and (3) follow from (1). For (4), consider
an isomorphism v such that the composite v - f exists. Then, from (2), one has
feDF iff v.feDF ,and the same for CF . Analogously one treats the case of
an isomorphism u such that the composite g-u exists. o

Two factorization systems F = (f — (ds,c7)) and F' = (f ~ (d},c})) of
X are isomorphic (written as F = F') if, for every morphism f, there is an
isomorphism «; with ayd; = d; and cja; = c; . From assertion (4) of the
Remark one has that F = F' implies DF = DF " and CF =CF' . However, the
converse proposition does not hold in general; in other words: in general, the left
and right factorization classes of a factorization system F do not determine the
system:

EXAMPLE Consider the poset (R,<) as a small category & in the usual way
(see Example (2) of 1.10). A factorization system on X chooses monotonely, for
every pair (z,y) of real numbers (that is: for a morphism z —y in X), a point
z in the closed interval [z,y] (that is: a factorization z —z-—y in X ). For
instance, for every t with 0 <¢ <1, the assignment

(:c,y) — iz + (l -t)y
yields a factorization system F; of X . For 0 <t <1 ,onehas
tz+(l-tly=z<=sz=y<=tz+(1-ty=y;

hence DF* = CFt is the class of identity morphisms in X'. Nevertheless, for t #s ,
the factorization systems F; and F, are not isomorphic. We also note that the
system F; is neither a left nor a right system, unless ¢t =0 or ¢t =1, in which
case F; is orthogonal.

The notion of factorization system subsumes the notions of factorizations consid-
ered in Chapter 1: assigning to every morphism its right AM-factorization (provided
it exists, with M closed under composition with isomorphisms) yields a right fac-
torization system F with CF = M . Conversely, for a right factorization system
F , every morphism has a right CF-factorization. Unlike a general factorization
system,Fa. right system F is therefore determined (up to isomorphisms) by the
class C° .

In summary, with the terminology introduced in 1.5 and 1.8 we have:

PROPOSITION For every category X there is a bijective correspondence between

o classes M (closed under composition with isomorphisms) such that every mor-
phism in X has a right M-factorization,

e isomorphism classes of right factorizalion systems of X.
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This correspondence has a left counter-part, and both correspondences can be
restricted to a bijection between

o pairs (£,M) such that X has (£,M)-factorizations,

o isomorphism classes of orthogonal factorization systems of X. (]

We already saw in the preamble to this section that, in the context of 2.1, a
closure operator C of X wuat. M yields, via (*), a factorization system
F of X ;one easily sees that

DF=6° and CcF=M°.

F is a right system iff C is idempotent, and a left system iff C is weakly
hereditary. )

A closure operator defines a factorization system even in the more general con-
text of 5.2, provided X has right M-factorizations, with any class M which is
closed under composition with isomorphisms. In fact, the uniqueness part of the
Diagonalization Property still holds in this case (without the assumption that M
is a class of monomorphisms), as one readily verifies. Hence an (idempotent; weakly
hereditary) closure operator (C,7y) of X w.r.t. M defines, via (x) a (right; left
respectively) factorization system F of X ,with CF CM .

Conversely, every factorization system F of X givesa closure operator (C,7)
of X wurt. the class Mg = MorX of all A-morphisms, with C(f) := ¢; ,
9y :=dy-, and with f = c;-d; the F-factorization of f . If X has right M-
factorizations, and if ¢, € M for every m € M , then we may restrict (C,v) to
become a closure operator of X w.r.t. M; the second condition certainly holds if
F is aright system with CF C M .

In summary we have that factorization systems provide an alternative in (fact:
self-dual) description of closure operators, or vice versa. More precisely, the following
holds:

THEOREM For every category X, there is a bijective correspondence between

o isomorphism classes of (idempotent; weakly hereditary) closure operators of X
w.r.t. Mg=Mork ,

o tsomorphism classes of (right; left, respectively) factorization systems of X.

For a fized class M C MorX (closed under composition with isomorphisms) for
which X has right M-factorizations, this correspondence gives a bijection between

e isomorphism classes of idempotent closure operators of X w.rt. M,

o isomorphism classes of right factorization systems F with CFC M . 0
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For C and F corresponding to each other, one has M§ = CF . Hence,
from Corollary 5.2 we obtain the first half of the following Corollary; its second half
follows by dualization:

COROLLARY For a factorization system F of X, the class CF is closed
under H-limits and DT is closed under H-colimits, for any diagram type H. O

5.4 Recognizing classes of C-dense and C-closed subobjects

We return to the standard situation of 2.1 and assume that X is M-complete.
Associated with every closure operator C of X w.r.t. M are the classes £°NM
and MCS of C-dense and C-closed M-subobjects. Vice versa, given subclasses
D and C of M, we may ask which properties are required to recognize them as
classes of C-dense and C-closed M-subobjects, respectively, for a suitable closure
operator C?

For a class C C M to have a closure operator C w.o.t. M with C =
MC |, necessarily C must be stable under pullback and multiple pullback; the latter
property means that the M-intersection of a family in C belongs to C (see Theorem
2.3). Vice versa, since X is M-complete, stability of C under pullback and M-
intersection means that X is also C-complete, hence one has right C-factorizations
(Theorem 1.9). According to Theorem 5.3, such a factorization corresponds to an
(idempotent) closure operator C w.r.t. M with MC = C . Hence one has:

PROPOSITION A class C C M is the class of C-closed M-subobjects for some
closure operator C (w.rt. M) if and only if C is stable under pullback and under
M-intersections. In this case, there is, up to tsomorphism, only one idempotent
closure operator C with MC =C . o

However, the dual of the Proposition does not give a characterization of classes
D of the foom D = £°N M which, as we remarked in 2.3, need not be stable
under pushout. In what follows we will show that there is a more lattice-theoretical
version of the Proposition which also leads us to a characterization of classes of dense
subobjects.

DEFINITION

(1) A class A C M is called left cancellable w.rt. M if n-m € A with
m, n € M implies m € A . Dually, A is right cancellable w.r.t. Mif nn-me A
with m, ne M implies n€ A .

(2) Forevery f: X —-Y in X, me M/X and n € M/Y , one has the
following commutative diagram
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M A f-Y(N) N
: k (5.12)
M F(M)VN

Here the vertical arrows are canonical injections, and the horizontal arrows arise as
restrictions of f. We say that a class A C M has the A-V-reflection property if,
for all f,m,n asabove, k € A implies i € A ; and A has the A-V-preservation
property if i€ A implies k€A .

REMARK In (5.12), it suffices to consider the case m % 1x and f(lx)Vn =
1y , i.e. pullback diagrams

foY(N) N
f7Hm) n (5.13)
X Y

with f(lx)Vn =1y . Hence A has the A-V-reflection property (A-V-preservation
property) if and only if for every such pullback diagram, n € A implies f~!(n) €
A (f~}(n) € A implies n € A, respectively). Indeed, easy diagram chasing
shows that diagram (5.12) is a pullback diagram of type (5.13) which, in turn, is a
special case of (5.12).

LEMMA A class AC M is stable under pullback in X if and only if A is left
cancellable w.r.t. M and has the A-V-reflection property.

Proof The Remark and the proof of Theorem 1.7 confirm that stability under
pullback yield the A-V-reflection and the left cancellation property. Conversely, for
f:X =Y in X and n € M/Y left cancellability of A w.r.t. M gives that
N— f(X )VN belongsto Aif n: N —Y does. Then the A-V-reflection property
implies that i 2 (f-m)~1(n) belongs to A.

The Proposition, the Lemma and Theorem 5.4 give the following Theorem:

THEOREM (Tonolo [1995]) A class CC M in an M-complete category X is
the class of all C-closed M-subobjects for some closure operator C w.r.t. M if
and only if

(a) C is left cancellable w.r.t. M,
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(b) C has the A-V-reflection property,
(¢) C is stable under M-intersection.

In this case there is a uniquely determined idempotent closure operator C (up to
isomorphism) with C = MC . This closure operator is weakly hereditary if and only
if C is closed under composition. 8]

According to Exercise 2.D, the idempotent closure operator C with C = M€
can be defined directly by

cx(m)= A\{k€C/X :k>m}.

We shall use this construction in the “dual” situation to characterize classes of C-
dense M-subobjects.

We call a class D C M stable under M-unions,if 1x € D forall X e X,
and if n, m; € M/X with n < m; forall i€l #0 (sothat there are M-
morphisms j; : N — M; with m;.j; =n ), then j; €D for all i € I implies

JE€ED ,with j: N —rVM.- the M-morphism with Vm; ‘j=n.
iel i€l

THEOREM*  (Tonolo [1995]) A class D C M in an M-complete category X
is the class of all C-dense M-subobjects for some closure operator C w.r.i. M
if and only if

(a) D is right cancellable w.r.t. M,
(b) D has the A-V-preservation property,
(c) D is stable under M-unions.

In this case, there is a uniquely determined weakly hereditary closure operator C
(up to isomorphism) with D = £ N M . This closure operator is idempotent if
and only if the class D is closed under composition.

Proof  We first prove that (a)-(c) are necessary conditions. In fact, (a) and (c)
follow from Corollary* 2.3 and Exercise 2.F(d). In order to show (b), we observe
that diagram (5.13) can be decomposed as
FX)AN

fY(N) N

F(n) J n (5.14)

X £ F(X) U Y
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with e € £ . Hence f~!(n) € £C implies e-f~1(n) € £C and therefore j € £
(see Exercise 2.F(b)). Since trivially 1y € £ , we conclude (see Exercise 2.F(d))
that also

n:NZ(F(X)AN)VN — Y = f(X)VN

belongs to £° . .
Conversely, for a class D with (a)-(c), we define a closure operator C by

cx(m)z\/{keM/X:k~d=mforsomedeD}

(cp. Exercise 2.C(b)). Obviously, since 1x € D , one has m < cx(m) . To show
monotonicity, let m < n and consider k¥, d € M with k-d=m and d €
D . Then, with (a), we obtain that the canonical arrow ¢ : K AN — K (with
k-i=kAn) belongs to D. Now application of (b) with f = 1x gives that also
j:N—KVN with (kVn)-j=n belongs to D, hence k¥ <kVn<ecx(n).
Therefore cx{m) < cx(n) .

For f: X —-Y and m € M/X , we must show f(cx(m)) < cy(f(m)) .
Since f(—) preserves joins, it is sufficient to show that, for all k, d as above,
there is [ € D with f(k)-l= f(m) . Indeed, by (b) the right vertical arrow in

KAFUf(M) —— f(M)
o (5.15)

K f(K) = f(K)V f(M)

belongs to D since the left vertical arrow does, because of (a).

Hence we have a closure operator C w.r.t. A which, obviously, satisfies
D CESNM . The proof that C is weakly hereditary, and that D =£°NM if
(and only if) condition (c) holds, is straight forward and can be left as an exercise:
see Exercises 2.C(b) and 2.D(d).

Furthermore, by Theorem 2.4, C is idempotent if and only if &€ is closed
under composition. But the latter condition is easily seen to be equivalent to D
being closed under composition. in]

COROLLARY For the idempotent hull C ‘and the weakly hereditary core C of
a closure operator C of an M-complete category X, one has

éx(m) = A{ke MO/X :k2m},

ex(m) = \/{ke M/X :k-d=m for some d € £°}.

" In particular, “Mé =MC and £ =EC . If C is weakly hereditary (idempotent,
resp.), then C (C , resp.) is both idempotent and weakly hereditary.
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Proof The Theorem and Theorem* give uniquely determmed idempotent and
weakly hereditary closure operators ¢ and C with M¢ = M€ and &AM =
£° N M, respectively, which are described as in the proofs of the Theorem and
Theorem*. With Exercise 2.C one easily checks that D > C for every idempotent
closure operator D > C , and that E < C for every weakly hereditary operator
E < C . Also note that by Proposition 2.4, £ is closed under composition for C
idempotent, and that by Proposition* of 2.4, M€ is closed under composition for
C weakly hereditary, so that everything follows from the Theorem and Theorem®.

[}

EXAMPLES For a closure operator C' of Top (w.r.t. the class of embeddings),
one defines a subspace M C X to be totally C-dense if NNM is C-dense
in N for every C-closed subspace N C X . It is easy to check that the class
D€ of totally C-dense embeddings satisfies hypotheses (a), (b), (c) of Theorem*.
Consequently, there exists a uniquely determined weakly hereditary closure operator
C** such that total C-density means C**- density for subspaces. If C is hereditary
and if L; := cx({z}) is C-closed for all z € X € Top , then C** may be
described explicitly by

zec(M)ezec (MNL,). (*)

In fact, the right-hand side of (%) describes a weakly hereditary closure operator
with the characteristic properties of C** (as we shall show in greater generality in
9.5). The presentation (#) shows that the passage C > C*** preserves additivity
and productivity. Now we can choose particular closure operators for C .

(1) (Characterization of the b-closure) For C = K , formula (*) shows im-
mediately that the b-closure of 3.3(b) is characterized as the weakly hereditary
closure operator that describes total Kuratowski density, i.e., b = K** . From this
presentation one concludes in particular that b is additive and productive.

(2) For C=b ,formula (¥) shows bg*(M)= M ,hence b*o* = (Ktot)t =G
is the discrete closure operator.

(8) For C =0 the sequential closure operator, one has
S<o<b.

Indeed, since ox({z}) = kx({z}) forall z € X , formula (%) shows o%* <
K®* =) . For o'* < b, topologize the set X = RU {00} by taking X and
every at most countable set that does not contain oo to be closed in X . Then
kx({o0}) = X , and no sequence in R converges to oo ,ie., R is o- closed in
X . But oo belongs to bx(R) = k'g*(R) . For the proof of S < ¢*°* | modify the
topology of X by changing “at most countable” to “finite”.
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5.5 Closure operators versus M-preradicals

For a closure operator C of the category Modgr of R-modules, one obtains
a preradical r by putting r(M) = cp(0) . Vice versa, given a preradical r, we
considered two closure operators, C. and CT , associated with r (see 3.4). In
what follows we shall show that these constructions exist in the setting of 2.1, and
we clarify their categorical meaning. :

Hence an M-preradical (r,r) is simply an M-precoreflection of the finitely
M-complete category X, that is: an endofunctor r : X — X | together with a
natural transformation r:r — Idy such that, forevery X € X ,

rx :p(X)—= X

belongs to M. (Since we are in the setting of 2.1, so that M is a class of monomor-
phisms of X, it follows from the dual of Proposition 5.1(1) that (r,r) is actually
a precoreflection.) Often we shall simply refer to r as an M-preradical.

The conglomerate
PRAD(X, M)

of all M-preradicals is preordered by
r<s&=>ry<sx in M/Xforal X eX.

Equivalently, one has a commutative diagram

r i s
\ / (5.16)
1dy

with a uniquely determined natural transformation j . Similarly to CL(X, M) ,
if X is M-complete, PRAD(X, M) inherits the structure of a large-complete
lattice from M, as follows:

(\/ r,-)x =\/(n)x and (/\ r,-)x = A(r)x .

i€l iel iel el

PRAD(X, M) has a largest element, 1, given by (lx)xex , and a least element
0, given by (ox)xex (with each ox the trivial M-subobject of X ).
Each closure operator C of & w.r.t. M induces an M-preradical t = »(C)
with
t(X)=cx(Ox) and tx = ex (ox).

Vice versa, for r € PRAD(X, M) , one considers C. and CT defined by
(cr)x(m)
&(m) = A{e'(r2):(3Z€X)(Fe:X -2 in £) e(m)=oz}.

mVryx,
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One readily checks that C, is in fact a closure operator of X w.r.t.

M. The

proof of the same fact for C*™ is more difficult, but is in fact just a straightforward
generalization of the proof of Proposition 4.7 (indiscrete closure operator G ); in

fact, we obviously have
G=C" for r=0.

Furthermore, the following rules hold:

LEMMA For X M-complete and C € CL(X, M), r € PRAD(X, M) one

has:
D r<n(C)<=C LC;
(2) 7(C)Sre=C<C;
(3) #(C;) =r = x(CT).
Proof
(1) For t==(C) and r<t one has

(er)x(m)=mVrx <mVex(ox) < cx(m)

for all m € M/X . Conversely, evaluating (c;)x(m) < cx(m) for m =ox gives

rx <cx(ox)=1x .

(2) For t=x(C)<r andevery e: X — Z in £ with e(m) = oz one has

cz(oz) <rz and m< e !(oz) , hence

cx(m) < e7'(ez(oz)) <e'(rz);

C < C* follows by construction of C* . Conversely, this inequality implies

ex(ox) < ek(ox) < (1x)"'(rx) =rx
since lx(ox) = ox .

(8) =(C:)=r is trivial. Furthermore, since
r(X)—=6)  r(2)

X rz

X —¢ .+ 2z

commutes, one has rx < e~!(rz) for every e: X — Z , hence rx <
Hence r < #(CT) , whereas “>” follows from (2).

(5.17)

k(ox) -
o
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PROPOSITION Let X be M-complete. The map
7 :CL(X,M) — PRAD(X,M)

preserves all meets and joins. For every r € PRAD(X, M) , the fibre = (r)
contains a least and a last element, C, and C™ respectively. The assignments

r—C, and r—C"

define monotone maps which are lefl and right adjoint to = , respectively. The
following rules hold:

(1) rgvr,':}C,g\/C,i,‘

iel iel
2) r= /\rg:?C'&"/\C".
i€l iel

[m]

Proof The statements on adjointness follow from the Lemma, together with
Lemma 1.3. Therefore the assertions on preservation of meets and joins, including
rules (1), (2) follow from Theorem 1.3. The Lemma also asserts that C, and C*

play the indicated role in the fibre 7~ !'r={C: #(C)=r} . ]

REMARKS

(1) For X =Modg with M the class of monomorphism, one easily checks that
C: and C™ as constructed above coincide (up to isomorphism) with the minimal
and mazimal closure operator induced by r, respectively. We therefore keep this
terminology also in the abstract setting, for any M-preradical r.

(2) The examples of preradicals in AbGrp given in 3.4 indicate that, in general,
PRAD(X, M) may be quite “big”. Here is an opposite indicator: for & = Top
and M the class of embeddings, PRAD(X, M) contains, up to isomorphism,
only the M-preradicals 0 and 1 : see Exercise 2.H. Cy = C* = T is the trivial
closure operator, Co = S is discrete and C° = G indiscrete.

(3) M-preradicals can be composed in a natural way; the natural transformation
t:t — Idy belonging to the composite t =rs of first s and then r is defined by

tx =rx -r(sx) =sx - Te(x)

(see Exercise 5.A).
rs(X) —F6x) | x(x)
Ts(X) X (5.18)

s(X) —%X__ . x
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It is easy tosee that 7 transforms cocomposites of closure operators into composites

of preradicals:
7(C * D) = «n(C)x(D) .

Hence
m(C™)(C®) = =(C™ % C*)
7(Cr)n(Cs) = 7(Cy x Cs) .

3
R

R

(4) One easily checks the rule
rAs = x(CeCs)
(with CyCs the composite of the closure operators). This leaves us with the task
of describing the M-preradicals x(C*C®) .
DEFINITION The cocomposite of r, s € PRAD(X, M) is defined by
(r:s) :=#(C*C?)
Explicitly, with t = (r:s) one has
tx =ck(sx)= N\ {e(r2):Fe: X = Z in £) e(sx) 2oz}
for every X € X . Since sx < ¢(sx) and rx = ck(ox) < ¢%(sx) one has
rVs < (r:s), in particular r < (r : r). We call r an M-radical of X if
r=(r:r),and r is idempotent if r=rr .
THEOREM Let X be M-complete.
(1) For C, D € CL(X, M) one has
#(CD) < (x(C) : (D)),
and = holdsif C is mazimal, i.e. if C = C* for some r € PRAD(X, M)

(2) For r € PRAD(X,M) , C, is idempotent; C* is idempotent iff r is an
M-radical.

(8) For r € PRAD(X,M) , C: is weakly hereditary iff r is an idempotent
M-preradical; both conditions hold if C* is weakly hereditary.

Proof .
(1) Since, by adjointness, C < C™(©) and D < C™(P) | and since composition
of closure operators and 7 are monotone, one has

7(CD) < o(C™O)C™P)) = ((C) : x(D)) .

For C maximal one has C = C™(C) ; hence, with t = (7(C) : #(D)) , we obtain
forevery X € X

x = CX(dx (ox)) = ex(dx(ox))-
Therefore t < x(CD) .
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(2) The idempotency of C, is trivial. If C* is idempotent, one has, with (1),
r= a(CY) = n(C°C*) = (n(C*) : w(CT)) = (r:1).
Furthermore, for all r, s € PRAD(X, M) , since w(C*C®)=(r:s) , one obtains

cree < ¢ (*)

from the Lemma. Hence r = (r:r) implies CTC* < C"*) = CT | i.e. idempo-
tency of C* .

(3) In Remark (3) we noted the rules
rs & w(C* % C*) 2 #(Cy * C).

Therefore, if C* or C, is weakly hereditary, i.e.,if C**C* = C* or C,*C, =
Cy , then

rr=Zx(CT)=w(C) =,
so that r’is idempotent.

Furthermore, since rs = n(Cy * C;) , the Lemma yields the rule

Crs < Ce%Cs (++)

so that idempotency of r gives weak hereditariness of C; . (Under additional hy-
potheses one can show that also weak hereditariness of C™ is a necessary condition
for r to be idempotent; see Corollary 5.6.) )

For an M-preradical r , one defines powers ~r*

Ord U {c0}) , as follows:

and copowers ro, (a €

r = 1 ro = 0
r°tl = pr® Fe41 = (r:ry)
rp = /\ r’ rg = v ry
<8 1<B

(for o€ Ord and B alimit ordinal or B =00 ).

COROLLARY For every r € PRAD(X, M) and all o € OrdU{oo} , one has:
(1) 7((C*)*)=ry and w((Cr)a) Zr*;
(2) (€7 < Cx=) and Cir=) £ (Cr)a- o
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Proof With the help of the Lemma, (1) implies (2). We establish the first
isomorphism of (1) by induction, the second isomorphism is done analogously:

7((C*)°) = =x(S)=oe=r,,
(€)™Y = x(C(CT)%)
= (#(C") : w((C7)*)) by (1) of the Theorem
= (r:irq) Zro41,
"(CY) = « ( V (c')*)
v<B

R

(VE(CAUERVE -1 7N
<8 1<B
=}

EXAMPLE For the radical p of AbGrp given by p-multiples (for a prime
number p , see Example 4.6(2)), we show that the second inequality of the Corollary
may be strict. Indeed, since C = Cp = CP is (both minimal and) maximal, and
since (CP)e = C(PT) (see Exercise 4.6), we see that Co, = C(P™) . Hence
(Cp)oo ¥ Cip=) » as We shall show now that C,, is not directedly additive, and
consequently, not minimal. Let X = &3,X,, with X =<c,> a cyclic group of
order p”. Then each subgroup M, =<cp—pcrsy : k=1,...,n> of X is Coo-closed,
but the (directed) join 3, M, is a proper Coo-dense subgroup of X.

5.6 M-preradicals versus E-prereflections

We wish to give a handier description of the closure operator C* and the pre-
radical (r : s), as defined in 5.5, in case our category X has a zero object 0.
Furthermore, we assume that the class £ (as given in 2.1) is contained in the class
of epimorphisms of X, and that X has kernels and cokernels. In other words, for
all morphisms e and m we have the equalizer and coequalizer diagrams

Ker(e) @), x=2xp, MZrx kM) Goper(m)

(with 0 denoting the only morphism between two given objects which factors
through the zero object 0 ). Equivalently, one has the pullback and pushout dia-
grams

Ker(e) 0 M—0
ker(e)l  pib. mi po. (5.19)
X E X ———~ Coker(m)

¢ coker(m)
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Since 0 — E belongs to M (consider its (£, M)-factorization and use that
the &-part is epic; hence 0 — E is isomorphic to og ), and since M is stable
under pullback, one has ker{e) € M . Dually one obtains coker(m) € £ . Hence
there are maps

ker: £ - M, coker:M—E.
If we consider £ a category in the same way as we consider M a category in 5.2,
then these maps become functors. Moreover:

LEMMA The funclor ker is right adjoint {o coker, and the diagram

ker
£ M
coker
d& % (5.20)
X

commules in the obvious sense.

Proof " One easily shows m < ker(coker{(m)) for every m € M/X . The arising
morphism

M Ker(coker(m))
m ker(coker(m)) (5.21)
x —x . x

serves as a unit of the adjunction; the verification can be left to the reader. Trivially,
cod(ker(m)) = dom(m) and dom(coker(e)) =cod(e) for all m and e. o

An M-preradical (r,r) can be described equivalently as a functor
r:X—-M, Xe—ryx,

with cod r = Idx . Dually, an E-prereflection (q,g) (that is: a natural trans-
formation ¢ : Idy — q pointwise in £; remember that £ is assumed to be a
class of epimorphisms, so that the prereflection property comes for free) is described
equivalently by a functor

g:X—&, X—gqx,

with dom ¢ = Idy . Composition of the functors r and coker gives an &-
prereflection since
dom (coker r) = codr = Idy ,

and for an E-prereflection ¢ one obtains the M-preradical kerg .
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The conglomerate
PREF(X, &)

of all &-prereflections is preordered by
(1.9)<(P,p) > (Ej:a—p)ig=r.
With the Lemma we obtain:

PROPOSITION The monotone funciions
k
PREF(X,£)=— PRAD(X, M)
coker

given by composition are adjoint 1o each other: coker - ker . Hence M-preradicals
(r,r) with kercokerr = r are equivelently described by E-prerefleciions (q,q)
with cokerkerg=gq . s}

EXAMPLES

(1) In the category Modg one has ker coker = Idp and coker ker = Idg .
Hence every preradical (r,r) satisfies ker cokerr = r , that is: r = ker ¢ for an
&-prereflection (q,q) -

(2) In the category Grp, coker ker = Ids remains valid but ker coker 2 Ida
(witnessed by every non-normal subgroup of a group). But since r(G) is normal in
G for every preradical (r,r) and every group G , we still have ker cokerr &t .

(3) Let Set, be the category of pointed sets: objects are pairs (X,zo) with a
set X and zo € X , and morphisms f:(X,z9) = (Y,%) atemaps f: X =Y
with f(zo) = yo . With M and & the injective and surjective maps, respec-
tively, one easily checks that ker coker = Idps holds, but coker ker ¥ Idg .
Nevertheless, as in the previous two examples, the operators of the Proposition pro-
duce a bijective correspondence since there are only two non-isomorphic preradicals
and prereflections, respectively (see Exercise 5.H).

Coming back to the goal as stated at the beginning of this section, first we
observe that for every M-preradical r one obtains a closure operator C from
the pullback diagrams

cx (M) r(Coker(m))

cx(m) TCoker(m) (5.22)
x k(™) oper(m)

Hence

cx(m) = gl (*coker(m)) (¥)
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for every m € M/X , with ¢, := coker(m) . We claim that C = C* . Indeed, C
is easily seen to be a closure operator of X, and since coker(ox) is iso one has
cx(ox) = rx ;thatis: n(C) = r . For any other closure operator D of X with
(D) =r we have

IR

cx(m) q;l (rCoker(m))

IR

Q;l (dCoker(m) (OCoker(m) ))
dx (g7 (ocoker(m)))
d X (m) .

v v

Therefore C is largest in the fibre #=!(r) , hence C = C* (see Prop. 5.5).
This proves the first statement of

THEOREM The mazimal closure operator C* for an M-preradical r of X
is described by formula (¥) . The M-preradical (r:s) is given by the formula

(r:9)x = g7 (Tcoker(sx))
with g,, = coker(sx) .
Proof By definition, (r:s) = x(C*C®) (see 5.5). Hence,

& (cx (ox))
x(sx)

9:,(1 ("Coker(cx)) .

R

(r:s)x

IR

R

m}

We may use (*) to characterize hereditariness and weak hereditariness of the
closure operator C* in terms of the preradical r. One calls r € PRAD(X, M)
hereditary if

ry 2y N rx) (%)

for every y:Y — X in M. Clearly, this is- a necessary condition for any closure
operator C with #(C) = r to be hereditary. Indeed, (+*) follows immediately
from (HE) of 2.5 applied to m =ox :

cy(oy) =y~ (cx (ox)) -

In order to show that it is also sufficient in case C = C* , we need a hypothesis on
the functor coker : M — £ . We say that Coker preserves M-morphisms if for
all y, m, my in M with y-my =m one also has Coker(ly,y) in M.
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M Ay M
my m

Y y X (5.23)
dmy Im

Coker(my) Coker(1,y) Coker(m)

Since the lower part of (5.23) is a pushout diagram, Coker preserves M-morphisms
whenever M is stable under pushout (along £ morphisms).

COROLLARY If Coker preserves M-morphisms, then CT is hereditary if and
only if v is hereditary. If, in addition, £ is stable under pullback, then C* is
weakly hereditary if and only if r is idempotent. ]
Proof  Since §:= Coker(lps,y) € M one has

TCoker(my) = ¥~ (rCoker(m))

if r is hereditary. Consequently, with (*) one derives

G (PCoker(my))

R

¢y (my)

IR

Gy (! (rcoker(m)))

R

v~ (gm" (rcoker(m)))
v~ (x (m)).

R

Hence CT is hereditary.

Let now & be stable under pullback and consider y = cx(m) and let j = my.
Then the top arrow ¢/, : Y = cx(M) — r(Coker(m)) of dxagram (5.22) belongs to
£, and since rcoker(m) * q’,,, J = gm- = 0 With rcoker(m) monic, g, factors through
gj : Y — Coker(j) by a morphism v : Coker(;5) — r(Coker(m)) belonging to & (cf.
Exercise 2.F(b)). Since g; is epic, the composite rcoker(m) - v is the bottom arrow of
diagram (5.23), hence it belongs to M by hypothesis. But then also v belongs to
M (cf. Theorem 1.7 (3)), so it is an isomorphism. Consequently, if r is idempotent,
so that r(r(Coker(m))) — r(Coker(m)) is an isomorphism, also rcoker(j) must be an
isomorphism, and one has cy (j) & 1y by formula (*). This shows that idempotency
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of r implies weak hereditariness of C* . The converse statement was shown in
Theorem 5.5(3). (m]

EXAMPLES

(1) In Modpg , Coker preserves monomorphisms. Hence the Corollary provides
a categorical proof of the result shown for modules in Theorem 3.4(4) and (6).

(2) In Grp, Coker does not preserve monomorphisms. The normal closure » =
CP° is not (weakly) hereditary although the (pre)radical 0 is of course hereditary
(<f. 3.5(1))-

(3)  Although there are no non-trivial M-preradicalsin Set, (see Exercise 5.H),
we note that the hypothesis of the Corollary is satisfied in this case.

5.7 (C,D)-continuous functors

The transition from one category to another is described by functors. In this section
we shall describe such transitions when the categories in question come equipped
with closure operators with respect to given classes of subobjects. Hence, throughout
this section, we consider a functor F : X — Y with X finitely M-complete
and ) finitely AN -complete, for classes M and N of monomorphisms, both
closed under composition. Hence there are classes £ and F such that X has
(€, M)-factorizations and Y has (F,N)-factorizations (see 1.8, 2.1). We assume

throughout the section (with the exception of the final Remark) that F preserves
subobjects, that is: Fm € N forevery m € M . Consequently, forevery X € X,
F induces a monotone function M/X — N/FX . What is the impact of this
assumption on basic constructions, like inverse image and direct image?

LEMMA Let f: X =Y beamorphismin X and me M/X , ne M/Y .
Then

(1) F(f~Y(n)) < (Ff)~Y(Fn), and “x” holds for all f and n ezactly when
F preserves pullbacks along M-morphisms; we say that F preserves inverse
images in this case.

(2) (Ff)(Fm) < F(f(m)), and “=” holds for all f and m ezactly when Fe €
F forall e € £ ; we say that F preserves (direct) images in this case. D

The easy proof can be left as an exercise to the reader.

Let us consider closure operators C and D of X and ) with respect to
M and N, respectively.
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DEFINITION F is called (C, D)-continuous if

Fex(m) < dpx(Fm) (*)

holds for all m € M/X , X € X . F is (C,D)-preserving if “<” may be
replaced by “=”.

As we saw in 5.2, the closure operators C and D are described as prereflec-
tions (C,7) and (D,6) of the categories M and N, respectively. Since F
preserves subobjects the functor F extends to a functor F : M — N . Now
(C, D)-continuity means that there exists a (uniquely determined) natural transfor-
mation _ _ _ _

a:FC — DF with «a-Fy=46F.
In fact, for an object me M |,
am : Fex (M) — dpx(FM) with dpx(Fm)-am = Fex(m)

is defined by (*) . Naturality of a follows from the following diagram (with
(u,v) : m — m’ in M): the upper parallelogram commutes since the rectangle and
the lower parallelogram commute, since dpx:(Fm’) is monic.

Fex (M) FC(u,v) Fexi(M')
om Qs
F(cx(m)) dpx(FM) D(Fu, Fv) dpx/(FM') (5.24)
dpx(Fm) Flex:(m) dpx:(Fm')
FX Fy FX’

(C, D)-preservation by F therefore means FC & DF .

It may seem strange at first sight that condition () ignores arbitrary mor-
phisms f: X — Y of X . However, as the following proposition shows, one
automatically obtains from (*) a number of compatibility conditions.

PROPOSITION If F is (C,D)-continuous, the following inequalities hold for
al f:X—-Y in X, meM/X and ne M/Y :
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(Ff)~'(dry(Fn)) dry (F(f(m)))

(C’D/ \\D (C’D/ \n

(Ff)"N(Fey(n))  drx((Ff)™'(Fn)) F(ey(f(m))) dry ((Ff)(Fm))

im~?! ] I im™! C

ID
F(f~Hex(n)) drx(F(f7'(n))) F(f(cx(m))) (Ff)(drx(Fm))

c\ /(c D) in\ /(c D)

Fex(f7'(n)) (F)(Fex(m))
(5.25)
(with upwards directed lines to be read as “<”)

Proof Inequalities marked by im and im™! follow from the Lemma. The
others are due to the continuity of f (w.r.t. C),of Ff (w..t. D), and of F
(wrt. (C,D)). o

The notion of continuity for functors is a straight generalization of the notion of
continuity of morphisms (as given by the definition of closure operators). The follow-
ing example will clarify this point and also illustrate the meaning of the inequalities
given in the Proposition.

EXAMPLE Let ¢ : A — B be a Set-map between topological spaces. The
usual Kuratowski closure in A defines a closure operation of the poset 24 (see
Exercise 2.E). When considered as a category X, we obtain a closure operator C
of X defined by

cx(M)=ks(M)OX =MNX
for all M C X C A . In the same way one defines the closure operator D of the

category Y given by the poset 28 . The map ¢ defines a functor F: X — Y
with FX = ¢(X) . Continuity of the functor F is described by the condition

o(M 0 X) C p(M) N p(X) *)

for all M C X C A, which holds exactly when ¢ is a continuous map.

For a morphism f : X — Y in X, which is given by the inclusion map
XY ,andfor MCX, NCY , the diagrams (5.25) can now be described as
follows:
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(M) N p(X) e(M)Np(Y)
VAN N\
e(NNY)Np(X) o(N)Ne(X)Np(X) (MNY) P(M) N p(Y)
e(NnX)  o(NAX)Np(X) p(MnX)  o(M)Ne(X)
N SN S
p(NOX N X) o(M N X)

(5.26)
Note that F trivially preserves images (since f(M) = M ), but not in general
inverse images unless ¢ is injective (since f~}(N)=NNX).

The importance of the notion of continuity of functors, however, does not arise
from the fact that it constitutes a generalization of the continuity of maps (or mor-
phisms of a category with a closure operator). Rather, it can be used to construct
new closure operators from old, in the same way as one constructs the initial (weak)
topology or the final (quotient) topology with respect to a map. The sequence of
easy properties below will lead us quickly to these constructions.

Properties on continuily:
(1) Idxy is (C,C)-continuous for every C € CL(X, M) .

(2) If F is (C,D)-continuous and G:Y — Z is (D, E)-continuous (with E
a closure operator of Z with respect to a class K), then GF is (C, E)-continuous.

(3 I C"<C in CL{(X,M) and D < D' in CL(Y,N), then (C,D)-
continuity of F implies (C’, D')-continuity of F .

(4) If F is (C;,D)-continuous for every i € I, with any family (C;)ier in
CL(X,M) ,then F is (C,D)-continuous with C := \/C; (see 4.1).

el
(63) ¥ F is (C,D;)-continuous for every i € I, with any family (D;)ier in
CL(Y,N) ,then F is (C,D)-continuous with D := A D; (see 4.1).

i€l

(6) Note that the case I = @ is permitted in each (4) and (5). Hence F is
(S, D)-continuous and (C, T')-continuous for all C € CL(X, M) and D € CL(Y,N),
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with S the discrete closure operator on X and T the trivial closure operator

on Y.

THEOREM Let F:X — Y be a functor which preserves subobjects given by the
‘classes M and N . We then have:

(1) For every D € CL(Y,N) there is a largest C € CL(X, M) such that F
is (C, D)-continuous. C is called the initial closure operator induced by
D and F andis denoted by D) .

(2) For every C € CL(X, M) there is a least D € CL(Y,N) such that F
ts (C,D)-continuous. D is called the final closure operator induced by
C and F and is denoted by C(F) .

Proof (1) Necessarily, we must have
C= V{C" € CL(X,M):F in (C',D)-continuous} .
It follows from property (4) above that with C defined this way, F is (C,D)-
continuous.
(2) Dually, one considers
D= /\{D' €CL(Y,N):F in (C,D')-continuous}
and evokes property (5). a

In Sections 5.8 and 5.13 we shall encounter important examples of closure oper-
ators of type D(ry and C(F) | Here we just note:

COROLLARY Under the assumptions of the Theorem, there are adjoint monotone
maps
=)
CL(X,M)=—=CL(Y,N)
(=)&)

with (=)F) 4 (<)) . In particular, the formulas

(F)
(\/ C.-) =\/cF)  and (/\ D.‘) = \(Di)r)
i i (F)

H i
hold. o

Proof One must show (C < Dy < C(F) < D) forall C € CL(X,M)
and D € CL(Y,N) . But “=>” follows from the implications ( F is (D(r), D)-
continuous = F is (C, D)-continuous = C(F) < D ), and “¢=” follows dually.
[m]
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One also has
C<(CP)p and (DF)P<D.
We call (CUF))(p) the F-closure of C and (D(r))F) the F-interior of D .

REMARK Although our blanket assumption that F preserve subobjects seems
natural in order to consider continuity, we shall encounter situations when it is more
convenient to consider the (C, D)-continuity condition

F (ex(m)) < dpx(Fm) (*)

without the hypothesis Fm € N for all m € M . The inequality (*) still makes
sense in this case, provided we naturally extend the <-relation and the notion of
closure from subobjects to arbitrary morphisms with common codomain, as follows:
for g:K— X, h:L— X define

g<h % g(lk) <h(lL),
ex(g) = ex(9(lk)) -

The inequalities of the Lemma and properties (1)-(3) on continuity remain valid
without the blanked assumption, but (4) and (5) may fail. Consequently, the exis-
tence of the initial closure operator D(ry and the final closure operator CF) s
no longer guaranteed. However, as we shall see in 5.10 and 5.13, often it is possible
to construct D(r) and CF) by means different from those used in the proof of
the Theorem, without assuming that F preserve’subobjects.

5.8 Lifting closure operators along M-fibrations

In this section, we discuss functors which allow for an easy description of the initial
closure operators induced by them (as defined by Theorem 5.7). Necessarily such
functors should allow for an easy “lifting” of the notion of subobject. As a leading
example, the reader should consider the forgetful functor U : Top — Set : every
subset M C X of a topological space carries a natural topology which makes M
a subspace of X .

Let U:X — S be a functor which, for convenience, is assumed to be faithful.
An X-morphism f:X —Y is called a (U-)iifting of an S-morphism ¢ : S —
UY if UX =S and Uf = p . By abuse of language, an S-morphism ¢ :UX —
UY issaid to be an X-morphism if it has a U-lifting f: X — Y (which, due
to faithfulness, is uniquely determined). An X-morphism f:X — Y is called
U-initial (or U-cartesian) if, for every Z € X , an S-morphism ¢ : UZ — UX
is an X-morphism whenever Uf -4 :UZ — UY is an X-morphism.

For a class M of morphisms in S, the functor U is called an M-fibration if every
¢ :S — UY has U-initial lifting. In case M is the class of all (mono-)morphisms
of S, onecalls U a(mono-)fibration.
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EXAMPLES

(1) U : Top — Set is a fibration. A continuous map f : X — Y is U-initial
iff X carries the initial (or weak) topology w.r.t. f,i.e. the coarsest topology
making f continuous. For M the class of embeddings in Top and for every full
replete subcategory A of Top closed under subspaces, the forgetful A — Set is
an (M N Mor A) -fibration. '

(2) The underlying Set-functor of PoSet is a monofibration, but not a fibration;
AbGrp — Set is not even a monofibration.

(3) The inclusion functor Y < X of a full subcategory closed under M-
subobjects (cf. 2.8) is an AM-fibration.

LEMMA The class Inity of U-initial morphisms in X is closed under composi-
tion and under those limits in X whick are preserved by U.

Proof  Closedness under composition is easy to check. For functors H, K : D —
X , consider a natural transformation o« : H — K pointwise in Inity. We shall
show that the induced f :lim — HlimK is U-initial, provided U preserves

limH . Indeed, for any ¢ = UZ — U(limH) with Uf-4¥ : UZ — U(limK)
an X-morphism, also every Ukq-Uf -4 :UZ — UKd (with &4 Iil_nK — Kd

a limit projection) is an X-morphism. By U-initiality of a4 , this means that
Uli-$:UZ —UHd (with Ag:limH — Hd a limit projection) has a U-lifting

Ba:Z — Hd. Now B = (Ba)sep induces a morphism h:2Z — li}_nL with
Ai-h=p4(d € D), and one has

Ulg - Uh=UBs=Uls- ¥
forall d € D, hence Uk = ¢ when the family (UMj)aep is monic in S, in

particular when U preserves the limit. (]

For a class M of morphisms in S, let
My = U MAnity .

For M the class of all monomorphisms in S, we call My the class of U-
embeddings. Under mild assumptions on the functor U , good subobject properties
of § wrt. M are inherited by X wrt. My . First of all, faithfulness
of U guarantees that, if M is a class of monomorphisms in S containing all
isomorphisms and closed under composition, then My has the same properties in
&'. More importantly:

PROPOSITION For a faithful M-fibration U : X — S one has:

(1) If S has M-pullbacks { M-intersections), then X has My-pullbacks { My-
intersections, resp.).
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(2) If every morphism (sink) in S has a right M-factorization, then every mor-
phism (sink, resp.) in X has a right My-factorization.

(8) If S is (finitely) M-complete, then X is (finitely) My-complete.

Proof

(1) In order to construct the inverse image of n € My/Y and f: X —Y in
X, construct the pullback diagram

s —¥ .uwn

14 Un (5.27)

vx Y L uy

in Swith peM . Let m: M — X bea U-lifting of . Then m € My , and
by U-initiality of n, ¥ has U-lifting f': M — N . With the pullback property
of (5.27) and the U-initiality of m , one easily verifies that

Y
m n (5.28)
x L vy

is a pullback diagram in X. This shows that M-pullbacks in & yield the existence
of My-pullbacks in X; the proof for intersections is very similar.

(2) In order to establish the right My-factorization of a sink (f; : Xy = Y)ier
in X, consider the right M-factorization
Ufi = (UX;-2sS—2+UY)
of (Ufidier , with p € M. With m : M — Y a U-initial lifting of ¢, one
obtains morphisms e;: X; = M with Ue; = 5; . Checking that
fi=(X: LM _”L.Y)
satisfies the simultaneous diagonalization property (see 1.10) can be safely left to

the reader. Lifting right M-factorizations of morphisms is the special case when
i=1. o)

COROLLARY For a faithful M-fibration U , My-intersections and My~
unions are obtained by U-inilially lifting the corresponding M-constructions. The
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same holds true for images and inverse images; hence U preserves images and
inverse images in the sense of Lemma 5.7. |

The map
Ix My/X - M/UX, m—Um,

defines an order-equivalence for every X € X : choosing for every ¢ € M/UX

a U-initial lifting defines a map éx in the opposite direction with yxéx = id

and Oxyx = id . (In case U is amnestic, the latter natural isomorphism may be
replaced by a strict equality: see Exercise 5.M). Since U preserves images, for

F(=): My/X = My]Y and (Uf)(=): M/UX — M/UY
(with f:X =Y in X)onehas 7y -f(-) = (Uf)(=)-7x , hence f(-)-6x =
by - (Uf)(-) - Similarly, f*(=)-éy Zéx -(Uf)~}(-) -

THEOREM Let U : X — S be a faithful M-fibration. For every C €
CL(S, M) , one obtains a closure operator Cy € CL(X,My) by putting

(cv)x (m) = éx(cux (Um))

for every m € My/X . Then U is (Cy,C)-preserving, and Cy is the initial
closure operator induced by C and U in the sense of Theorem 5.7, i.e, Cy =
Cw) - The following properties of C are inkerited by Cy : idempotent, (weakly)
hereditary, minimal, grounded, (fully) additive; also (finite) productivity is preserved,
provided U preserves (finite) products.

Proof Cy is obviously extensive and monotone, and the continuity condition
holds since § commutes with images. Hence Cy is in fact a closure operator
w.rt. My . By definition of Cy , one has

7x((cv)x(m)) = cux(Um)

forall m € My/X ,hence U is (Cy,C)-preserving. Forevery D € CL(X,My)
such that U is (D, C)-continuous, yx(dx(m)) < cyx(Um) implies

dx (M) < x(cux(Um)) = (cv)x(m) .

forall m € My/X . Therefore, Cy = Cy) .
For C idempotent one has -~ '

(cv)x((cv)x(m))

R

éx(cux(U((cv)x(m))))

6x (cux (7x(6x (cux(Um)))))
6x (cux(cux(Um)))
Sx(cux(Um))

forall m € My/X . Hence Cy isidempotent. Using the fact that §x commutes
with all meets, joins and direct and inverse images, one shows similarly that also the

R IR

14
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other properties mentioned in the Theorem are inherited by Cy from C . In case
of (finite) productivity, one notes that §x commutes also with direct products, if
U preserves them, according to the Lemma. (]

REMARKS

(1)  The closure operator Cy constructed by the Theorem is its own U-closure.
In fact, from Corollary 5.7 one has

Cu = Cwy = (Cw)) )y = (Co) ) w) -

(2) If the faithful AM-fibration U is essentially surjective on objects so that
every S €S isof thefoorm S=UX, X € X, then C is the final closure
operator induced by Cy and U ,i.e.

C = (Cy).

This follows from the observation, that any D € CL(S,M) such that U is
(Cu, D)-continuous must satisfy

cux(Um) < dux(Um)

forall X € X and m € My/X . Under the hypotheses on U , this suffices to
conclude C<D.

(83) Incase U istheinclusion functor Y <+ X of afull subcategory closed under
M-subobjects, then the closure operator Cy coincides with C|y as constructed
in 2.8.

(4) We observe that, in order to define Cy , we do not need the existence of
U-initial liftings of all subobjects in M but just of those which are closures of
subobjects in My . This observation turns out to be essential in some cases, as we
will show in the next section.

5.9 Applications to topological groups

A topological group is a group G provided with a topology on G such that both
(z,y) = zy and z — z~! give continuous maps G x G — G and G —
G , respectively. (We do not require any separation axiom for the topology.) A
morphisms in the category TopGrp is a continuous homomorphism of topological
groups. There are two forgetful functors of interest along which we wish to lift
closure operators:

U : TopGrp — Grp and V : TopGrp — Top .

Since every subgroup of a topological group becomes a topological group when pro-
vided with the subspace topology, U is a monofibration. ( U is in fact a topological
functor, see Exercise 5.P.) Hence Theorem 5.8, with the subsequent Remarks, gives
immediately:
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PROPOSITION Every closure operator D of Grp can be initially lified to a
closure operator Dy of TopGrp. This way CL(Grp, M) is reflectively embedded
in CL(TopGrp,My) , with M the class of group monomorphisms. (]

The functor V behaves very differently from U . Since a subspace of a topo-
logical group is in general not a subgroup, V is not an A -fibration, with N
the class of embeddings in Top. However, it turns out that the lifting procedure of
Theorem 5.8 is still applicable to V in case of finitely productive closure operators
(see Remark (4) of 5.8), due to the following crucial lemma.

LEMMA For every finitely productive closure operator C of Top, the closure
cg(H) of a (normal) subgroup H of a topological group G in Top is again a
(normal) subgroup of G.

Proof Since ¢t : G — G, =+~ z~! | is continuous, the continuity condition for
C gives t(cg(H)) C ca(«(H)) C cg(H) . Since C is finitely productive, we are
able to argue similarly in case of the continuous map p:GxG — G, (z,y) —zy:

p#lce(H) x ca(H)) = plcexc(H x H)) € CG(#(ff x H)) C cc(H) .

-~

Finally, exploiting the continuity condition for C in case of the continuous conju-
gation z — gzg~! (for every g € G ), we see that cg(H) is normal if H is.
(Cf. Exercise 4.V.). o

From Proposition 4.11 and Theorem 5.8 (with Remark (4)) we now obtain:

THEOREM Every finitely productive and, in particular, every idempotent closure
operator C of Top can be initially lifted to a finitely productive closure operator
Cv of TopGrp. If C is (weakly) hereditary (idempotent, productive), then Cy
has the respective property.

Let FPCL(Top,N) be the conglomerate of finitely productive closure opera-
tors of Top w.r.t. the class N of embeddings. We then have the two procedures of
defining closure operators of TopGrp given by the Proposition and the Theorem,
and every closure operator of TopGrp gives the induced preradical, as in 5.5.
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CL(Grp, M)

(-
CL(TopGrp, My) = PRAD(TopGrp, My) (5.29)

(-)v
FPCL(Top,N)

The left and right adjoints of 7 are given by the minimal and maximal closure
operators Cy and CT belonging to a preradical r , respectively (see Prop. 5.5).
According to Theorem 5.6, for a subgroup H of a topological group G one has

(cs)o(H) = H -x(G) and c§(H) =q ' (x(G/v(H))) . ()

For this note that, as for abstract groups, r(G) must benormalin G (cf. 3.5(2)).
Furthermore, G/v(H) is provided with the quotient topology, and ¢ : G —
G/v(H) is the projection. Here v = yy is the lifting of the normal closure of
Grp (cf. 3.5(1)) to TopGrp, given by the Proposition. It inherits the good prop-
erties of idempotency, full additivity and productivity from its parent in Grp, but
also the fact that it is not weakly hereditary (just provide any witness in Grp with
the discrete topology). The normal closure may be combined with other closure
operators, as follows.

COROLLARY For every closure operator C of TopGrp with n(C) =r one
has closure operators

C:<C<vvC<LvC<LCv<C(Cr
all of which induce the same preradical r. o

Proof  Trivially C: < C <vVC <vC (see Lemma 4.4(1)). In the Lemma we
observed that cg(¥(H)) must benormalin G ,forall H < G ; hence vC < Cv.
Finally, Cv < C* follows from formula (*) . That the closure operators induce
the same preradical follows from the stated inequalities. o

EXAMPLES

(1) Lifting the Kuratowski closure operator of Top gives an idempotent, heredi-
tary and productive closure operator K = Ky of TopGrp. K is neither grounded
nor additive in TopGrp. The topological groups for which K is grounded are exactly
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the Hausdorff topological groups. (Recall that for topological groups the separation
axoms To, T, T2, T3, T3y are equivalent, cf. Hewitt and Ross [1963).) For
non-additivity, consider the closed subgroups Z and Zv2 of (R,+) whose join
Z+ZV/? is in fact a dense subgroup of R , according to Kronecker’s Theorem (cf.
Bourbaki [1961]).

(2) The Kuratowski closure kg(H) of a normal subgroup H of a topological
group G may be formed by taking the closure of the neutral element ¢ in G/H
and pulling it back along ¢ : G — G/H , ie., ke(H) = ¢~ (kgsa({¢})) . This
shows that Kv = C*¥) is maximal. The minimal closure operator Crixy is
properly smaller than K : for the subgroup Q of (R,+), one has cr(x)(Q) =
Q#R=#k(Q) .

(3) For every non-abelian Hausdorff group G , the diagonal subgroup Ag <
G x G is (K-) closed but not normal, hence not (v V K)-closed (see Theorem
4.4(1)). Hence K<vVK .

(4) We give an example which shows vK < Kv . Let G be the group of
permutations of a discrete countable set, i.e., G = S(N) C NV , with the topology of
pointwise convergence. The stabilizer subgroups stab(m) = {g € G : g(m) = m} ,
m € N, generate a neighbourhood base for the neutral element. Now consider

Su= L_Jl S, with S,= p“stab(m).

S., is a dense normal countable subgroup of G , while G is uncountable. Any
(non-identical) involution of N generates a closed subgroup H of order 2 in
G whose normal closure can be shown to coincide with S, . Hence

v(kg(H)) =v(H) = Suw < G = kg(Su,) = kc(v(H)) .

(5)  The lifted sequential closure operator ¢ and K induce the same preradical
in TopGrp (since their point closures coincide; ¢f. Example 4.9(2)), thus C*() =
C*X) | For any topological group G with a non-closed sequentially-closed normal
subgroup N , one has og(v(N)) = N # ke(N) = ka(¥(N)) = ci¥)(N) , hence
ov < C*(9) |

5.10 Closure operators and CS-valued functors

In a Set-based category X with a grounded, additive closure operator C , each
¢x may be viewed as a map 2X — 2X | provided each subset of X carries a
subobject structure. One would then obtain a functor C : X — PrTop. which
may be used to transfer (pre)topological notions to &. If C is not grounded
and additive, PrTop must be replaced by the larger category CS of closure spaces
which is defined as PrTop (see 3.1), except that for a CS-object (S, ks) , the
map ks does not necessarily satisfy the axioms ks(M UN) = ks(M)Uks(N)
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and ks() = @ . The Cech closure operator K of PrTop has therefore a natural
extension to CS.

More precisely, let U : X — Set be a faithful monofibration, and let C be a
closure operator of & w.r.t. the class My of U-embeddings. For X € X | the
inclusion map of every subset S C UX has U-initial lifting and can therefore be
assumed to be of the form UM C UX ; furthermore, in this case we may assume
for the closure cx(M) that Ucx(M) C UX . Similarly, for f: X =Y in X
and UM C UX , the My -image f(M) can be chosen such that U(f(M)) =
(Uf)UM)CUY .

Let us now define a CS-structure cyx on UX , as follows

kx(UM)=Ucx(M) .
Since cx is extensive and monotone, also cyx is extensive and monotone. Hence
CX = (UX,kx)

is a closure space. Furthermore, for f: X — Y in X one has

(Uf)(kx(UM)) (UH)(Uex(M)) = U(f(cx(M)))

U(ey (f(M))) = ky (U(f(M))) = ky (U (UM)) -

Hence we have a functor C which makes

[a]

X c cs

\N / (5.30)

Set

(with V the forgetful functor) commute.

Vice versa, if we are given such a functor C, denoting CX by (UX, kx),
we may define a closure operator C = (cx)xex of X wurt. My as fol-
lows: cx(M), for UM C UX , is the U-initial lifting of kx(UM) . Since
the U-embeddings whose underlying Set-maps are inclusion maps, form a skeleton
of My , this defines C uniquely, up to isomorphism.

The completion of the proof of the following Theorem can be left to the reader:

THEOREM For a faithful monofibration U : X — Set , there is a bijective
correspondence between

o isomorphism classes of closure operators of X w.r.t. My ,

o functors C:X — CS which make (5.30) commute.
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When replacing CS by PrTop (Top) this correspondence remains valid for isomor-
phism classes of grounded and additive (and idempotent, resp.) closure operators.
u}

We note that the bijection of the Theorem respects the preorder of CL(X, M) ,
in the following sense: we have C < D if and only if there is a natural transfor-
mation a:C—D with Va=1y .

The Theorem provides an easy tool for the construction of closure operators:

COROLLARY Let U : X — Set and W : Y — Set be faithful monofi-
brations, and let F : X — ) be a funclior with WF = U . Then, for every
(grounded; additive; idempotent) closure operator D of Y, w.ri. Mw , one
may define a (grounded; additive; idempotent, respectively) closure operator C of
X wri My by taking for cx(m) the U-initial lifting of W(drx(Fm)) :
W(drx(FM)) — UX . It is the initial closure operator induced by D and F .

Proof C is the closure operator with C = DF . By definition of C , one has
F(cx(m)) = drx(Fm) , hence F is initial with respect to D and F . (Note:
F does not in general preserve subobjects. Initiality is to be understood in the
more general sense of Remark 5.7.) u}

EXAMPLES

(1) There is a functor (—)* : Top — Top taking a topological space X to
a new space X* with the same underlying set such that the closed sets of X
form a base of open sets for X* . The initial closure operator induced by the
Kuratowski closure operator K of Top is the operator K* of Example 4.2(3),
ie, K*=K(-)*.

(2) Define the sequential modification funcior (=)° : Top — Top as follows:
provide a topological space X with a new topology such that A C X* is closed
iff AC X issequentially closed (i.e., a limit of a convergent sequencein A stays i
A ). The closure operator given by K(—)* is grounded, additive and idempotent
since K has these properties. It is the idempotent hull of the sequential closure
operator o ,ie., Kx«(M)=0F(M) forall M C X (see Exercise 5.Q).

(83) Let ©:FC — FC be the 8-modification functor of filter spaces, see Exercise
3.D, and let K be the Katétov closure operator of FC. The 6-closure of FC is
given by the composite # = KO . Since K takes values in PrTop, the same holds
true for @, hence @ is additive in FC.

(4)  An analysis of the proof of the Corollary reveals that we do not need the full
strength of the hypothesis that U be a monofibration: it suffices to guarantee the
existence of the U-initial lifts needed to construct cx(m) . An instance of the
Corollary under this relaxed assumption is given by the functor Scott : DCPO —
Top and the Kuratowski closure operator K of Top: the initial closure operator
with respect to these data is scott, as defined in 3.7. Groundedness, additivity and
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idempotency of scott follow from this presentation.

The Corollary may be applied in case Y = CS and W = V . It is easy to
check that V : CS — Set is a fibration, in fact: a topological functor (see Exercise
5.P). A morphism ¢ :(S,ks) — (T,kr) in CSis V-initial iff

ks(M) = ¢~ kr(p(M))
for all M C S . In particular, (S,ks) is a subspace of (T,kr) iff S—=T is
V-initial, i.e.
ks(M)=Tnks(M)
forall MCS .

Let us now compare U-embeddings with V-embeddings in terms of the functor

C: X — CS induced by a closure operator C w.r.t. My .

PROPOSITION For a faithful monofibration U : X — Set , the induced functor
C : X — CS preserves subobjects, (i.e., C(My) C My ) if and only if C is
hereditary. In this case the functor C is (C,K)-preserving, and C is the initial
closure operator induced by K and V .

Proof For My-subobjects M - Y — X with UM CUY CUX ,
coy(UM) =Uecy (M)
by definition of CY . On the other hand, UY carries the My -subobject structure
kyy which it inherits from CX :
kuy(UM) = UYﬂcux(UM) 5
since U preserves meets of subobjects (see Corollary 5.8), this means
kyy = U(Y Acx(M)).

But cy(M)—Y Acx(M) = y~Y(cx(M)) is a U-initial morphism. Hence it is an
isomorphism if and only if its underlying Set-map is an isomorphism. Hence one
has

cuy = kyy <= cy(M)Z2Y Acx(M) forall M — X in My .
That C is (C, K)-preserving follows immediately from the relevant definitions.
a

REMARKS

(1) Considering Y = cx(M) in the proof of the Proposition, one proves that
C is weakly hereditary if and only if C preserves embeddings of type cx(M) — X .

(2) Productivity of the closure C does not in general imply that the functor C
preserves products: see Exercise 5.N.

(3)  The assertion of the Proposition that C is the initial closure operator induced
by K and V remains true even if C is not hereditary, with the understanding
of Remark 5.7.
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5.11 Closure-structured categories, uniform spaces

A striking feature of the Kuratowski closure operator K of Top is that a Set-map
¢ : X =Y of topological spaces is continuous (i.e., belongs to the category Top)
if (and only if)

p(cx (M) C ey (p(M)).

for every subspace M of X . In other words, the operator K alone determines
which are the structure-preserving maps of topological spaces. We say that Top is
K-structured, in accordance with the following definition.

Asin 5.8, we work in the context of a faithful AMM-fibration U : X — S with S
finitely M-complete, for M a class of monomorphisms closed under composition,
and provide X with the subobject structure given by My (cf. 5.8).

DEFINITION (1)  For a closure operator C of X w.r.t My ,amorphism ¢:
UX—UY in Swith X,Y €X is C-continuous (wrt. X and Y )if

¢(U(ex(m))) < U(er (by (¢(Um))))

for all m € My/X . (Recall that &y provides ©(Um) with the U-initial
structure; see 5.8.) The morphism ¢ is C-continuous, for a subconglomerate C C
CL(X,My) , if it is C-continuous for every C € C . In case C = CL(X,My) ,
o is called totally continuous.

(2) The functor U or, more laxly, the category " X is called C-struciured
( C-structured, closure-structured) if every C-continuous ( C-continuous, totally
continuous, resp.) morphism ¢ :UX — UY in § isan X-morphism, ie., of the
foorm ¢=Uf with f: X =Y .

REMARKS

(1) It follows from the continuity condition of a closure operator that Uf : UX —
UY is totally continuous, for every f: X —Y in X.

(2) Incase S =Set,the category X is C-structured if and only if the induced
functor C: X — CS of 5.10 is full.

Note that C is always faithful since U = VC is faithful.

(3) With S the discrete and T the trivial closure operator of X, every mor-

phism ¢:UX —UY in Sis {S,T}-continuous. Hence X is {S, T}-structured
if and only if the functor U if full.

EXAMPLES

(1) The categories Top, PrTop, and FC are K-structured, with K the Kura-
towski, Cech, and Katétov closure operator, respectively.

(2) Each of the categories SGph, PrSet, and PoSet is both {- and |-structured,
but not conv-structured.



152 Chapter 5

(3) Top is not o-structured, for o the sequential closure operator: a map of
topological spaces that preserves convergence of sequences if o-continuous, but may
fail to be continuous.

(4) The category TopGrp is not Ky-structured, with Ky the lifting of the
Kuratowski closure operator K along V : TopGrp — Top (see 5.9). Consider a
group G with two different topologies 7, v , both of which make G a topological
group such that G has the same closed subgroups w.rt. 7 and v . Then both
identity maps

(G,1)=(Gr) ad (G,7)—(Gr)

are Ky-continuous, but at least one of these cannot be continuous.

In the remainder of this section we discuss a mono-fibration (in fact: a topological
functor) V : X — Set which fails to be closure-structured, i.e., the structure. of
X cannot be described by its closure operators. The most natural example of this
type is the category Unif of uniform spaces which, for the reader’s convenience,
we describe here explicitly.

For a set X we denote by SGph(X) the set of reflexive relations on X
(since these are the spatial graph structures on X , see 3.6). A uniformity on X
is a filler 4 on SGph(X) (ordered by “C”) such that for every E € U there
exists F', GeU with

F7' = {(y,2):(z,9) €F}CE,
GoG = {(z,2):(Qye X)(z,y)€G and (y,2)€G}CE.
A uniformly continuous map f:(X,U)— (Y,V) isamap f:X —Y such that,
for every F € V thereis E € U such that f:(X,E) = (Y,F) is a map of
spatial graphs (i.e, (f x f)(E)C F).
For a uniformity ¥ on X ,each E € U defines a pretopology |{(x,z)y on
X (see Theorem 3.6). Thee meet k(xu) of these pretopologies is described by

k(xy)(M) {z€X:(VE €U)(3a € M)(z,a) € E}
= {z€X:(VE€U)E[z]nM #£0},

with Efz] =fx,e) {z}) ={y € X : (z,y) € E} and M C X . Since k(xu)
is idempotent, (X,k(xy)) is actually a topological space. For every z € X ,
the sets {E[z] : E € U} form a base of neighbourhoods at z . Every uniformly
continuous map f : (X,U) — (Y,V) gives a continuous map with respect to the
induced topologies. Hence one has a functor W which makes the diagram

Unif W Top

x /v/ (5:31)
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commute. The forgetful functors U and V are fibrations (in fact: topological
functors), and with M the class of injective maps W is a My-fibration with
(Mu)w =My .

Every closure operator C of Top may be initially lifted to a closure operator
Cw of Unif (see Theorem 5.8). In terms of CS-valued functors, it is described
by CW (see Theorem 5.10). In particular, the Kuratowski closure K of Top
can be lifted to Unif and yields an idempotent, hereditary, grounded, additive
and productive closure operator of Unif . However, unlike Top, Unif, is not K-
structured: the map f:R — R with f(z) = 2% is (K~—)continuous but not
uniformly continuous. Actually, we shall show below that f is D-continuous with
respect to every closure operator D of Unif , i.e., is totally continuous.

A Set-map f : X — Y of uniform spaces X and Y is called uniformly
approachable for all 2 € X and M C X if there is a uniformly continuous map
g:X—Y with g(z)= f(z) and g(M)C f(M) .

LEMMA Every uniformly approachable Set-map of uniform spaces is totally con-
tinuous.

Proof For every closure operator D of Unif and every uniformly approach-
able Set-map f : X — Y , we must show f(dx(M)) C dy(f(M)) for all
M C X . But for z € dx(M) , one may choose ¢ : X — Y in Unif with
g(z) = f(z) and g(M)C f(M) . Since g is D-continuous, one obtains

f(z) = g(z) € 9(dx (M)) C dy(9(M)) C dy(f(M)).

0

THEOREM ~ The functors V : Unif — Set and W : Unif — Top are not
closure-structured.

Proof It suffices to show that every continuous function f:R — R is uniformly
approachable and therefore totally continuous since, as mentioned above, not every
such function is uniformly continuous. Let f:R — R be continuous, and consider
z€R and M CR. Choose a € M N(—~o0,z) if this set is non-void, and put
a=2z—1 otherwise; similarly, choose b € M N(z,00) orput b=z+1. Now let
¢:R— R coincide with f on the compact interval {a,bd] , and let it be constant
f(a) on (oc0,a] and constant f(b) on [b,00) . Then g is obviously uniformly
continuous and satisfies g(z) = f(z) and g(M) C f(M) , as required. o

The Theorem is especially surprising since, in addition to the closure operators
obtained from initially lifting closure operators of Top along W , Unif has impor-
tant closure operators which may not be obtained this way, as we shall see next.
Call a subset N of a uniform space X uniformly clopen if the characteristic func-
tion h:X — D={0,1} with A~!(0) = N is uniformly continuous; here D is
provided with the discrete uniformity U (i.e., the diagonal Ap belongs to U ).
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For M C X , one puts
(M) = n{N C X : N uniformly clopen, M C N}
and proves:

PROPOSITION Q" = (¢%)xeunis is an idempotent, grounded, additive and
productive closure operator of Unif, but neither weakly hereditary nor fully additive.
It is the largest proper closure opergior of Unif, but it cannot be obtained as an
initial lifting of a closure operator of Top. a

Proof Everything but the last statement can be proved analogously to Theorem
4.7 and is therefore left to the reader as Exercise 5.U. In order to show that Q%
cannot be described as Cy with a closure operator C of Top, first we observe
that, for a uniform space X and M C X, (ew)x(M) is uniquely determined by
cwx (M) . Consequently, for uniformspaces X and Y which, as topological space
are homeomorphic, one has (cw)x = (cw)y . With this in, mind, we consider two
distinct uniformities &, and U; on Q both of which provide Q with its natural
topology. It then suffices to show that Q* differson (Q,2;) and (Q,i2) .

For U, we choose the usual metric uniformity. Then every uniformly continuous
function k:Q — D into the discrete space D = {0,1} can be uniformly extended
to the completion R of Q . Butsince R is connected, every (uniformly) continuous
function R — D is constant. Consequently, You, (M Yis Q for 0#MCQ
and empty otherwise, that is: on (Q,2,) , Q* comc1dw with the largest grounded
operator of Unif.

In order to define U, , we embed the zero-dimensional space Q topologically
into the Tychonoff product X = D“ . The least filterin SGph(X) which contains
the relations E, = {(z,y) € X2 : pa(z) = pa(¥)} , n <w (with p, the n-th
projection) defines a uniformity on X (in fact, the only one which induces the
Tychonoff topology). U, is its restriction to Q . Since X is compact, each
projection p, is uniformly continuous. Consequently, the uniformly clopen sets
separate points in X and therefore in (Q,U;) . From this one derives that, on
(Q,Uz) , Q% coincides with the Kuratowski closure operator K = Kw . a

5.12 Modifications of closure operators

In the setting of 2.1, we consider closure operators C and D of X. A morpblsm
f: XY of X iscalled (D,C)-continuous if

f(dx(m)) < ey (f(m))

holds for all m € M/X . Since f is (C,C)-continuous (and (D, D)-continuous),
it is certainly (D, C)-continuous in case D < C . Given C and aclass K of
morphisms in X, one may ask whether there is largest closure operator D such
that each morphisms in K is (D, C)-continuous. In this section we deal with this
question when K is the class {nx : X € X} , for a pointed endofunctor (T,7)
of X, and with the dual question.
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LEMMA For every commutative square
X g z
f v (5.32)
Y £ w

and every n € M/Z , one has f(g~'(n)) < ¢~ (¥(n)) .
Proof Repeated adjointness arguments yield

dg i) <n = $ale™(n)) < ¥(n)
= e(flg~ () < ¥(n)
= flg"'(n)) <7 (¥(n)) .

o

THEOREM For a pointed endofunctor (T,n) of X and every closure operator
C of X thereis a largest closure operator 7C of X whick makes every nx :
X = TX (rC,C)-continuous. The passage C +— 7C preserves arbilrary meets
and idempotency of closure operators.

Proof For any D such that all nx , X € X, are (D,C)-continuous we

must have nx(dx(m)) < crx(nx(m)) , hence dx(m) < nx'(crx(nx(m))) for all
m € M/X . For the first part of the Theorem it therefore suffices to show that,
when putting

(rc)x (m) = nx' (erx(nx(m))) (*)

we obtain indeed a closure operator 7C . Since the properties of extension and
monotonicity are rather obvious, we just check the continuity condition for rC .
Indeed, for every f : X — Y in X one obtains with the Lemma from the
continuity condition for C :

< ' ((TF)(erx (nx(m))))
< gt (ery ((TH(nx (m))))
= 1y’ (ery (v (f(m))))
= (re)y(f(m)).

F((rc)x(m))
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The rule
T (AG) %'AT(Ci)

follows immediately from the fact that inverse images preserves meets. Finally,
assume C to be idempotent. Then, for every m € M/X , crx(nx(m)) is

C-closed, hence nx(m) < nx((rc)x(m)) < erx(nx(m)) = crx(crx(nx(m))) .
This implies crx (nx ((7¢)x (m))) = crx(nx(m)) and then, with the definition of

rC, (r)x((rc)x(m)) = (r¢)x(m) . Q

THEOREM® For a copointed endofunctor (S,e) of X and every closure op-
erator C of X, there is a least closure operator SC of X which makes every
ex : SX = X (C,5C)-continuous. The passage C +— SC preserves arbitrary
Joins.

Proof For any D such thatall ¢x , X € X, are (C,D)-continuous one has
ex(csx(n)) < dx(ex(n)) for all n € M/SX or, equivalently, csx(ex'(m)) <
ex' (dx(m)) , hence dx(m) > ex(csx(ex (m))) for all m € M/X . Since triv-
ially dx(m) > m , one therefore puts

Sex(m) == mVex(csx(ex'(m))) . (++)

We just check the continuity condition for $C , using preservation of joins by direct
images, the continuity condition for C , and the Lemma successively:

f(ex(m)) f(m) v ey ((Sf)(esx (eX' (m))))
f(m)V ey (esy (SF)(eX' (m))))
f(m) Vey(csy (e (f(m))))
Sey(f(m)) -

for f:X—=Y in X and m € M/X . Preservation of joins by direct images is
also responsible for the validity of the rule

"(ye)=yee

R

IR A A

0

The closure operator 7C as defined by the Theorem is called the (T,n)-
modification (or just T-modification) of C , and SC as defined by Theorem *
is the (S,¢€)-comodification (or just S-comodification) of C . The following Corol-
lary illustrates these constructions in an algebraic context. They will be used mostly
for topological applications in 6.3 and 7.7.
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COROLLARY Let s be a preradical in Modg with corresponding prereflection
q (i.e., a(X)=X/s(X) ), andlet C be a closure operator with induced preradical
r. Then the s-comodification ®C of C induces the preradical r s, and the
q-modification qC of C induces the preradical r : s . Furthermore, if C =
C: s minimal, then also *C and qC are minimal Moreover, if C = C*
is mazimal, also *C and 4C are mazimal, provided the funcior s : Modg —
Modpr preserves epimorphisms. a

Proof For a submodule M of X € Modg , one has
fex(M) = M+cyx)(MNs(X)),

(©)x(M) = p™(cqx)(P(M)))
with p: X — q(X) the projection. Hence

*ex(0) = x(s(X)),

@)x(0) = p7'(x(X/s(X))) = (r:s)(X).
If C is minimal, then cgx)= (M Ns(X))+r(s(X)) , hence
Fex(M) =M + x(s(X)) ;
furthermore, since p~1(p(M) + r(X/s(X))) = M +p~ (x(X/s(X))) ,
(a©)x (M) = M + (r:5)(X) .

If s preserves epimorphisms, then the restriction s(X) — s(X/M) of the projec-
tion w:X — X/M is surjective. This implies

IR

s(X/M) s(X)/M Ns(X),
(X/M)[s(X[M) = (X/s(X))/p(M) .
Consequently, if C is maximal, one obtains
ex(M) = M+ (x(s(X/M)))
7} (x(s(X/M))) ,

()x(M) = p~' (¢~ (x((X/M)/s(X/M))))
= pl((r:s)(X/M)),
with ¢ : X/M — q(X/M) the projection. a

REMARK For a preradical s of Modpg , the following conditions are equivalent:
(i) s : Modg — Modpg preserves epimorphisms,

(ii) s is cohereditary (i.e., s(X/M)= (s(X)+M)/M forall M < X € Modgr ),
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(iii) Cs = C®,
(iv) there exists a two-sided ideal J of the ring R such that
s(X) = JX for all X € Modpg ;

if these conditions hold, s is a radical (cf. Theorem 3.4).

5.13 Closure operators and adjoint functors

Recall that a functor U : A — X is right adjoint if for all X € X thereis a
(chosen) U-universal arrow for X ; this is a pair consisting of an object FX € A
and a morphism #nx : X — UFX suchthatforall A€A4 and f: X — UA
in X there is exactly one morphism f# :FX — A in Awith Uf# .gx=f.
Hence the correspondence
x4ua
Ay}
is inverse to the map ¢x 4 : A(FX,A) — X(X,UA) given by g — Ug-nx .
The existence of a U-universal arrow for X therefore gives a natural isomor-
phism ¢x,_ : A(FX,~) — X(X,U-) exhibiting X(X,U~) : A — Set asa
representable functor. Vice versa, the representability of X (X,U-) yields a U-
universal arrow for X : with FX the reprwentlng object and with an isomorphism
¢x as above, put nx = px, FX(IFX)
If U is right adjoint then there is a unique way of making F (as above) a
functor X — A such that n:Idy — UF is a natural transformation, by putting
Ff=(m-H*.

b'e X UFX FX
f UFf Ff (5.33)
Y Y . . yFY FY

Moreover there is a natural transformation ¢ : FU — Id4 defined by €4 =
(lya)* which satisfies the so-called triangular identities

Ue-nU =1y and eF-Fp=1p.

Any pair of functors (F: X =+ A, U: A — X) is called adjoint if there are
natural transformations 5 :Idx — UF and ¢: FU — Id4 satisfying the trian-
gular identities; these are called the unit and counit of the adjunction, respectively.
Usually one writes

n
FAU oo F U:A-X
[
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in this situation and calls F left adjoint to U and U right adjoint to F . One
easily derives from the triangular identities that U is in fact a right adjoint functor
in the sense of the initial definition; just put f# := ¢4 - Ff in order to show that
(FX,nx) isa U-universal arrow for X . The notion of adjointness is self dual, in
the sense that

Fadd
F —|U A= X o U —| FPxr o A
€ n°?

(with A% denoting the opposite category of A). This means in particular that for
every A€ A ,the pair (UA,e4) is an F-couniversal arrow for A , in the sense
dual to universality as defined before.

The first part of the following Proposition recalls the most prominent property
of adjoint functors the proof of which is left as Exercise 5. W. In the special case of
preordered classes it was shown in Proposition 1.3.

PROPOSITION Let FAU:A— X be adjoint functors. Then:

(1) U preserves all (ezisting) limits of A, and F preserves all (ezisting) col-
imits of X .

(2) If X has (&, M)-factorizations and if A has (.1-' N)-factorizations, then
UNCM ifandonlyif FECF.

a

Proof  (2) In the notation of 1.8 one has £ = ML and F = N* . Hence,
in order to show FE& C F if UN C M , it suffices to show that Fe L n holds
‘for all » € A/. But with the adjointness property one easily shows that this is
equivalent to e L Un for all n € N, which holds by hypothesis.
That UN C M is also a necessary condition for FE C F follows dually since
M=E, and N =F_ (seelB). =]

For the remainder of this section we keep the hypotheses and notations of Propo-
sition (2) and assume X to be finitely M-complete and A finitely A -complete.
Hence U is required to preserve subobjects but F is not. We adopt the conven-
tions of Remark 5.7 regarding the application of a closure operator to morphisms
not necessarily in M or

Given a closure operator D of A wrt. N, we wish to give an explicit
description of the initial closure operator D(ry induced by D and F . For
m:M — X in M, consider

dy(m) = nz*(Udpx(Fm)), ()

with dpx(Fm)= drx((Fm)(1rum)) ; see Remark 5.7.
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M LS UFM
m . i .
(5.34)
& (m) vkm drx(Fm)
X X UFX
LEMMA Formula (%) defines a closure operator D" of X ; it is the initial

closure operator induced by D and F : D" = Dpy .

Proof Extension and monotonicity are easily checked for D" . For every f:
X —Y in X and m € M/X one obtains with Lemma 5.12, Lemma 5.7, and
with the continuity condition for D :

F(d%(m) < ny'(UFF(Udrx(Fm)))
7 (U((Ff)(dpx (Fm))))
ny! (Udpy ((F f)(Fm)))
v  (Udry (F(f(m))))
dy(f(m)) .-

Hence D" is a closure operator. Next we show that F' is (D", D)-continuous, i.e.,
Fd%(m) < dpx(Fm) for all m € M/X . For this one simply observes that the
horizontal morphism ¢ of (5.34) corresponds by adjunction to a morphism # with
drx(Fm)-t# = Fd%(m) . For any other closure operator C € CL(X, M)) such
that F is (C,D)-continuous, one has Fecx(m) < dpx(Fm) ;since nx(cx(m)) <
UFcx(m) , this implies

cx(m) < q}l(Uch(m)) < nx'(Udpx(Fm)) = d%(m).

Hence we have D" = D) . o

IR IA A IA

14

D" was obtained by pulling back D along the unit 7 . We now investigate
the “dual” procedure: mapping a closure operator C of X along the counit ¢
to obtain a closure operator ‘C of A .For n: N —=A4 in N we put

fca(n)=nVes(Feya(Un)), (%)
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with ea(Fcua(Un)) = ea((Feya(Un))(1)) ; see Remark 5.7.

FUN —EN N
FUn : : (5,34)
FCUA(Un) n cA(n)
FUA 4 A

Note that in case ey belongsto £ ,onehas n < e4(Feya(Un)) , which simplifies
formula (*) .

LEMMA®  Formula (*+) defines a closure operator °C of A ; it is the final
closure operator induced by C and F : <C=CWF) .

Proof We check only the continuity condition for *C , using the same tools
as in the proof of the Lemma, plus preservation of joins by the direct image along
f:A—B in A: :

. f(ca(n)) f()V (f -€a- Feya(Un))(1)
f(n)V(ep - FUf - Feya(Un))(1)
f(n)vep(F((Uf)(cva(Un))))
f(n)Vep(Feys((US)(Un)))
f()Vep(Feup(U(f(n))))
“cp(f(n)) -

In order to show ¢C = C(F) | it suffices to show that (C +— ¢C) is left adjoint
to (D +— D" = D(p)) since we already know that (C — CF)) is left adjoint to
(D~ D(Fy) , see Corollary 5.7. Hence it is sufficient to show

R IR

R

IR IA A

CL<D"&°CLD

forall C € CL(X,M) and DeCL(AN).

“%” Forall n: N — A in N, cya(Un) < d},,(Un) by hypothesis, and
Fdj, ,(Un) < drya(FUn) since F is (D7, D)-continuous (according to the
Lemma). Hence

fea(n) < nVeA(Fd'f',A(Un))5nV€A(dpu,4(FUn))
<

nVda(ea(FUn)) < da(n) .
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“" Let ‘C< D andconsider m: M — X in M. Then
1x(cx(m)) < curx (nx(m)) < curx(UFm) =:m’,
and with A= FX and the triangular identity one has
m' = (Uea)((nua(m’))) < (Uea)(UFm') < U(ea(Fm')) .
Consequently, by hypothesis,
nx(cx(m)) < U(erx(Feurx(UFm))) < Udpx(Fm),

and this implies
cx(m) < nx'(Udpx(Fm)) = d%(m) .

The Lemma and Lemma* prove the first part of the following Theorem.

n
THEOREM  Let F —l U:A— X be adjoint functors with UN C M .
€

(1) Then the assignmenis C+— *C and D+~ D" define adjoint maps

CL(X, M) .(—;g CL(AN),

with 5(=) = (=) A (=)ry = (-)". In particuler, F is (C,°C)-
continuous and (D",D)-continuous for all C € CL(X,M) and D €
CL(AN) .

(2) If N Chity , then (Dpy))wy< D forall DECL(AN) ,andif U isa
faithful fibration, then (Ciyy)r)=C forall C € CL(X, M) . In the latter
case one has

()4 (=)o) = (D)E A (=)ry 5
in particular, U s (°C,C)-continuous for all C € CL(X, M) .
Proof (2) For D, E € CL(A,N) ,assume U to be (E,D")-continuous.

Then Uea(n) < df4(n) forevery n: N — A in N, hence nua(Uea(n)) <
Udrya(FUn) . Since Ueq -nua = lua , this implies

Uea(n) (Uea)(Udrua(FUn))
U(ea(drua(FUn)))
Uda(ea(FUn))
Uda(n),

IN A IN A
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hence es(n) < da(n) if N C Inity . This proves E < D whenever E <
(D")w) » hence (D(py))w) < D with (1).

Let now U be a faithful M-fibration. First we show that the units nx must
be isomorphisms in this case. In fact,let e: A — FX be a U-initial lifting of
gx : X = UFX , and consider f = (1x)# : FX - A. Then Uf-Ue=1lpyu,
hence f-e=14 . Since U(e-f)-nx =nx onealsohas e-f =1px ,hence e and
therefore nx is an isomorphism. With C € CL(X¥,M) and D =Cy = Cw)
its U-initial lifting, one therefore has for all m: M — X in M

dy (m) =z (Udpx (Fm)) = iz (corx (UFm)) = ex(m) .

With (1), this proves (Cw))(r) = C . Together with (D(r))w) < D , one derives
(=)wy 1 (=)F) - Since also (—)F) 4 (=)(r) , we must have (— )(v) = (=),

Finally, since (~)() = ¢(~) , one concludes C(yy = “C , hence U is (*¢,C)
continuous for all C . o

COROLLARY Let U:A— X be a faithful fibration with left adjoint F . Then
C+ Cy embeds CL(X,M) reflectively and coreflectively into CL(A,N) . Every
C € CL(X, M) isils own U-interior and F-closure in the sense of Corollary 5.7.
Finally, (-)w)= (=)F) preserves all meeis and joins in CL(X, M) . (a]

Proof  Themap C+— Cy & Cp) = C(F) has both a left and a right adjoint,
(- -)Y and (- )(F) respectively. Since (Cv))(r) = C, the map provides an
embedding, and each C' in its own F-closure. Since ((C(U))( Nwy = Cuy (see
Remark 5.8(1)), an application of (— YF) gives (Cw))Y) = C . Hence C isits
own U-interior. a

EXAMPLES

(1) The forgetful functor U : Top — Set is a fibration and has a left adjoint
(discrete topology). If D is the Kuratowski closure operator (or any other proper
closure operator of Top w.r.t. the class of embeddings), then D" is the discrete
closure operator of Set (see Lemma 4.7). In particular, U is not (D,D")-
continuous.

(2) The forgetful functor U : TopGrp — Top has a left adjoint F (free
topological group). For every finitely productive closure operator of C of Top
(wr.t. the class of embeddings), U is (¢C,C)-preserving (see Exercise 5.X).
Hence °C is both the initial closure operator C(yy) induced by C and U and
final closure operator C(F) induced by C and F (see Lemma*).

(3) Let U: A<+ X be the embedding of a full &£-reflective subcategory. Since
the counit is an isomorphism, for every C € CL(X,M), €C is (isomorphic
to) the restriction C|4 (cf. 2.9), hence *C is again the initial closure operator
wrt. C and U . Werning: In general CL(X,M) cannot be embedded into
CL(A, M) ; for instance, in Top consider the full subcategory of spaces with at
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most one element. This shows that in part (2) of the Theorem, and in the Corollary,
it is essential to assume U to be a fibration, not just an AM-fibration.

REMARK  In the setting of the Theorem (1),let T=UF and S = FU ,so that
one has pointed and copointed endofunctors (T,n) and (S,¢) . The constructions
of this section may then be compared with the modification and comodification as
given in 5.12, as follows:

(1) (D)) =¢(D")<*D <D< D,
(2) C <7C < 7C < ((OY = (CP)py

holds for all C € CL(X,M), D€ CL(A,N) ,with 7C and D defined as in
Exercise 5.V. In fact, for m: M — X in M and with m' = cyrx(UFm) and
A = FX , we showed m’ < U(eq(Fm')) in the proof of Lemma*. Pulling back
the last inequality along nx gives (7¢)x(m) < (¢)% (m) This proves the only
critical part of (1). Likewise, the only critical part of (2) is to show €(d")p(n) <
Sdp(n) forall n: N —B in N .Butsince F is (D", D)-continuous, one has
Fd};5(Un) < dpyp(FUn) , which implies the desired inequality when one takes the
respective direct images under ¢p . '

5.14 External closure operators

In algebra one obtains the least subgroup generated by a subset M of a group G
by

(My=({{H<G:MC H},
and similarly for any other algebraic structure. Formally this closure process is not
covered by the notion of closure operator of a category. In this section we briefly

mention the more general notion of external closure operator and how it relates to
the internal notion as given in 2.2.

We consider a functor U : A — X and classes N, M of monomorphisms
in A, X, respectively, both closed under composition, such that (for simplicity)
A is MN-complete, X is M-complete, and UN C M . An eziernal closure
operaior D of A (with respect to U, N, M ) is given by a family of maps
dg : M/UA—-NJ/A, A€A,suchthat

(i) (Eztension) m < Udy(m),
(i) (Monotonicity) m < m' implies ds(m) < da(m’) ,
(iii) (Continuity) f(da(m)) < dp(({Uf)(m)) ,

forall f:A— B in A and m, m e M/UA .

Clearly, a closure operator (in the sense of 2.2) is an external closure operator
with respect to U = Idy , N = M . The question is to which extent the two
notions differ in general. In what follows we compare the conglomerate

CL™(U,N, M)
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of all external closure operators of A w.rt. U, N, M with the conglomerate
CL(A,N) . The former conglomerate is, like the latter, preordered, and joins of
non-empty families of external closure operators exist and are formed “pointwise”.
The largest (=trivial) external closure operator T*** is defined by t5%(m) =14
forall me M/UA, A€ A. With regard to the least external closure operator
and the formation of meets one has: )

LEMMA Let U transform N -intersections into M-intersections. Then there
is a least (=discrete) esternal closure operator S* of Awrt U, N, M,
gtven by

sP(m) = /\{n EN/A:m < Un}

forall me MJUA, A€ A . All meets in CL®™Y(U,M,N) ezist and are formed
“pointwise”.

Proof Every external closure operator D satisfies m < Udg(m) , hence
st (m) < da(m) for all m € M/UA . Monotonicity for S* is trivial, and
extension follows from the hypothesis on U . For the continuity condition, one
observes that m < Un implies (Uf)(m) < (Uf)(Un) < U(f(n)) with Lemma
5.7, hence

A

f63Hm) < A{f(n):neN/A, m < Un}
Nk € N/B : (Uf)(m) < Uk}
SF(UHm)) .

Checking that meets can be formed pointwise requires a similar argumentation. O

IN

¢
IR

REMARK If U has aleft adjoint F (sothat U preserves limits and therefore
satisfies the hypothesis of the Lemma), then

sﬂ“(rn) = m#(lpM) s
with m# : FM — A correspondingto m : M — UA in M by adjunction.
In fact, m < U(m#*(1rn)),and if m < Un with n: N = 4 in N, so that
Un-j =m for amorphism j: M — UN , then n.j# = m# and therefore
m*(lpm) <n . -

The external closure operator S®™* can now be used to “externalize” every
(internal) closure operator C of A w.r.t. N, as follows:

e (m) = ca(s3*(m))
forall me M/UA, A€ A . In fact, since

m < Us3(m) < Uea(s3*(m)) = Ucq*(m),
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flea(s3*(m)))
< cB(f(s3(m)))
< ca(sF((Uf)(m))) = B ((USf)(m)),

extension and continuity hold for C®** , and similarly for monotonicity. Note that
for C = S the discrete closure operator, C*** is in fact the external closure
operator S$°** of the Lemma; similarly in case C =T . Since joins and meets are
formed pointwise, these are preserved when passing from C to C®** . This proves
the first part of:

IR

F(<Z*(m))

PROPOSITION If U transforms N-inlersections into M-intersections, then
the map (=)™t : CL(A,N) = CL™(U,N, M) preserves all meets and joins. The
map is an order-embedding if N C Inity . (u]

Proof Incase N Cnity onehas (n<k<> Un<Uk) forall n, ke N/A,
A € A, and therefore s§*(Un) = n . This implies C < D whenever C®** <
D¢ forall C,D e CL(AN). u]

Under the hypothesis N C Inity we can describe the reflector of (—)*** quite
easily, i.e., every external closure operator D of A wuat. U, N, M can be
“internalized”, by

di2(n) := d(Un)

for all n € N/A . Extension for D™ follows from A C Inity , monotonicity is
trivial, and

£ ) < da(UNUR) < da(U(F(m))) = dBH((m))

shows that the continuity condition is satisfied.

THEOREM Let N C Inity and let U transform N-intersections into M-
intersections. Then the maps

(_)’mt 4 (=)™ : CL(A,N) = CL*Y(U,N, M)

are adjoint, with both maps preserving all meets and joins, and with (C*)™ = C
Jor all C € CL(A,N) . Moreover, if U is a faithful M-fibration, with N.=
My(=U"*Mnlnity) , then both maps are order-equivalences.

Proof ~ Preservation of meets and joins of non-empty families by (=)™t is clear
since they are formed pointwise. Also, (T°*)i"* =T and (S**)™ = S (see the
proof of the Proposition). The latter isomorphism gives

()£ (n) = ca(s3*(Un)) = ca(n)

forall neN/A, A€ A, hence (C=t)™ =C forall CeCL(AN) .
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Furthermore,
da(m) < da(Us$t(m)) = d(sS(m)) 2 (47 (m)

forall me M/UA, A€ A ,hence D < (D™)*t forall D€ CL**(U,N,M).
Finally, if U is an M-fibration and N =My , one has an order-equivalence

7A:N/A—bM/UA, ne—Un,

with right adjoint &4 , m — U-initial lifting of m ; see 5.8. It is easy to see that
§4(m) = s5*(m) . Hence

cZH(m) % ca(64(m)) and d3*(n) % da(va(n))

for all m € M/UA, n € N/A, A€ A, and C € CL(N, A), D € CL*Y(U,N, M).
Hence the order-equivalence 74 - &4 induces the order-equivalence (—)"t -
(__)ext . a

The assignment D — D™ may be one-to-one without assuming U to be
an M-fibration, provided we restrict ourselves to special types of external closure
operators: D € CL™(U,N, M) is called idempotent if ds(Uda(m)) = da(m)
forall me M/A, A€ A. f N C ity and if D is idempotent, then also
Dint s idempotent; moreover, Ci™ < D"t implies

ca(m) < ca(Uda(m)) = &5 (da(m)) < d3*(da(m)) = da(m)

~

forall me M/A, A€ A, hence C < D. Consequently, one gets an order-
embedding

(_)Snt . IDCLQX‘(U’N,M) — IDCL(A,N)

by restriction to the conglomerates of idempotent external and internal closure op-
erators.

COROLLARY If N Cnity and if U transforms N -intersections into M-
intersections, then (—)™ : IDCL**(U,N, M) — IDCL(A,N) is an order-equiva-
lence. a

EXAMPLES

(1) The least external closure operator S®** w.r.t. the forgetful functor U :
Grp — Set assigns to a subset M of a group G the least subgroup (M)
generated by M . (Similatly for other algebraic structures.) For U the underlying
Set-functor of DCPO , one has

s$(2) = dirx Z

as defined in 3.7.
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(2) We give an example of an external closure operator D w.r.t. the forgetful
functor U : DCPO — Set which cannot be presented as the externalization of an
internal closure operator of DCPO. For a subset Z of a dcpo X , define D by

dx(Z) := dirx(convx(Z)) ,

cf. 3.6. Then D is not of the form C®* for some C since D < (Dirt)ext
Indeed, for X given by

v/ (5.35)
/ 5.35

and Z:={z,w} , one has
dx(2) = {z,w,u} # X = dirx(convx(dirx 2)) = (d")¥(2) .

Exercises

5.A (Composition of (co-)pointed endofunctors) A pointed endofunctor (C,¥)
of a category K with yC = Cy is also called wellpointed.

(a) Show that for wellpointed endofunctors (C,7), (D,8) of K also their com-
posite :
(D, 8)(C,7) = (DC,87)

with DC the composite of functors and §v := 6C -y = Dv-§ is wellpointed,

and
Fix(DC, év) = Fix(D,8) NFix(C,¥)

(b) Suppose that for the pointed endofunctors (Cj,7:), ¢ € I, the multiple

pushout
CiA
/ \ (5.36)
A T4 CA

exists for all A € K . Show that (C,v) is a wellpointed endofunctor if every
(C:, 1) is wellpointed, and that

Fix(C, v) = [ | Fix(Ci, %) -
iel
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(c) Verify that the correspondence of Theorem 5.2 transforms composites of closure
operators in the sense of 4.2 into composites of wellpointed endofunctors.

(d) Define the composite of copointed endofunctors dually to (a) and dualize state-
ments (a) and (b). Show that the correspondence of the dual of Theorem 5.2
transforms cocomposites of closure operators in the sense of 4.3 into composites
of copointed endofunctors.

5B (Orthogonal subcategories) A morphism f : X — Y in a category
X is orthogonal to an object Z € X , written as f L Z , if the map X(f,2):
X(Y,Z) — X(X,Z) is bijective (i.e., every ¢g: X — Z factors uniquely as ¢ =
h-f ). For aclass H of morphism in &, let

HY={Z:(VfeH)fLZ}.
A full subcategory of X is orthogonal if its class objects is HL for some class H.
(2) For a full subcategory A of X, prove the implications (i) — (ii) — (iii) —
(iv), with
(i) A is reflective,
(ii) A =Fix(C,v) for a wellpointed (cf. 5.A) endofunctor (C,y) of X,
(ii) A is orthogonal,
(iv) A is closed under all (existing) limits in &'.
Hint for (ii) — (iii): consider H = {yx : X € X} .

(b) Show that the intersection of any collection of orthogonal subcategories is or-
thogonal.

(c) Show that the category CBoo of complete Boolean algebras as a full subcate-
gory of the category Frm of frames (=complete lattices with aA\/ b; = \/ aAb; ,
with morphisms preserving arbitrary joins and finite meets) is orthogonal. Hint:
Show that complements exist in a frame B if and only if it is orthogonal to

the embedding
/ 1\
———p a al
\/

(a) Consider the class Mg = MorX as a category (as in 5.2) and show that there
is a full embedding

a

(5.37)

(==

5.C (Factorization systems as funciors)

E:X — MorX
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(b)

(c)
(d)

(e)

5.D
(@)

(b)

(c)
(d)

(e

5.E
(2)

Chapter 5

whichsends f: X =Y in X to (f,f):1x =1y in MorX .
Show that every factorization system F of X defines afunctor F : MorX —
X with FE = Idy , with

Ff = cod(ds) = dom(cy)

for all f € MorX .

Let F:MorX — X be any functor with FE = Idy . Find a functor F’
with FFE=1Idy and FF .

Let F:MorX — X be a functor with FE = Idy , and for every f: X —
Y , define

d;

F(l,f) (with(1,f):1—f in MorX),
F(f,1) (with (f,1): f—1 in MorX).

¢t

Show that f =c;-d; holds, and that the Diagonalization Property 5.2 holds
“weakly”, that is: the diagonal w of (5.11) exists but is not required to be
unique.

Concluded that a factorization system F is fully determined by the assignment
f + cod(dy) = dom(cy) .

(Comparing factorization sysiems)  Prove:

If X hasboth (£, M)-and (&, M')-factonza.tlons then £C &' if and only
if MMCM.

Let F and F' be factorization systems of X with induced functors F ,
F':MorX — X (see5.C). Then DF C DF' implies the existence of a natural
transformation o : F — F' with aF iso, provided F’ is a left factorization
system.

Dualize (b).
For factorization systems F, F' of X, assume the exis!;ence of a natural
transformation a:F — F’ with aF iso. Show DF C DF' and CF CCF .

Does the converse proposition of (d) hold true?

(Characterizing orthogonal factorization systems)

Prove that the following statements for a factorization system F of X are
equivalent:

(i) F is orthogonal;

(i) F is aleft system, and DF is closed under composition ;
(iii) F is a right system, and CF is closed under composition.

Compare this result with Theorems 1.8 and 2.4.



Closure Operators, Functors, Factorization Systems 171

(b) (Cf. Korostenski and Tholen {1993]) Let F : MorX — X be a functor with
FE =1Idy and dy € {h:cpiso} and c; € {h:dj iso} for every morphism
f (cf. Exercise 5.C(d)). Prove that f — (ds,cs) defines an orthogonal
factorization of X.

Hint: In order to show uniqueness of diagonals, consider any to diagonals
wy , we in (5.11) and apply F to

df (dfy l) 1 (wi:wi) 1 (lycd) cy -

5.F (Factorization systems of Set)  Every category admits the factorization
systems f — (f,1y) and f+— (1x,f) for f:X — Y . In Set one has, in
addition, the usual (Epi, Mono)-factorization system, and the system induced by
the indiscrete operator (w.r.t. the class of all monomorphisms), see Example (1) of
4.7. Prove that these are, up to isomorphisms, the only factorization systems of Set,
and that each of them is orthogonal.

Hint: First investigate the maps sx : 8 <— X and tx : X — 1 (with 1 a
singleton set) and prove for every factorization system F of Set: 1. If s, € CF |
then sx € CF forall X ;2. If s, ¢ CF, then F is isomorphic to (f —
(f,ly)) ;3. for X #0 onehas tx e DFUCF ;4. if tx €CF for |X]|>1,
then F is isomorphic to ( f — (1x,f) ); 5. for all f, d; is epic or ¢; is
monic. Finally apply 5. to f =tx to prove that F must be isomorphic to one
of the four factorization systems. (See also Lemma 4.7.) .

5.G (Rules for mazimal closure operators induced by preradicals)  Show that,
for preradicals r and s of R-modules, their cocomposite (r :s) as defined in
Definition 5.5 is described by

(r:s)(M) = p™! (x(M/s(M)))

for all M € Modpr , with p: M — M/s(M) the projection. Verify (or revisit)
the following rules (see Exercise 4.G):

(a) r=\/r;=>C'§\/C"’; samefor/\;
i€l iel
(b) CrC*=C®) and C*xC*=C™ ;
(€) (C¥)a=CC") and (C*)*=Ct) forall a € OrduU{oo} .

(d) Show that the second isomorphism of (c) may be verified in the general context
of 5.5, provided inverse images commute with directed joins.

5.H (Scarcity of preredicals in Set,) Prove that in the categorj Set,
of pointed sets (see Example(3) of 5.6), there are only two non-isomorphic M-
preradicals and only two non-isomorphic £-prereflections.
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5.1 (Hereditariness of minimal closure operators) Recall that a lattice is
modular if the modular law

a>c=>aA(bVe)=(aAb)Ve

holds. Assuming that M/X is modular for al X € X , prove that C, is
hereditary if and only if r is hereditary, for every r € PRAD(X, M) .

53 (Wielandt’s radical, cf. Robinson [1976]) A subgroup S of a group
G is called subnormal if there exists a finite chain

S=N <N, <---<Npa=G

such that each N; isnormalin Ny, k=1,2,...,n — 1. Wielandt’s subgroup
is defined by
w(G) := n{Ng(S) : S < G subnormal} ,

with Ng(S) denoting the normalizer of S in G. Show that w is a radical of
the category Grp (and its monomorphisms). Investigate the induced minimal and
maximal closure operators and their properties.

5K (Jdempotent M-preradicals and M-coreflective subcategories)  Show that

the coreflector of a full M-coreflective subcategory defines an idempotent M-
preradical of the category X (with M a class of monomorphisms of X’). Prove
that this way one obtains a categorical equivalence of PRAD(X, M) and the par-
tially ordered conglomerate of all full and replete M-coreflective subcategories of
X.

5.L (Comparing initial topologies and initial closure operators) Let the
functor F:X — Y be given by a Set-map ¢ : A — B as in Example 5.7.

(a) For a topology on B , consider its closure operator D of Y (as defined in
5.7) and the closure operator C of X given by the initial (=weak) topology
on A wrt. ¢ . Show that, in general, one has C < D(r) .

(b) Establish an analogous result regarding final structures.

5.M (Uniqueness of U-initial liftings, isomorphisms)  Showfor U : X — S
faithful: '

(a) An X-morphism f is an isomorphism if and only if f is U-initialand U f
is an isomorphism in S.

(b) Show that U-initial liftings of a morphism S — UY in S with Y € X
are “unique up to isomorphisms in the U-fibre of S”; they are uniquely
determined if U is amnestic, i.e. any isomorphism ¢ in X with Ui an
identity morphism in S must an identity morphism in X.
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5.N (Products in CS, non-preservation of products by C)

(a) Prove that direct products in the category CS are formed as follows: for closure

spaces (S;,k:) , provide the set S = HS,- with a CS-structure by putting
i€l

ks(M) = [[ ki(p:i(M))

iel
forall M CS (p; is the i-th projection).

(b) Show that PrTop is a full coreflective subcategory of CS, but that direct
products are not preserved by the embedding. Hint: For the coreflector, find
the “additive core” of a CS-structure.

(c)  For afaithful monofibration U : & — Set and a grounded, productive closure
operator Con X , C:X — CS may not preserve products.

5.0 (The non-hereditariness syndrom)  Use Example(1) of 4.4 to illustrate
that the functor @ : Top — CS induced by the #-closure of Top does not preserve
subspace embeddings. Hint: 6(F U {0}) — 8(X) is not an embedding in CS.

5.P {Topological functors) Let U :X — S be a faithful functor. A source
(= family of morphisms with common domain) o = (f; : X — Y)ies in X

is called U-initial if, for every Z € X , an S-morphisms ¢ : UZ — UX is
an X-morphism whenever each Uf; -9y : UZ — UY is an X-morphism. ¢

is a (U-)lifting of a source 7 = (p; : § — UY;)ier in X (more precisely: of
a U-source (Y;, ¢i-S — UY;)ier )if Ufi = ¢;i forall i € I . The indexing
system is allowed to be a proper class, or it may be empty, in which case ¢ and
7 have to be identified with the objects X and S, respectively. In case I is
a singleton set, ( U-initial) sources are just ( U-initial) morphisms. Trading U

for U : X°° — S one obtains the notion dual to { U-initial) source, namely
(U-final) sink. U is called a cofibration if U is a fibration (see 5.8).

{a) Prove that the following statements are logically equivalent:
(i) every U-sourcein S has a U-initial lifting in X,

(ii) every U-sink in S has a U-final lifting in X,

(iii) U is both a fibration and a cofibration, and for every object S in §,
the fibre U~!S has the. structure of a large-complete lattice (i.e., when
preordered by X < X’ iff 1s can be lifted to an X-morphism X —
X' , then class-indexed infima and suprema exist in U~1S ).

U is called topological (also: X is a topological category over S ), if the
equivalent conditions i.-iii. hold. Note that U is topological if and only if
U is topological.

{b) Show that the U-initial lifting of a limit cone in S is a limit cone in X. For
U topological, conclude that if S has all (co)limits of a fixed diagram type,
then also X has all (co)limits of that type, and U preserves them.
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(c) Prove that a topological functor has both a left and a right adjoint (given by
“discrete” and “indiscrete structures”).

(d) Prove that the following categories are topological over Set : Top, PrTop,
FC, SGph, PrSet, CS, Unif (cf. Exercises 3.A, 3.C).

(e) Prove that the forgetful functor TopGrp — Grp is topological.

5.Q (Idempotent hull of &)  Prove that the idempotent hull of the sequen-
tial closure operator in Top may be obtained as described in Example 5.10 (2). (See
alsp Exercise 4.F (c).)

5.R (Multiplicative structure for closure operators of Top) According to
Theorem 5.10, idempotent, grounded and additive closure operators of Top corre-
spond bijectively to endofunctors of Top that commute with the underlying Set-
functor. For such closure operators define a product COD that corresponds to the
composition of endofunctors. Show that this product is associative, and that the Ku-
ratowski closure operator is neutral wr.t. O . Is COD hereditaryif C and D
are?

5.8 (Lifting of K* to TopGrp)  According to Theorem 5.9, the closure
operator K* of Top of Example 4.2(3) can be lifted to TopGrp.

(a) Show that K and K* induce the same preradical #(K) of TopGrp, and
that K* is the minimal closure operator belonging to #(K) .

(b) With v the normal closure in TopGrp, show

Crity = K* <vVK*=vK*=K*v < C*¥)

5.T (More on v in TopGrp)  Prove that there is no finitely productive
closure operator C of Top such that Cy = (term.inology of 5.9). Hint:
Assume that C exists and consider a subgroup H of S, asin Example 5.9 (4)
Then C <@ by Theorem 4.7, and H is both v-dense and v-closed in S, . -

5.U (The largest proper closure operator of Unif)  Prove Proposition 5.11.

5V . (Modified modifications)  Let (T,n) and (S,€) be pointed and co-
pointed endofunctors of X, respectively. For a closure operator C € CL(X, M)
as in 2.1, show that the formulas

(r&)x(m) = nx'(czx(Tm)) and  Séx(m)=mVex(csx(Sm))

define closure operators C and C | respectively (cf. Remark 5.7). Furthermore,
prove:

(1) ¢c<rC<rCand 5C<SC<C.
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@ rC=rCif nx €& forall XeX .

5.W (Recap of adjoint functors)  Prove Proposition 5.13.

5.X (Instial closure operator w.r.t. U :TopGrp — Top ) . Prove that the
following statements are equivalent for every closure operator C' of Top w.r.t. the
class of embeddings:
(i) U is (*C,C)-continuous (cf. Example 5.13(2)),
(@) U is (°C,C)-preserving,
(iii) for every subgroup N of a topological group A, cya(UN) is a subgroup
of A.

Conclude that for C finitely productive, *C is the initial closure operator Cw) -

5Y (Idempotent hull and additive core of modified closure operators)  Let
A be an &-reflective subcategory of X with reflector R. Prove the formulas

(rRC)™ = r(C*) and (rC)* = r(CY)

for any closure operator C of & in case X = Top and X = Modg. Find conditions
on the subobject lattices M /X under which these formulas remain valid for arbitrary
X. Hint: Consult Exercise 3.M and Section 4.8.

5.2 (Approach spaces; cf. Lowen [1993]) An approach space is a set X
provided with a family {t,,x }ce[o,4.00) Of extensive maps t, x : 2X — 2X (where 2%
is the power set of X), such that:

t:,X(O) =0;

t.x(AUB) =1, x(A) Ut x(B) for all A,B C X;

te, x (t4,x(A)) < tegq,x(A) for every v € [0,+00); and

4.t x(A)={ty,x(4) :v>¢c} forevery AC X.

Eadil S o

A morphism between two approach spaces (X, {t.,x}) and (Y, {t.,v}) is a set-map
f:X =Y such that f(t;,x(A)) C te,y (f(A)) for each subset A of X and for each
€ € [0,400). Denote by AS the category of approach spaces and by M the class of
all embeddings in AS. Show:

(a) ASisan M-complete category;

(b) taking for each ¢ € [0,+00) Ti = (f,,x)xecas one obtains a grounded and
additive closure operator of AS;

() T.Ty < T.4; in particular T, < T, when € < 7;
(d) the forgetful functor U : AS — Set is {T: }c¢(o,+c0)-structured;
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(e) there is a functor O : Met — AS such that with the forgetful functor V :
Met — Set one has V = UoO. Hint: For a metric space (X, d) define O(X, d)
to be the approach space (X, {t. x}) with f, x(4) := {z € X : dist(z, 4) < ¢}
for each € € {0, +00).

Notes

A comprehensive study of pointed endofunctors and their applications was given by
Kelly [1980]. Prereflections were introduced by Borger [1981] and studied by Tholen
[1987) and by Rosicky and Tholen [1988). The functorial definition of closure op-
erator appears already in the paper by Dikranjan and Giuli [1987a], with the case
of no mono-assumption and the connection with generalized factorization systems
being presented by Dikranjan, Giuli and Tholen [1989]. The functorial views of fac-
torization systems can be traced back (at least) to Linton [1969]) and culminates in
their presentation as Eilenberg-Moore algebras (see Korostenski and Tholen [1993]).
While maximal closure operators defined by preradicals of modules have been present
at least implicitly in the literature on torsion theories for some time, they appeared
in the formal setting of closure operators not before Dikranjan and Giuli [1987a),
and their study in the context of arbitrary categories is certainly new. Likewise,
the concept of continuity of functors between categories equipped with closure op-
erators, and the notion of mixed continuity of morphisms with respect to two given
closure operators were developed in the course of writing this book, in order to in-
terpret abstractly the various constructions for transporting closure operators along
functors. Of these, only the special, but fundamental case of a modification along
a reflexion appears in the literature (see the Notes of Chapter 6). External closure
operators were studied by Castellini [1986a). The characterization of density classes
with respect to a closure operator was given and communicated to the authors by
Tonolo in 1992 and is due to appear in Tonolo [1995].



6 Regular Closure Operators

Regular closure operators provide the key instrument for attacking the epimor-
phism problem in a subcategory A of the given (and, in general, better behaved)
category X. Depending on A, one defines the .A-regular closure operator of X in
such a way that its dense morphisms in A4 are exactly the epimorphisms of A. Now
everything depends on being able to “compute” the .A-regular closure effectively.
The strong modification of a closure operator as introduced in 6.6 turns out to play
a major role in this, as we shall see in the following two chapters. It arises quite nat-
urally after we have provided two powerful criteria for closedness with respect to the
A-regular closure (6.4, 6.5). At least for additive categories this leads to a complete
characterization of regular closure operators as maximal closure operators. The rest
of the chapter is devoted to the (quite particular) case of weakly hereditary closure
operators which, roughly, characterize torsionfree classes in algebraic contexts and
give a general notion of disconnectedness in topological contexts.

6.1  A-epimorphisms and .A-regular monomorphisms

One of the the main goals of this book is to develop techniques that allow for easy
characterizations of the class of .A-epimorphisms in a category X , with A a full
and replete subcategory of X . First we give the most televant definitions.

(1) Amorphism f:X —Y of X isan A-epimorphismifforall u,v:Y — A
with A € A, one has the implication (u:f =v-f = u=v) . The class of
all A-epimorphisms in X is denoted by Epiy(A) .

(2) f is an .A-regular monomorphism if every morphism ¢ : Z — Y with
f 4 g factors through f by a unique morphism Ak :Z — X ; here f 4 g
means that for all u,v : Y — A with A € A, one has the implication
(u-f=v-f=>u-g=v-g). The class of all A-regular monomorphism in
X is denoted by Regy(A) .

x L. vy === 4

v .
lh/ (6.1)
z

REMARKS

(1) Incase A= X, an A-epimorphism ( .A-regular monomorphism) of X
is simply an epimorphism (regular monomorphism, respectively) of X . We write
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Epi(X) = Epiy(X) , Reg(X) = Regy(X) . For full subcategories AC BC X,
one has the inclusions

Epi(X) C Epiy(B) C Epiy(A) and Regy(A) C Regx(B) C Reg(X).

In particular, every epimorphism of X is .4-epic, and every .A-regular monomor-
phism is a regular monomorphism of X .

(2) An A-epimorphism is orthogonal to every .A-regular monomorphism (cf. The-
orem 1.8). In particular, every regular monomorphism of X is a strong monomor-
phism of X (see Exercise 1.E), but not conversely (see Exercise 6.C).

(3) A morphism f isan A-epimorphismof X iff f 4. Consequently, f is
both an A-epimorphism and an .A-regular monomorphismiff f is an isomorphism
of X.

PROPOSITION For any diagram type D , the class Regy(A) is closed under
D-limits in X , and the class Epiy(A) "is closed under D-colimits in X .

Proof Let p :H — K be a natural transformation with H,K : D — X
and pq € Regy(A) forall d€D ,suchthat m:limH — limK existsin & .
Indeed, for every ¢g:Z — limK with m 4 g one has g4 4 Kg-g forall d

(with k4 the limit projection) and therefore a unique factorization a4: 2 — Hy
which must be natural in d . This then gives the unique morphism a:Z — limH

with m-a=g . Hence m € Regy(A) follows.
Closedness of Epiy(A) under colimits is even easier to establish. o

The following lemma is useful when testing .4-regularity:

LEMMA Let the morphism m: M — X of X have a cokernelpairin X (so
that the pushout diagram

M—T X
m j (6.2)
X—=1 LK

ezists in X ), and let K = X +p X admit an A-reflezion (so that there is a
morphism pg : K - RK with RK € A and the usual universal property; see
2.8). Then the following statements are equivalent:

(i) m is an A-regular monomorphism,

(ii) m is the equalizer of px -i and px-j ,
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(iii) m s the equalizer of some pair u,v: X — A with AcA.

Proof (i) = (ii) One uses the universal property of K and of RK toshow

thatany ¢:Z — X with pg-i-g = pg-j-g must satisfy m 4 g and therefore
factors through m by hypothesis. (ii) = (iii)) = (i) is trivial. o

Wecall m: M — X in X an A-section if X € A and there is a morphism
t: X =+ M with t-m =13 . Then m is the equalizer of m-t and 1x and
therefore an A-regular monomorphism. (Note that the implication (iii) = (i) of
the Lemma does not require any of its hypotheses.)

THEOREM Let X have (€, M)-factorizations (see 1.8). Then the statements
(i) £€CEpix(4),
(i) Regx(A) S M

are equivalent if X has equalizers of pairs of morphisms with codomain in A , or
if direct products of type Ax A with A€ A ezistin X . In the latler case, (i)
and (ii) are equivalent to (iii), and also to (iv) and (v) if the products Ax A belong
to A:

(iil) the “diagonal” 64:A— Ax A belongsto M for every A€ A,
(iv) every A-section belongs to M ,

(v) for all morphisms f:X — A and g: A=Y ‘with AeA, g-feM
implies feM .

Proof The implications (i) = (ii) = (iv) and (i) = (v) = (iv) hold without
the assumptions on limits in X . For (i) = (ii) one forms the (£, M)-factorization
m-e = f of an A-regular monomorphism f and has f 4 m since e is A-epic.
Then m factorsas m = f-t, and it is easy to see that ¢ is inverse to e (even
without assuming M to be a class of monomorphisms, just using the orthogonality
relation e L m). Hence f = m € M . The implication (ii) = (iv) is trivial. For
(iv) = (v) one (£, M)-factors f as f=m-e and uses the (£, M)-diagonalization
property to obtain from e L g-f a morphism ¢t with t-e = 1. Since e is
A-epic, from m-e = f-t-e one concludes m = f-t = m-e-t . Another application
of the (£, M)-diagonalization property gives e-t =1 since e L m . Consequently,
e is iso and therefore f € M . For (v) = (iv) one uses the fact that A contains
all isomorphisms, so that t-m =1€ M (with m the given A-section) implies
meM .

If X has equalizers as stated, then one shows (ii) = (i) by factoring every
e: X — Y in £ through the equalizer m of any given pair of morphisms
u,v:Y - A with A€A4 and u-e=v-e,as e=m-s. Now e L m forces
m iso, hence u=v .

If X has products as stated, then (ii) = (iii) holds since §, is the equalizer of
the projections p1,pz : AxA — A . For (iii) = (i), one again considers e¢: X =Y
in £ and u,v:Y - A with A€ A and u-e=v-e. Then < u,v > -e=
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64 -u-e,sothat e L §4 yields a morphism d:Y — A with 64 -d=<u,v>
and therefore u=p; -84 -d=p2-64-d=v.

Finally, if the products A x A belong to A for every A € A, then 64 is
an A-section and the implication (iv) = (iii) follows trivially. n]

CoRrROLLARY  Let X have equalizers (or finite products) and (€, M)-factorizations
with M =Regy(A) . Then £ = Epiy(A) .

Proof If one (£, M)-factors an .A-epimorphism, then the M-part is A-epic as
well, hence an isomorphism when the M-part is A-regular. Hence Epiy(A) C € ,
and the reverse inclusion follows from the Theorem. (]

EXAMPLES (Only for A = X , others follow in subsequent sections.)

(1) In the category Modg of R-modules, every submodule is a kernel. Hence
Reg(Modp) is exactly the class of monomorphisms and Epi(Modpg) is the class
of surjective homomorphisms.

(2) Schreier’s {1927] Amalgamation Theorem shows that when forming the free
product Gy G with amalgamated subgroup U ,then U is the equalizer of the
two injections i,j: G — G *y G (as in the Lemma). Hence Reg(Grp) is again
the class of all monomorphisms. An analogous result holds when Grp is traded for
the category CompGrp of all compact (Hausdorff) groups : see Poguntke [1973].
As a consequence, epimorphisms are surjective in both categories. For a direct proof
of the latter result in the case of groups, see Exercise 6.B.

(3) Let us consider the class M of all (subspace-) embeddings in each of the
categories Top, Topy, Top,, and Haus : in Top and Top, it coincides with
the class of all regular monomorphisms, but in Top, and Haus it does not. For
the positive result in Top, one simply shows that the amalgamated sum X+ X
formed in Top belongs to Top, if X does. For the negative result in Top, ,
Baron [1968] gave an example of a proper epimorphic embedding in the category
Top, . These categories will be considered in greater detail in 6.5 below.

6.2 A-epi closure and A-regular closure

We return to the standard setting of 2.1 and consider an M-complete category &

such that M is closed under composition. We say that M-unions are epic if for
m =\, mi in M/X , the sink (j; : M; = M);er with m . j = m; for all
i€ isepic,sothat u-j;=v.j forall i€ (with v,v : M —Y in X)
implies ¥ = v . Similarly to (i) = (i) of Theorem 6.1 one proves:

LEMMA If X has equalizers and if M contains all regular monomorphisms,
then M-unions are epic in X .
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Proof If u-j;=v-j holdsforall i€, thenevery j; factors through the
equalizer & of u,v ,hence m; <k-m<m in M/X forall i€ . This forces
k to be an isomorphism. 0

THEOREM Assume Reg(X) C M . Then for every full subcategory A of X ,

(1) there is a uniquely determined idempotent closure operator reg of X w.r.it
M such that Regy(A) is the class of reg#-closed M-subobjects; furthermore,
Epiy(A) is the class of reg”-dense morphisms, provided X has equalizers. Under
this provision

(2) there is a uniguely determined weakly hereditary closure operator epi* of X
w.ril. M such that Epiy(A) is the class of epi*-dense morphisms. The epi*-
closed M-subobjects are ezactly the A-extremal monomorphisms in M | i. e., the
morphisms m € M such that m=k-d with k€ M and an A-epimorphism
d 1is possible only for d an isomorphism.

®) epi? is idempotent and weakly hereditary, in fact the weakly hereditary core
of reg” .

Proof (1) Existence and uniqueness of reg” follow from Propositions 5.4 and
6.1, in conjunction with Theorem 1.7. Explicitly, for m € M/X , one has

regh(m) = A\{k € Regy (A)/X : k> m}). (+)

If um=v-m holdsfor u,v: X - A with A€ A ,then m factors through
the equalizer k of u and v (if it exists); hence reg§(m) factors through & ,
and u-reg§(m) = v-regf(m) follows. Consequently, if m is reg#-dense (so that
regh(m) is iso), then m is A-epic. Conversely, if m is A-epic, also regs(m)
is A-epic and therefore an isomorphism.

(2) We apply Theorem* of 5.4 to the class D = Epiy(A)NM . Indeed, D is
right cancellable w.r.t. M and satisfies also conditions (b) and (c) of that Theorem
since, according to the Lemma, M-unions are epic in A . Explicitly, in order to
check (c) stability of D under M-unions, consider n < m; in M/X with
i €I # 0 such that each j; with m;.j; = n belongs to D, and for j with
mj=n and m =\, n assume uj=vj for u,v with codomainin A .
Since each j; is .A-epic one has u.k; = v.k; , for k; such that m.k; = m; .
Since (k;)ier is epic, u = v follows. When checking that (b) D has the A-v-
preservation property one relies on the same arguments.

Hence Theorem* of 5.4 gives a uniquely determined weakly hereditary closure
operator epi* such that Epiy(A)NM is the class of epi“-dense M-subobjects.
But the latter condition is easily seen to be equivalent to saying that Epiy(A) is the
class of epi“-dense morphisms (see Corollary* of 2.3). Explicitly, for m € M/X
one has
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epig(m) = \/{k € M/X : k-d = m for some d € Epix(A)}. (#%)

If epif(m) is factored as epif(m) =n-e with n € M and e € £, then
m=rn-e-jm with e-jn € Epiy(A). Hence (x+) gives that e must be an
isomorphism. Consequently, every epi*-closed M-subobject is A-extremal. The
converse holds trivially since jp,, € Epiy(A) .

(3) follows from (1) and (2) with Theorem* 5.4 and Corollary 5.4. u}

DEFINITION Under the hypotheses of the Theorem, we call reg and epit
the A-regular and the A-epi closure operator of X |, respectively. Instead of regA-
closed (= A-regular) M-subobjects we often speak of A-closed M-subobjects, and
reg*-dense (= .A-epic) morphisms are often called .A-dense. Any closure operator C
of A is called regularif it is the A-regular closure operator for some full subcategory
Aof X.

COROLLARY Under the hypotheses of the Theorem, the following statements are
equivalent:

(i) regh =epi*,
(i) reg? is weakly hereditary,
(iiil) Regy(A) is closed under composition,

(iv) every A-extremal monomorphism in M is A-closed.
Proof  From the Theorem, in conjunction with Theorem 2.4. u}

REMARKS We continue to operate under the hypotheses of the Theorem.
(1) One has m < epif(m) < regg(m) for all me M/X .

(2) If m:M—X in M has acokernelpair #,5: X — K in & andif K
has an A-reflexion pg (see Lemma 6.1), then the A-regular closure of m can
be computed as

reg# (m) = equalizer(py - i, px * §)-
Indeed, this equalizer is A-regular and factors through every k € Regy(A)/X
with k> m .

(3) We showed in the proof of the Theorem that m 2 reg#i(m) holdsif X has
equalizers. Conversely, for any k € Regy(A)/X with k> m and m Ak , one
necessarily has k = regf(m) .

(4) A -extremal morphisms m in M are characterized by the property that
m = f.d with an A-epimorphism d is possible only if there is a morphism ¢
with m.t=f.
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(5) By Remark 6.1 (1), reg® <regt if ACB.

(6) The trivial operator is regular: T = reg® (since Regx(ﬁ) = Iso(X)). The
discrete operator S is regular if and only if M = Reg(X); in this case, S &
reg® . Every non-idempotent closure operator is non-regular. But also idempotent
operators may fail to be regular, the most famous example being K in Top, as we
shall see in Example 6.9(3).

When trying to characterize the epimorphisms of the subcategory A of a cat-
egoty & , usually we shall choose M such that morphisms of £ are easily de-
scribed, as the surjective morphisms of X , say. Since the A-epimorphisms of X
which belong to A are precisely the epimorphisms of the category A , in order to
recognize them as morphisms belonging to £ one may just check condition (iv) of
the following proposition. Sufficient conditions for (iv) are given in Section 6.4.

PROPOSITION If X has equalizers with Reg(X) C M , and if A is a full
replete subcategory of X , then for the conditions (i)-(iv) below one has (i) < (ii)
and (i) & (iii) & (iv):

(i) every A-epimorphism ¢'7f X with codomain in A belongs to £,

(i) m=epif(m) forall me M/X, X€EA,

(iii) epif(m) Zregf(m) forall me M/X, X€A,

(iv) every morphism in M with codomain in A is A-closed.

Proof (i) & (iii) < (iv) is trivial (see Remark (1)). For (i) = (ii), since epi*

is weakly hereditary, the morphism M — eplx(M ) is A-epic and therefore in
€N M under hypothesis (i), hence iso. Conversely, in the (&, M)-fa.ctonza.tlon
g=m-e of an A-epimorphism ¢ with codomainin A also m 2 epif(m) is
A-epic, hence iso and therefore ¢€ € . D

EXAMPLES

(1) Let X = AbGrp be the category of abelian groups, with the usual subobject
structure. For a subgroup M < X , the cokernelpair i,5: X — X +3 X may be
constructed as

<lx,p>,<1x,0>: X — X x (X/M),

with p: X — X/M the canonical projection, hence
X4+pmX =X x(X/M).

(This remains true in any additive category, see Exercise 6.0.) For A the subcat-
egory of torsion-free abelian groups, the .A-reflexion of X 1is the projection

X .X—)X/t(X),
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with t(X) the torsion subgroup of X (cf. Example 3.4(1)). With the formula
given in Remark (2) one obtains

regp(M)={z € X :(3n> 1) nz € M},

hence reg” is the mazimal closure operator Ct . Asa hereditary closure operator
it is in particular weakly hereditary, hence reg* = epi“ . Note, for example that
Q<R is A-closed, while Z<Q is A-dense. Hence Z — Q 1is an epimorphism
in the category A . We note furthermore that for every n > 1 also nZ —+Z is
A-dense while 0 <Z is A-closed, so that Z has no proper non-trivial A-closed
subgroup. In general, f: X — Y is an epimorphism of A if and only if for every
y€Y thereis n>1 and z € X such that ny= f(z) .

(2) For aclass A of universal algebras and for C < B € A, Isbell [1966] defined
the dominion of C in B as the subalgebra

{z€C:(Vf,9:B— A€ Ahomom.) flc = gc = f(z) = g(z)}

of B; this is simply the .A-regular closure of C in B. He also considered the weakly
hereditary core (reg*)e of the A-regular closure for universal algebras (using the
oo-subscript notation !), i.e., the closure operator epi?, in order to describe the
epimorphisms of A (cf. 8.9).

(3) For any class A of topological spaces (which contain a space with at least two
points) and any space X, Salbany [1976] considered the coarsest topology on X in
which A-closed sets are closed. The space obtained in this way, when presented as a
pretopological space, is simply (X, (reg#)*). In fact, (reg*)* is the coarsest closure
operator C such that A-closed sets are C-closed (i.e., C < reg*) and C-closed sets
are closed under binary union (i.e., C is additive). (Note that due to the existence
of a non-trivial space in A, reg? is grounded; cf. Example 6.9(1) below.)

6.3 Computing the A-regular closure for reflective A

In an M-complete category X with equalizers, with M closed under composition
and containing all regular monomorphisms, we consider a full and replete reflective
subcategory A . In what follows we shall show that the .A-regular closure operator
of X is completely determined by its behavior on A .

. Hence for every X € X one has a universal map px : X — RX with RX €
A , which gives rise to a pointed endofunctor (R,p) asin Example (1) of 5.1. Asin
5.12, we can then form the R-modification gr(reg?) of the regular closure operator
regA of X ,by

r(reg*)x(m) = p%' (regfhix (px (m)). *)

Furthermore, if A is E-reflective, with & determined by M asin 2.1, so that
A is closed under M-subobjects, then reg” can be restricted to a closure operator
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of A (cf. 2.8). Since R may be considered the left adjoint of the inclusion functor
A «— X, with unit p , we can also form the initial closure operator induced by
reg#l4 and R (cf. 5.7), which may be computed by

(reg*|4)% (m) = pi' (regrix (Rm)). (++)

(see Lemma 5.13).

THEOREM

(1)  The regular closure operator reg? is its own R-modification. It is there-
fore the largest closure operator D of X for which every A-reflezion px is
(D, reg*)-continuous.

(2) If A is E-reflective, then reg? is the initial closure operator induced by
its restriction reg?|a and R . It is therefore the largest closure operator D of
X for which the A-reflector R:X — A is (D,reg*|4)-continuous.

Proof In view of Theorems 5.12 and 5.7, it suffices to show formulas (*) and
(**) with the left-hand sides replaced by regf(m) in each case. For m: M — X

in M, we form the (£, M)-factorization n-e = px -m of px -m, so that
n = px(m) : N — RX , and apply the Diagonalization Lemma 2.4 to obtain the
following commutative diagram:

M € N
regx (M) v regix (N) (6.3)
regz(m) reghix (n)
X 2. RX

We must now show that the lower part of (6.3) forms a pullback diagram. Hence
we consider z,y with px -z = reghy(n) -y . Since regfiy(n) is monic, it
suffices to show that z factors through reg#(m) , and for that we just need to
show reg%(m) 4 7. We therefore consider u,v: X — A with u- regx(m) =
v-regg(m) and A € A. Since u,v factoras v -px =u and v -px = v,
and since e € £ is epic (due to the existence of equalizers, see Theorem 6.1), one
derives u'-n=1v'-n and then u'-reghy(n)=v'-reghy(n) (with Remark (3) of
6.3). This implies

u-z=u px-z=u -reghx(n)-y=v -reghx(n)-y=v -px-z=v-z,
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as desired. This completes the proof of (1).

For (2) one considers an (£, M)-factorization d-n = Rm of Rm:RM — RX .
With e :=d:ppy one obtains again the commutative diagram (6.3) and shows that
its lower part is a pullback diagram as before. o

REMARK We note that E-reflectivity of A was assumed in (2) of the Theorem
only in order to be able to restrict reg? to a closure operator of A . But the
formulas

reg% (m) = px' (reghx (px(m))) = pix' (regix (Rm))

actually hold for every reflective subcategory A .

A particularly useful consequence of formula (¥) , of Proposition 6.1 and of
Exercise 1.K(d) is:
COROLLARY An M-subobject m of X is A-closed if and only if there is
an A-closed M-subobject n of RX with m = p%'(n) . In this case necessarily
n = px(m) , provided that A is E-reflective and & is stable under pullback. O

Of particular interest is the question whether the least subobject ox : Ox — X
of an object X is .A-closed. Formula (*) allows us to reduce this problem to the
case X€EA:

PROPOSITION For an object X € X, ox is A-closed if orx is A-closed
end px'(orx) = ox . Conversely, if ox is A-closed, then px'(orx) & ox ,
and also ogpx is A-closed provided that A is E-reflective and &£ is stable under
pullback. .

Proof  The first assertion follows from Proposition 6.1. If reg$(ox) = ox , then
px(ox) = orx (cf. 1.11) and (*) gives:
p7:(0rx) < px*(reghx (orx)) = px (regx (px (0x))) & regh (ox)  ox,

hence p}l (orx) = ox . Furthermore, if px € £ with £ isstable under pullback,
with Exercise 1.K (d) and (*) one concludes:

regfix (orx) = px (px' (reghx (orx))) = px (reg# (ox)) = px (ox) = orx.

g

Conditions under which ox with X € A is A-closed will be described in 6.5.
The conditions in the above Proposition are not not necessary in general.

EXAMPLE In the category Fld of fields with A the class of all morphisms
(=monomorphisms), £ is the class of all isomorphisms, so that £ is stable un-
der pullback, and the only full replete £-reflective subcategory .4 is the whole
category Fld . However, Fld has many (non- £-)reflective subcategories, each of
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which is necessarily bireflective (cf. Exercise 3.L and 6.H). We claim that for every
reflective subcategory A, ox (=the embedding of the prime field of X into
X )is A-closed. In fact, since Fld has a least reflective subcategory, given by the
subcategory PerFld of perfect fields (cf. Proposition 8.10), it suffices to show that
ox is PerFld-closed (see Remark 6.1(1)). But it turns out that a perfect subfield
is always PerFld-closed (again, by Proposition 8:10), so it is enough to note that
the prime field of X is perfect.

6.4 The magic cube

Let X be M-complete, with M containing all regular monomorphisms and
being closed under composition. We assume X to be finitely complete and finitely
co-complete, and consider a full reflective and replete subcategory A of X . Our
goal is to find sufficient conditions for a given regular monomorphism m: M — X
in X with X € A tobe A-closed. As in Lemma 6.1, we form the cokernelpair
,j: X2 K=X+u4X of m in X ,sothat m isthe equalizer of (i-m,j -m) ;
equivalently, diagram (6.2) is a pullback (since i-a=j-b implies a=¢-i-a=
€-j-b=0b,with €: K — X the common retraction of { and j).

Let now pg : K — RK be the A-reflexion of K and consider the commuta-
tive diagram

M m X lx X
m i PK i (6.4)
X J K —_PK . px

Calling- m strongly A-closed if i is A-closed, we have :

PROPOSITION - m is strongly A-closed if and only if the right square in (6.4)
is a pullback diagram, and then m s A-closed.

Proof  Since the left square in (6.4) is a pullback diagram and since A-closedness
is stable under pullback (see Prop. 6.1), every strongly .A-closed morphism is .A-
closed. Since ¢ factorsas ¢'-px =€ (since X € A), px-i isan .A-section,
so that ¢ must be .A-closed if the right square in {6.4) is a pullback diagram.
Conversely, if ¢ is A-closed, then i is the equalizer of a pair of morphisms u,v:
K — A with A €.A,which factor through px as v.-px=u and v-pgx =v.
Now we can check the pullback property, as follows: from px-.-a = px-i-b one has

v-a=u pg-i-b=u-i-b=v.i-b=v' -px-i-b=v -px-a=v-a,
so that the equa.hzet property gives ¢ with i.c =a , but when applying ¢’ to
Pk -i-c=pk-i-b onegets c=b,hence i-b=a, asdesu'ed

In what follows we describe a different method of identifying the right square of
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(6.4) as a pullback, by forming the following diagram:

X é X xX Ly X
i 1 x (px - 1) PK -1 (6.5)
K w X x RK T2 RK

Here (each) w, is a product projection, and § =<lx,1x> and w =<g,px>
are given by the product property. Note that the right square of (6.5) is always a
pullback diagram. Hence the left square of (6.5) is a pullback diagram if and only if
the whole diagram (6.5) is a pullback diagram, which is exactly the right square of
(6.4). With the Proposition, we have therefore proved

LEMMA m s strongly A-closed if and only if the left square in (6.5) is a
pullback diagram. o

Recall that the cokernelpair #,j : X — K of m can be constructed in two
stages, by first forming the coproduct k,/ : X — X + X in X and then the
coequalizer ¢ : X +X — K of (k-m,l-m) in X . Hence we may assume
t=c-k,j=c-l . Furthermore, let

e ¢:R(X+X)— L be the coequalizer of (p-k-m,p-lI-m) ,with p=px4x
the A-reflexionof X + X ,

e u:K — L the morphism with u-c=g¢:p,

e v=<e",pr>:L — X x RL the induced morphism with pr the A-reflexion
of L and ¢”:L — X the morphism with ¢’ -¢-p-k=¢".¢q-p-1.

Welet a:=1x(px-i) : XXX - XxRK and b:=1x(Ru-pg-i): X xX —
X xRL .

a (6.6)
L X x RL

1 x Ru
X x RK

w

It is a routine exercise to check that the “magic cube” (6.6) commutes. Fur-
thermore, let us note that Ru : RK — RL is an isomorphism. In fact, Rc :
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R(X+ X) — K factorsas z-¢=Rc,and z:L — RK factorsas y-pL ==z .
From Ru-Rc-p=Ru-px-c=pp-u-c=pr-q-p oneobtains Ru-Rc=pL-q

so that, in particular, Ru is A-epic. But Ru is also an .A-section, since
y-Ru-Re=y-p,-q=2z-qg=Rc, with Re A-epic (since the left adjoint
R:X — A preserves epimorphisms). We therefore have that the right face of (6.6)
is a pullback diagram, and so is the top face. Furthermore we note that all vertical
"arrows are sections and therefore belong to M . We are now in a position to prove:

THEOREM  (Magic Cube Theorem) For the statements (i)-(xi) below one has the
following implications:

(i) >(vii) >(viii)
\(ﬁ)
\V \V y
(iv) (x) ix)
07
VV v
(V)< (¥i) > (xi)

In addition, (i) = (ii) holds when A is epireflective.
i KeAd,
(i) LeA and w is monic,
(iii) L€A and u is monic,
(iv) wla)=i and v(B)2u-i,
) pRMox i) i,
(vi) m is strongly A-closed,
(vi) LeEA and v l(u-i) =i,
(viii) v is monic and Pt i) i,
(ix) v is monic and m is an equalizer of (q¢-pK -k, q-px-1),
(x) w is monic,
(xi) m is A-closed.

Proof (ii) = (iii) Since the bottom face of (6.6) commutes, with 1 x Ru iso,
« is a monomorphism if w is one.
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(iil) = (iv) First we show that L € A implies that the back face of (6.6) is a
pullback diagram. Consider z,y with v.-z =b-y . An application of the second
projection of X x RL gives

pL.z=Ru.pK.i.ﬁz.y=pL.u.i.1rz‘y)

with w2 the second projection of X x X |, hence z = u-i-my -y under the
assumption L € A . Furthermore, from b-y=v-z=v-u-i-m.y=>b-6-m2-y
with b monic one has y = 6-my -y, so that w2 -y(= m -y) gives the desired
factorization. Now we have that the concatenation (top& back)=(front& bottom)
of (6.6) is a pullback, so that the front face must be a pullback diagram since u is
monic, by hypothesis.

(iv) = (v) & (vi) = (xi) follow from the Proposition and the Lemma.

(iil) = (vii) We clearly showed that (iii) implies that the front face and therefore
the concatenation (front& right)=(left&back) of (6.6) is a pullback. Since & is
monic, this implies that the left face is a pullback diagram.

(vil) = (viii) Since m2-v=pr (with 72 : X x RL — RL ), py monic implies
v monic. Furthermore, L € A also implies that the back face of (6.6) is a pullback
(as shown above). Hence if the left face is a pullback, also the front face must be
one, and this means py'(pk -i) =i by the Lemma and the Proposition.

(viii) = (ix) We show that if the right face of (6.6) is a pullback then m is an
equalizer of (q-p-k,q-p-1) . In fact, if any z satisfies ¢-p-k-2=¢q-p-1-2z,
since Ru-px-c=pr-q-p ,then

(px-i)-z=pK-c-k-z=(Ru)™ -pr-q-p-k-z2=(Ru)""-pp-q-p-1-2 = p - (c-1-2).

Hence the pullback property shows that we must have ¢-k-.-z=c-[.-z . But since
m is the equalizer of (¢,j) , the equation i-z'= j-z makes z factor through
m , as desired.

(ix) = (xi) Under the assumption (ix), m is the equalizer of (v-g-p-k,v-q-p-l) ,
with the codomain X x RL of v belonging to the reflective subcategory A .
Hence m is A-closed by Lemma 6.1.

(ii) = (x) is trivial, and for (x) => (xi) observe that since m is the equalizer of
(#,7) it is also the equalizer of (w-%,w-j) when w is monic, with the codomain
X xRK of w belongingto A .

(i) => (v) is trivial since px isisoif K € A, and for (i) = (x) note that w
is monic if px is monic, since m;-w=pg (with 7 : X x RK — RK ).

Finally we show (i) = (ii) under the condition that A is epireflective. First
we note that w2 -w = pg shows that w is a section if K € A . But then a]so
u is a section, since v-u= (1 X Ru) w , with 1 x Ru iso. On the other hand,
u is epic since u-c=g-p is epic by hypothe&s Hence u isiso and v must
be a section. But this means that L is a retract of the A-object X x RL and
therefore in A itself. (u]

COROLLARY If A is strongly epireflective in X , then conditions (i), (ii) end
(x) of the Theorem are equivalent and imply all other conditions of the Theorem.
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Proof  We need to show only (x) = (i), assuming that A is strongly epireflective.
But in this case A is closed under monomorphisms, so that w: K — X x RK
monic implies K € A since X XRKeA. (]

REMARKS

(1) Both the Theorem and Corollary can be simplified in case A satisfies the
condition

YeEA = Y+YeA (%)

for all objects Y € X . One then has X + X ¥ R(X + X) ,hence u: K — L

is an isomorphism, and the Magic Cube collapses to its front face, say. Only the
lower triangle in the scheme of implications in the Theorem does matter now, all
other conditions appearing in the Theorem are trivially equivalent to at least one
appearing in that triangle, provided that A is epireflective.

(2) Note that condition (*) follows necessarily from condition (i) of the Theorem,
provided that the least AMf-subobject oy of Y is .A-closed (see Proposition 6.3
and Exercise 6.I).

EXAMPLES

(1) Let X be the category Modpg , with its usual subobject structure. Since
we are in an additive category, we have Y +Y =Y x Y. , so that condition (*) of
Remark (1) is satisfied. Furthermore, one has X +» X = X x (X/M) for every
submodule M < X (see Example 6.2 and Exercise 6.0). Since there is a trivial
equalizer diagram

X/M = X x (X/M)7=t X x (X/M)

one concludes for every (full replete) reflective subcategory A and for every sub-
module M< X eA:
X+uMXeAaX/Me A

Hence the essential implications arising from the Magic Cube Theorem are as follows:
X/M € A= M strongly A-closedin X = M A-closed in X.
Moreover, for A epireflective we have
X/M € A< M strongly A-closed in X.

In fact, if M < X isstrongly A-closed, then X x 0 < X x (X/M) is A-closed
(see the construction of ¢ : X — X 4+ X in Example 6.2), hence its pullback
along <0,1>: X x (X/M) is A-closed, which is 0 < X/M . Proposition 6.3
gives p}} am(0) =0 ,i.e.,, X/M hasan injective and therefore bijective .A-reflexion
Px/m , and this shows X/M €A .

We shall show in 6.7 that in fact .A-closedness implies strong .A-closedness whenever

A s epireflective; in other words : all staiements of the Magic Cube Theorem are
eguivalent, even without assuming X € A .
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(2) Let A = AbGrp be the (strongly) epireflective subcategory of Abelian
groups in & = Grp , with its usual subobject structure. A subgroup M of an
abelian group X is the kernel of the projection X — X/M and therefore A-
closed. Thesum X+X in Grp isthefree product X*X ,and K=X*y X is
the free product with amalgamated subgroup M ; clearly, K is not abelian unless
M = X . Under additive notation, the abelianization R(X * X) is the direct sum
X xX in AbGrp,hence L =X x X/M with M = {(z,-z)|zr € M}, so
that we can take RK = RL = L . It is now easy to see that the right part of
(6.4) fails to be a pullback diagram, unless M = X . Hence,for M #X , M is
A-closed in X but not strongly A-closed. In terms of the conditions of the Magic
Cube Theorem, one has for M # X : none of the equivalent conditions (i), (ii),
(x) holds, and although L € A and the canonical map v:L — A x L is monic,
conditions (iii)-(viii) do not hold either; however, (ix) and (xi) are satisfied.

6.5 Frolik’s Lemma

In this section we provide a simple criterion for .A-closedness under Set-like condi-
tions. These conditions are similar to those used in Section 4.9 where “points” were
simulated by \/-prime subobjects. Here we work with V-prime subobjects instead,
calling p € M/X V-primeif p# ox andif p< mVn implies p<m or
p < n. Wesay that M s generated by ils V-prime elements if the class P of
V-prime elements in M satisfies the following two conditions

(A) f(p)€P/Y forevery f: X —Y and peP/X,
B) m=V{peP/X :p<m} forevery me M/X .

As in 6.4, we assume our M-complete category X (with M containing
all regular monomorphisms and being closed undér composition) to have binary
products and equalizers as well as binary coproducts and coequalizers, and consider
a reflective and replete subcategory A of X .

We keep the notations of the Magic Cube Theorem and prove :

THEOREM (Frolik’s Lemma) Let M be generated by its V-prime elements.
Then for a regular monomorphism m: M — X with X € A to be A-closed it is
necessary that the morphism <e,px>: K — X x RK be a monomorphism. Hence,
in case A is strongly epireflective, all conditions of the Magic Cube Theorem are
equivalent. In particular, m is A-closed if and only if K = X +p X belongs to
A.

Proof  We must show only that when m is A-closed then necessarily w = <
€, pk> is monic. Hence we consider morphisms s,t: Z — K with w.s=w-t,
and since the union 1z = \/P/Z is epic (see condition (B) and Lemma 6.2), it
suffices toshow s.p=1.p forall p€P/Z . Both s-p and t-p can be (£, M)-
factored as s-p=p,-¢, and ¢ -p=p,-e , respectively, with p, = p(s) € P and
pt = p(t) € P (see condition (A)). As injections of the cokernelpair of m , both i

and j are sections and therefore belong to M , and since the regular epimorphism
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¢ belongs to £ (Theorem 6.1, dual), one has 1g = iV j . Now V-primeness of
ps: Ps = K and p;: P, — K yields morphisms z: P, = X and y: P — X

with ps €{i-z,j-z} and p € {i-y,j-y} ,hence p,=g-z and p,=h-y

with g,k € {i,j} . With m : X x RK — X the projection, one obtains

M - W-S-P=E-Py-€=E€-g-T-€,=Z-€

and symmetrically, m) -w-t-p=y-e; ,sothat w-s=w-t implies z-e, =y-e; .
In case g = h , this gives immediately

sS'p=ps-e;=g-z-es=g-y=h-y-ee=p-eg=t-p

Otherwise one has to invoke the fact that the .4-closed morphism m is an equalizer
of (px -i,pK -J) , as follows. Since

PK’g‘z'essz'Pc'e:=“2'w‘3'P=’r2’w't'P=PK'Pt'et=PK'h'y'et
the morphism z-e;, =y-e; factors as z-e, = m-z . Therefore,
s'p=ps-es=g-z-es=g-m-z=h-m-z=h-y-es=p-es=1t-p,

which completes the proof. O

REMARK For every topological category X over Set with its usual subobject
structure, given by the class M of all regular monomorphisms, the hypothesis that
M be generated by its V-prime elements (=actual points) trivially holds. This is
the context (actually for X = Top ) in which Frolik proved the Theorem. In the
examples below we give a number of applications in this context.

EXAMPLES Let X = Top and M = Reg(X) . For a subspace M of aspace
X ,thespace K = X +u X has as its underlying set X x {1,2}/ ~ , with

(z,v)~(y,p) @z=y € M or (z,v) = (y, ).

With the canonical injections ¢ : X — K, z +— ¢(z,1),and j: X — K,
z—¢(z,2) ,asubset U C K isopen iff

iMU)={z€X:c(z,1) €V}, 7' (U)={z € X : ¢(2,2) € U}

areopenin X . Note thatfor V=i~}(U) and W=j3"Y(U), VNAM =WnM
holds. Conversely, for every pair V,W of open subsets of X with VNM =
WnM ,thesubset U =i{(V)Uj(W) of K isopen. For some familiar reflective
subcategories A we check whether K € A whenever X € A :

(1) A= Top, , the category of T)-spaces. In this case we have K € A . Indeed,
the critical pairs of points to be 7)-separated are of the form ¢(z,1) , ¢(z,2) , with
z ¢ M . But in this case W = K\ ¢(z,2) is an open neighbourhood of ¢(z,1)
since i"}(W)=X and j~!(W)=X\{z} areboth openin X . Consequently,
the regular monomorphisms in Top, are eractly the subspace embeddings, and
the epimorphisms in Top, are surjective.
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(2) A = Top, = Haus , the category of Hausdorff spaces. For X = R and
M = Q ,thespace K failsto be Hausdorff since ¢(z,1) and ¢(z,2) with z ¢ Q
cannot be Ty-separated, since any two open neighbourhoods of ¢(z,1) , ¢(z,2)
contain common rational points. However, in general, for M C X (Kuratowski-)
closed, one has K € Haus , and conversely. Consequently, the regular monomor-
phisms in Haus are exactly the (Kuratowski-) closed subspace embeddings, and
the epimorphkisms in Haus are ezactly the (Kuratowski-) dense maps.

3) A = Topg , the category of Ty-spaces. In this case we have K € A if
and only if the subspace M of X is b-closed. Indeed, assume M to be b-closed.
Again the critical pairs of points to be Tp-separated are of the form ¢(z,1) , ¢(z,2),
with z ¢ M . Since M is b-closed, there exists an open neighborhood V of z
such that kx({z}) doesnot meet VNM . Hence the openset W =V \kx({z})
satisfiess VNM =WANM . Thus U =i(V)Uj(W) is an open neighbourhood of
e(z,1) (since i~}(U)=V and j~}(W)=W areboth openin X ) which misses’
¢(z,2) . On the other hand, if K € A, then for £ ¢ M one can find an open
neighbourhood of ¢(z,1) missing c(z,2) . Then U misses also kx({c(z,2)}) .
Hence, from j(kx({z})) C kx({c(z,2)}), V is an open neighbourhood of =z
such that VN MnNkx({z}) =0 . This yields = ¢ bx(M) . Consequently, the
regular monomorphisms in Top, are precisely the b-closed subspace embeddings,
and the epimorphkisms in Top, are precisely the b-dense maps, hence not surjective
in general.

Without assuming that X satisfies the hypothesis of Frolik’s Lemma, we say
that a category X satisfies Frolik’s Lemma if for every A-closed M-subobject
m € M/X with X € A also X 4y X belongs to A, ie., if conditions (i)
and (xi) of the Magic Cube Theorem are equivalent. In this case every .A-closed
me€M/X with X € A isstrongly A-closed. We shall see next that the restriction
to subobjects in A can be avoided and first show the following useful formula:

LEMMA For evéry m:M—X in M, there is a canonical isomorphism
R(X +pm X)=2 RX +Nx RX

with n = reghy(px(m)): N — X .

Proof As usual, let 4,7 : X = K = X 4+p X be the cokernelpair of m in

X ,andlet ¢, : RX - K' = RX 45 RX be the cokernelpair of n in X .

Since n is A-closed, K’ € A by assumptionon A . Hence the unique morphism

s: K — K' with s-i=1¢.px and s-j=j -px factors through px bya
morphism u: RK — K’ . Since px- An by definition of n , and since

Ri-px m=pg-i-m=pg-j-m=Rj-px-m,

one has Ri-n = Rj-n . Now the cokernel property of K’ gives a morphism
v:K'— RK with v-# = Ri and v-j' = Rj . It is easy to check that v is
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inverse to u . a
COROLLARY If X satisfies Frolik’s Lemma and if A is strongly epireflective
in X, then every A-closed M-subobject in X is strongly A-closed.

m}

Proof With the notation of the Lemma, we have a commutative diagram

(6.7)

The Lemma gives that the back face is a pullback diagram since n is .4-closed.
With the A-closedness of m and the definition of n one checks very similarly to
the proof given for Proposition 6.4, that the left face is a pullback diagram. Hence
the concatenation of the front and the right face is a pullback diagram. Using the
common retraction € of i{ and j , one easily checks that the right face must be
a pullback diagram. But since n is strongly .A-closed, so that Ri is .A-closed
(by the Lemma), also its pullback i along px is .A-closed. Hence m is strongly
A-closed. o

We have seen that every topological category over Set satisfies Frolik’s Lemma,
and we shall show the same for Modg in Theorem 6.7. Example 6.4 (2) shows
that Grp does not satisfy Frolik’s Lemma. A useful application of the Lemma is
given in Exercise 6.U. .

6.6 The strong modification of a closure operator

We have seen in the preceding sections that the notion of strong .4-closedness is
a useful tool in order to recognize a given regular monomorphism as being .A-
closed. Here we revisit this theme from a different perspective. Starting with an
arbitrary closure operator C , we modify the C-closure of each subobject “along
its cokernelpair”, similarly to the modification procedure used in Section 5.12. The
closure operator C obtained this way will lead not only to a characterization of
additive regular closure operators in 7.5 but turns out to be useful also for various
examples (see below).

Let X have cokernelpairs and be M-complete, with M C Reg(X) closed
under composition, and let C be a closure operator w.r.t. M .
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DEFINITION

(1) An M-subobject m: M — X in X is called strongly C-closed if (at least
one of) the canonical injections ¢, : X — K = X 4+ X of the cokernelpair of
m are C-closed. (Note that, as sections, i and j belong to M )

(2) C is called strong if every C-closed M-subobject is strongly C-closed.
(3) The strong modification C of C is defined by

éx(m) := j_l(cK ).

PROPOSITION C is a closure operator of X with C < C , and C v C-
defines an endofunctor of CL(X,M) .

Proof Since j-m < i, the C-continuity of j gives j(cx(m)) < ck(j-m) <
cx (i) and therefore cx(m) < j~!(ck(i)) = éx(m) ; in particular, m < éx(m) . If
m; < my € M/X , in self-explaining notation one considers the unique morphism
t: Ky — K, with t.-i; =i, and t-j = j» and obtains

IR

(1 (7 (k1 (21))))
t(ck,(41))
ck,(t(i1))

CK,(iz) )

J2(Ex (m1))

INIA A

hence &x(m1) < jy (ck,(i2)) = Ex(my) . .
For the continuity condition for C , consider f: X — Y in X and my €

M/X , and let my = f(m;) . Again, in self-explanatory notation, one now has a

unique morphism ¢: K; — K, with g-i; =i;-f and g¢-j; = j2-f and obtains

32(f(Ex(m1))) 9(1 (7 ek, (1))

9(ck, (11))

ck,(9(ir))

CK, (i2) ’

hence f(éx(mi1)) < Jz ' (cka(i2)) = & (f(m1)) -
If C<D in CL(X,M), then cx(m) < dx(m) trivially implies cx(m) <

dx(m) .

IN IR

IN A

REMARKS

(1) The definition of &x(m) does not depend on the order in which the injections’
of the cokernelpair of m are used, i. e. ’

éx(m) = i7Y(ck (5)).
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Indeed, with s: K — K the isomorphism such that s-i=j and s-j=1{ one
has cx(§) = ck(s - i) = s(ck (i) , hence i™'(ck () = j~"(ck (i) -

(2) The hypothesis M C Reg(X) guarantees that for every m € M diagram
(6.2) is a pullback. Hence every strongly C-closed M-closed subobject is C-closed.

We now use the hypotheses used in Frolik’s Lemma in order to describe the
C-closed subobjects. First we prove:

LEMMA Under condition (B) of 6.5, a morphism f: X —Y in X with the
property that every y € P/Y factors as y=f-z must belong to £ .

Proof Consider the (£, M)-factorization f = m-e . By hypothesis, the sink
P/Y factors through m . From the defining property of the M-union 1y =
V(P/Y) one obtains a morphism w with m-w=1y ,so that m must be an
isomorphism and f must belong to € . (u]

THEOREM _ Let M be generated by its V-prime elements (see 6.5). Then m €
M/X is C-closed if end only if m is strongly C-closed.

Proof Trivially, strong C-closedness of m implies its C-closedness: éx(m) =
i Y ek (i) = j~'(¢) = m . Conversely, if m = j~!(ck(i)) , we must show that
the morphism k: X — cx(X) with cg(f)-k =1 belongs to £ and is therefore
an isomorphism. For this it suffices to show that every V-prime M-subobject
y of cx(X) factors through X . But since 1lx = iV j, the V-prime M-
subobject cx(i)-y factors through ¢ or j . In the latter case, one has z such
that j-z = cx(f) -y, so that the pullback property of m = j~!(cx(i)) gives an
z with k-m-z =y , while in the former case y trivially factors through k. O

COROLLARY Let M_ be generated by its V-prime elements. Then C is strong
if and only if C and C have isomorphic idempotent hulls. If C is the regular
closure operator of a strongly epireflective subcategory, then C is strong.

Proof According to the Theorem, every C-closed M-subobject is C-closed.
Since C < C, this means that C and C have the same closed M-subobjects;
equivalentlyy, C and C have isomorphic idempotent hulls (see Corollary 5.4).
The regular closure operator of a strongly epireflective subcategory is strong, by
Corollary 6.5. u]

EXAMPLES

(1) Using the explicit description of the adjunction space X +3r X given in Ex-
ample 6.5, one easily verifies that the Kuratowski closure operator coincides with its
strong modification. It is therefore strong. (A more general result is proved in 8.4.)

(2)  The strongly epireflective subcategory AbGrp of Grp provides a regular
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closure operator which is not strong (see Example 6.4(2)). Hence the assumption
that M be generated by its V-prime elements is essential for the validity of the
Theorem and its Corollary. On the other hand, the assumption is by no means a
necessary condition, as we shall see next.

(8)  For every closure operator C of Modgr and every submodule M < X |
one has

M < X is C-closed < r(X/M) =0 M < X is strongly C-closed ,

with r = n(C) the preradical induced by C (cf. 5.5). In fact, these equivalences
follow easily once we have shown: C is the mazimal closure operator C* , and
mazimal closure operators are strong. In fact, if we construct K = X +y X =
X +(X/M) asin 6.2 and 6.4, with canonical injections i =<1,0>, j=<1,p>

and p: X — X/M the projection, then

ek (i(X)) = cx(X x 0) = ex(X) x cxym(0) = X x r(X/M)
since C is finitely productive (cf. Exercise 2.J). Therefore
ex(M) = i1 (X x x(X/M)) = p~} (x(X/M)),

and for M < X to be C*-closed means exactly r(X/M) =0 (cf. Prop. 3.4).
Hence, if M < X is C"-closed, one has

ex(i(X)) = X x 0 =#(X).

(4) We are now able to name a closure operator of Mody that fails to be
strong. Simply consider any preradical r which fails to be a radical. (For instance,
consider soc ; cf. Example 4.3(1).) Then the minimal closure operator C = C;
is not strong: although r(X) is C-closedin X , i(r(X)) fails to be C-closed in
K whenever r(X/r(X))#0.

6.7 Regular closure in pointed and in additive categories

In this section we provide a simple formula for the computation of the .4-regular
closure in an additive category when A is E-reflective. This will then lead us to
a characterization of the idempotent maximal closure operators.

First we consider an arbitrary M-complete category X with M closed under
composition and revisit the adjunctions

C(-y 474 C) : PRAD(X, M) = CL(X, M)

of 5.5, which assign to every preradical r the minimal and maximal closure oper-
ators Cr and C* and to every closure operator C the induced AM-preradical
#n(C) =r , with rx = cx(ox) . Recall that r is an M-radical iff (r:r)=r;
according to Theorem 5.5(2), this means exactly that C* is idempotent. We call
a closure operator C € CL(X, M) radical if #(C) is a radical, that is, if its
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mazimal hull C*(©) is idempotent. By restriction we then have adjunctions
C(-y4A74C) : RAD(X, M) — RCL(X, M) (*)

with RAD(X, M) denoting the conglomerate of M-radicalsin X and RCL(X, M)
the conglomerate of radical closure operators of & .

Let us now move to the setting of 5.6 where X is a pointed category (so that
X has a zero object) with kernels and cokernels; also, £ is assumed to be a class
of epimorphisms. Then we have another adjunction

coker H ker : PREF(X,€) — PRAD(X, M).

We denote by
REF(X,€)

the subconglomerate of idempotent £-prereflections, which we also call £-reflections.
In fact, by Proposition 5.1(3), every E&-reflection (R,p) induces the E-reflective
subcategory Fix(R,p) , and trivially, every (full and replete) &-reflective subcat-
egory of X arises in this way. Hence we can think of REF(X,£) as of the
conglomerate of all £-reflective subcategories of X', but since

(R,p) < (R',p') & Fix(R', p") C Fix (R, p)

we must remember that the preorder of REF(X,£) is opposite to “C”.
For an &-reflective subcategory A = Fix(R,p) of X , we call

r* := ker(R, p)

the A-regular M-preradical of X . We want to show that r# is actually a
radical. For that we first state:

LEMMA An M-preradical r is a radical if and only if

r(X) Zex), +(RX)
rXx TRX (6.8)

X —LX . px

is a pullback diagram for every X € X (with px = coker(rx) ). If € is stable
under pullback, then r(RX) =0 is a necessary condition for r to be a radical; it
is also sufficient whenever r = ker(cokerr) .

Proof The first assertion follows immediately from the definition of radical and
from Theorem 5.6. For the second assertion, if r is a radical, then in the pullback
diagram (6.8) r(px) belongs to £ , hence

rrx = px(rx) = px - "X(lr(x)) = 0(],.(;()) = orx.
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Viceversa, if rrx = ogx and ker(cokerrx) , then
rx = px~'(orx) = px ' (rrx)

(cf. diagram (5.19)). o

PROPOSITION

(1)  For a full and replete E-reflective subcategory A of X , the A-regular M-
preradical t* is a radical. If each A-reflezion px satisfies coker(kerpx) = px ,
then A={X€X:r4(X)=0}.

(2) Foran M-radical v of X cokerr = (R,p) is an E-reflection, provided
& is stable under pullback.

Proof

(1) We write rx = ker(px) and jx = coker(rx) : X — RX . There is
then a unique morphism p: RX — RX with p-px = px , and p factors as
p=t-psx with t: R(RX) — RX . Furthermore, there is s : RX — R(RX) .
with s-px = pgy - px . One easily checks that s and ¢ are inverse to each
other, hence ker(pzy) = ker(p) . Therefore

rx = ker(p- 5x) = (5x) " (ker(p)) = (5x) ™ (ker(px)) = (5x) ™ (rx ).

sothat r=r# isaradical by the Lemma. Furthermore, for every X € A one has
px iso and therefore r* = ker(px) = ox . Conversely, ker(px) = ox implies
coker(ker(px)) = 1x , hence px = 1x under the given hypothesis; consequently,
XeA. .

(2) By the Lemma, for a radical r one has ker(rgx) = ox , hence
prx = coker(rrx) = 1x

is an isomorphism for every X € X .

For £ stable under pullback, the Proposition gives an adjunction

coker - ker : REF(X,€) -+ RAD(X, M) (*+)

The E-reflective subcategories closed under this correspondence are exactly the
subcategories A of the form

A={X e x: r(X) =0}

for some radical r with ker(cokerr) = r , i. e. the torsionfree classes of radicals
closed under the correspondence.
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Getting back to our original goal of describing the regular closure, we consider
the monotone function that assigns to every &-reflective subcategory A its regular
closure operator reg“ and show for additive X that reg(‘) is (up to isomor-
phism) the composite of (*), (**).

REF(%,£)—T8 _ RoL(¥, M)

A %) (6.9)

RAD(X, M)

Since wC(~) = Id , this implies ker & wreg(‘) , and the latter fact remains
true even without the assumption of additivity:

THEOREM Let A be a full and replete E-reflective subcategory of an M-
complete category X with kernels and cokernels. Then the A-regular closure op-
erator reg? induces the A-regular radical rA = w(reg?) , hence reg? < c .
If X is additive, then reg? is isomorphic to the mazimal closure operator of
r4 ; in particular, if the A-reflezion p:1— R satisfies coker(kerp) 2 p , then
m: M — X is A-closed if and only if X/M = Coker(m) € A, and m is
A-dense if and only if R(X/M)=0 .

Proof  In order to verify the first statement, we must show that ker(px) is the
A-regular-closure of ox for every X € X , with px the A-reflexion of X .
As an equalizer of px,0: X — RX , ker(px) is A-closed. Furthermore, every
pair of morphisms u,v: X — A € A factors through px as u=u*.px,v =
v*-px , hence u-ker(px) =0=v-ker(px) . This shows ox % ker(px) , hence
regX (m) = ker(px) (see Exercise 6.A(1)).

Let X be additive. Hence each hom-set has the structure of an abelian group,
with the zero-morphism being its neutral element and with the composition of the
category distributing over addition from either side. According to Theorem 5.6 we
must show

regi (m) = ker(px/u - 4m) = gm ™" (ker(px/m)),

with ¢m = coker(m) : X — X/M := Coker(m) , m: M — X in M . Again as
an equalizer of a pair of morphisms with codomain in A, k:=ker(px/p -qm) is
A-closed, with k > m . It therefore suffices to show m 2 k (again, see Exercise
6.A(1)). Indeed, for v,v: X - A with A€ A and u-m = v-m , one has
d-m=0 for d:=u—v ,hence d factorsas t-gn =d . Butthen t: X/M — A

factors as s-px/m =1 ,hence d-k=s-px/p-gm-k=35-0=0, and this means
u-k=v-k.

Finally, m is A-closed if and only if m is C* g -closed, that is:

m = g2 rx/m), ox/m = gm(m) = gm(am (rx/m)) Z rx/m-
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According to the Proposition, this means X/M € A under the hypothesis coker(ker p)
2 p. The argumentation for .4-denseness is similar.

Since both C(-) and ker have adjoints, also their composite has a left adjoint.
For additive X this means:

cokerr - reg(™) : REF(X,E) — RCL(X, M) (*%%)

If coker-ker = Idrgr(x ¢) , then every E-reflection is closed under this correspon-
dence. Furthermore,

COROLLARY If ker - coker = Idpap(x,am) , then the regular closure operators
induced by the E-reflective subcategories are ezactly the idempotent mazimal closure
operators of the additive category X . [u]

REMARK In an abelian category, every monomorphism is a kernel and every
epimorphism is a cokernel, hence coker - ker & Idpppr(x,e) and ker - coker =
Idrap(x, M) holds true trivially. However, we note that these equalities are also
available in the pointed but non-additive category Grp (cf. Example 5.6(2)). We
note further that we have used additivity for the sole purpose of making sure that
every A-regular monomorphism is A-normal (i. e., the kernel of a morphism with
codomain in A ). Hence the assumption of additivity could be avoided, by working
with A-normal monomorphisms instead of A-regular ones and with the .A-normal
closure instead of the .A-regular one. We prefer not to do so in order not to lose the
immediate contact with the epimorphism problem.

EXAMPLES

(1) The abelian category Modpg satisfies all hypotheses appearing in this sec-
tion. The adjunction (**) gives a bijective correspondence between epireflective
subcategories of Modg and radicals of Modpr , representing every epireflective
subcategory A as the torsionfree class of the .A-regular closure r# . The A-
regular radical reg? is the maximal closure operator given by r4 .

Here is a list of radicals of AbGrp (= Modz ) and their corresponding torsionfree
classes (cf. Examples 3.4 and 4.6).

et (torsion subgroup) : torsion-free abelian groups
e t, (p-torsion subgroup) : p-torsion-free abelian groups

e d (maximal divisible subgroup) : reduced abelian groups

L]

d, (maximal p-divisible subgroup) : abelian groups without p-divisible sub-
groups except 0

e  f (Frattini subgroup) : the subcategory cogenerated by simple cyclic abelian
groups

L]

p (pradical) : abelian groups of exponent p .
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(2) The bijective correspondence between epireflective subcategories (=quasiva-
rieties) and radicals remains true in the pointed category Grp , for the reason
given in the Remark. (Recall that a quasivariety of groups is a full and replete
subcategory of Grp which is closed under subobjects and direct products; it is
a variety if it is also closed under homomorphic images.) The preradical k given
by the commutator subgroup is (according to the Lemma) actually a radical, with
corresponding variety AbGrp . Descending further along the derived series of a
group, the powers k" (n > 1) give the varieties S,Grp of soluble groups of class
n . With the lower central series (instead of the derived series) one produces in a
similar fashion the varieties N,Grp of nilpotent groups of class n . Finally, for
the redical n (forany n>1)

n(G) =<g¢":9€G>

one obtains the Burnside variety B,Grp of groups of exponent n . (Note that
the question of whether the finitely generated objects of B, Grp are finite is known
as the Burnside Problem,; it is still open for small n ,i. e, for 5 < n < 665.)

(8 If X is not additive, then the regular closure operator reg* of an &-
reflective subcategory A may be strictly smaller than the maximal closure operator
of r* . Again, considler ¥ = Grp and let¢ A = X . Then r* = 0, with
corresponding maximal closure operator v (cf. Example 5.6(2)). However, since
every monomorphism in Grp is regular (cf. Example 6.1(2) and Exercise 6.B),
the A-regular closure is the discrete operator S<v .

In general, with an arbitrary epireflective category A of Grp , for the formula
regh = C*" “to hold it is necessary that

v=C®<C" =regh;

equivalently, that every .A-closed subgroup of a group is normal. In fact, an easy
adoption of the proof of the Theorem shows, that this condition is also sufficient. In
particular, if A is contained in the variety AbGrp , so that A-closed subgroups
are necessarily normal (just check that the equalizer of two homomorphisms into an
abelian group is normal in their domain), then the A-regular closure operator is
mazimal. For example, the regular closure operator w.r.t. AbGrp is the maximal
closure operator of the radical k .

6.8 Clementino’s Theorem

In this section we provide necessary and sufficient conditions for the .4-regular
closure operator to be weakly hereditary; equivalently, for .A-closed subobjects to
be closed under composition. Our category X is assumed to be finitely com-
plete and M-complete, with M closed under composition and containing all
regular monomorphisms. Consequently, the class £ such that X has (£, M)-
factorizations is a class of epimorphisms in X , and our crucial additional hypothe-
sis throughout this section is that £ is a surjectivity class in X . This means that
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there is a class P of objectsin X such that for every morphism f: X —Y in
& one has f e £ if and only if the following condition holds :

foreveryy: P—Y in X with Pe P
thereisanz: P— X in X with f-z=y.

In other words, £ contains exactly those morphisms f for which every P &P
is projective with respect to f . It is easy to check that the surjectivity class £ is
necessarily stable under pullback (cf. Exercise 1.L, where the case of a single-object
class P is considered).

The full replete subcategory A of X is assumed to be E-reflective, hence
closed under AM-subobjects. Recall that the A-regular closure of m: M — X in
M may be computed as

regs (m) & px'(reghx (ox(m)), (*)

with px : X — RX denoting the A-reflexion of X (see Theorem 6.3). Conse-
quently, an M-subobject m of X is A-closed if and only if there is an .A-closed
M-subobject n of RX with m = p3'(n) (see Corollary 6.3).

For such m : M — X and n: N — RX the pullback projection M — N
factors through ppr by a unique &-morphism m, since N belongs to A.
Hence we have a pullback diagram

M—PM_, RM mp N
m n (6.10)
X £x RX

We call m, the p-defect of m and note that m, belongs to £ (since
M — N belongs to £ , as a pullback of px ).

A morphism f:X — Y issaid to preserve A-closedness if for every .A-closed
M-subobject m of X also f(m) is A-closed. Corollary 6.3 implies that each
A-reflezion preserves A-closedness. It turns out that preservation of .A-closedness
by m, is a crucial condition for reg# to be weakly hereditary.

PROPOSITION Let the p-defects of A-closed M-subobjects be -monic. Then
reg?® is weakly hereditary in X if and only if its restriction to A is weakly
hereditary and the p-defects of A-closed M-subobjects preserve A-closedness.

Proof First we show that the given conditions are sufficient for reg” to be
weakly hereditary. Hence we must show that Regy(A) is closed under composition
and consider A-closed M-subobjects m: M — X and m': M’ — M . According
to Corollary 6.3, let n : N — RX be .A-closed such that (6.10) is a pullback
diagram, and let k: K — RM be .A-closed such that the left square in
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M’ 2 K N’
m’ k w (6.11)
M oM RM —T . N

is a pullback diagram. In the right square, we let n’ 22 m,(k) , hence d € £ . By
hypothesis, n-n’ is A-closed, hence also px'(n-n’) is A-closed. Now it suffices to
show that the unique morphism j : M’ — L = p3'(N’) with px'(n-n’)-j = m-m’
and p-j=d-e (with p: L — N’ the pullback projection) belongs to £ , in
order to conclude that m.m’ 2 p3'(n-n') is A-closed.

Hence we must show that every P € P is projective with respect to j , and we
consider a morphism y: P -— L . Since d-e € £ , the morphism w =p-y factors
as d-e-z = w . The pullback property of (6.10) gives a morphism v:L — M
with m-v=p%}(n-n') and m,-py-v=n'-p, hence

my-py-v-y=n'-p-y=n'-d-e-x=m,-k-e-z

and therefore ppr-v-y=k-e-z , by hypothesis on m, . The pullback diagram

Q—t—pP
a ez (6.12)
M'—2—tK

can be glued to the left part of (6.11), and from the composite pullback diagram one
ebtains a morphism 4:P — Q with ¢c-b=1 and m'-a-b=v-y. Now

p}l(n.n').]’.a.b=m.m'.a.b:m.v.y:p}l(n.nl).y,

hence j-(a-b) =y, as desired.

Conversely, we must prove that the given conditions are necessary. This is triv-
ially true for the restriction of reg* to A to be weakly hereditary. In order to
show that the defect m, of m € Regy(A)/X preserves A-closedness, we consider
an A-closed subobject k: K — RM andlet m' 2 p3}(k) and n' = m,(k) .
Then m' is A-closed, and in order to show that »n’ is .A-closed, it suffices to
verify that n-n’ A-closed (see Corollary 2.3). But since px(m-m’) = n-n’ , with
m-m’ A-closed by hypothesis, this follows since px preserves .A-closedness, as
remarked before the Proposition. o

Clementino’s Theorem deals with the case that & is the surjectivity class be-
longing to P = {T} , with T the terminal object of A (so that f €& holdsiff
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T is projective with respect to f ). Then the monic condition of the Proposition
turns out to be necessary as well:

THEOREM Suppose that £ is the surjectivily class belonging to the terminal
object. Then the A-regular closure operator of X is weakly hereditary if and only
if ils restriction to A is weakly hereditary and the p-defects of A-closed M.
subobdjects are monic and preserve A-closedness.

Proof We are left with having to show that the p-defects of .A-closed M-
subobjects are monic if reg” is weakly hereditary in X . First we prove two
auxiliary claims.

CLamm 1 For every pullback diagram (6.10) with N =T , m, is an isomor-
phism.

Proof 1  First we observe that any morphism n :T — RX isan .A-section and
therefore an A-closed M-subobject (see the remark before Theorem 6.1), hence
also m is A-closed. Since m, € £, the assumption on £ gives a morphism
k:T — RM with m,-k=1. As before, k is A-closed, and so is its pullback
m' = p;,l(k) , hence m-m’ is A-closed by hypothesis. Since px(m-m')=n,
with Corollary 6.3 one has

m-m' Zregg(m-m') = px'(n) = m,

hence m’ isiso. But then k& must bein £ and therefore be iso as well, and this
finally means that m, must be an isomorphism.

CLAM 2 For m: M — X A-closed, m,-s= m,,-t' with s,t: T — RM
implies s=1 .

Proof 2 According to Claim 1, the p-defect of 1 = p%'(7t) with fi:=n-m,-
s=n-m, -t is an isomorphism. With j: M — M arising from m < m , the
morphism pp-j: M — RM therefore factors through py; ,as a-pr =pm-j .
One now concludes .
s 2 par((par (8)) S pm(f) = o,

12 pr((p3r (1) < P (G) = a,
which implies s = a =1 as claimed, since T is a terminal object.

If we finally consider arbitrary morphisms u,v:U — RM with m,-.u=m,-v,
then the equalizer w: W — U of (u,v) must belong to £ and therefore be an
isomorphism: indeed, for evety z:T — U one has uz = vz according to Claim
2, so that z factors through w . o

REMARKS

(1) The assumption of finite completeness of X , in addition to M-completeness,
is not used to its fullest, neither in the Proposition nor in the Theorem. In the
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Proposition we used it only when forming the pullback (6.11), and even that can
be avoided when the arrow e.z isin M , as is the case when P contains the
terminal object only, i. e., under the hypothesis of the Theorem. In the Theorem,
we use the terminal object and equalizers.

) Note that in Claim 1 of the Proof of the Theorem, we have shown (under the
assumption that £ be the surjectivity class of {T} and that reg* be weakly
hereditary) that for the pullback m = p3'(n) : M — X ofany m:T — RX , the
A-reflexion of M is (isomorphic) to M — T . We say that fibres of A-reflezions
have trivial A-reflezions in this case. Since in the proof of the Theorem we showed
that p-defects are monic based solely on the validity of Claim 1, we finally obtain
Clementino’s Theorem [1993] as originally stated.

COROLLARY Under the assumptions of the Theorem, the A-regular closure
operator of X is weakly hereditary if and only if

(1)  its restriction to A is weakly hereditary,
(2) fibres of A-reflezions have trivial A-reflezions,
(3) p-defects of A-closed subobjects preserve A-closedness.
(m]

The hypotheses of the Theorem are tailored for applications in Topology which
we discuss in the next section. However, the Proposition as well as parts of the proof
of the Thedrem remain valid in algebraic categories, as we shall see next.

EXAMPLES

(1) We have shown in 6.7 that, for X = Modg , one has a bijective correspon-
dence between epireflective subcategories and radicals, given by A +— r* , and that
the A-regular closure is just the maximal closure operator of r# . According to
Theorem 3.4 then, reg* is weakly hereditary if and only if r# is idempotent.
Hence full and replete epireflective subcategories with weakly hereditary regular clo-
sure operator correspond bijectively 1o idempotent radicals. Such radicals are also
called torsion theories, and the corresponding epireflective subcategories are pre-
cisely the torsionfree classes. For example, the radicals t and d are torsion
theories of AbGrp = Modgz , but f is not (see Examples 3.4).

Let us now compare these consequences of 6.7 with the results presented in this
section. First of all, £ = Epi(Mods) is in fact a surjectivity class, since S is
(free and therefore) projective in Mods , and & is simply the surjectivity class
belonging to P = {S} . Hence the general assumption of this section is satisfied,
although the hypothesis of the Theorem is not. However, an adaption of its proof
allows us to show that the following conditions are equivalent for a full and replete
cPirerﬁective subcategory A with A-reflezions px : X — RX and induced radical
r=r4:
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(i)  the regular closure operator reg® is weakly hereditary,
(ii)) r is idempotent,
(iii) R(x(X))=0 for every S-module X ,

(iv)  the restriction px'(N) — N of px isan A-reflezion of p%'(N) for every
submodule N < RX ,

(v) A isclosed under eztensions, that is: forevery M < X ,if M and X/M ¢
A,then XEA.

In fact, we already know that (i) is equivalent to (ii), and (iii) is simply a re-
formulation of (ii). For (iii) < (iv), first note that (iii) means that the p-defect of
r(X ) — X isthemap 0 — 0, while (iv) means that the p-defect of M := p%'(N)

is an isomorphism for every N < RX (not only when N is A-closed !). Hence
(iv) trivially implies (iii) while (iii) = (iv) can be shown analogously to Claim
2 in the proof of the Theorem (although the hypotheses of the Theorem are not,
satisfied here), as follows. In the notation of diagram (6.10), since m, € £ , it
suffices to show that ker(m,) = 0. But this is obvious in the presence of (iii):
since (6.10) is a pullback, we have r(X) < M , and since r(X) — 0 is an A-
reflexion, pale(x) = 0, hence ker(px) = r(X) < ker(py) = r(M) ; therefore,
ker(m, - pp) = ker(px) = ker(par) , which implies ker(m,) = 0 . To prove the
equivalence of (v) with the other conditions is left as Exercise 6.P.

In summary we see that for X = Mods , the Corollary remains valid, but that of
the necessary and sufficient conditions (1)-(3) given, (2) is the same as (iii) above
while (1) and (3) have become redundant. /

(2) Quite surprisingly, conditions (i)-(v) of (1) remain equivalent in case & =
Grp , for any full and replete epireflective subcategory .A . In addition, they imply

(vi) the restriction of reg* to A is discrete.

The proof of (v) = (vi) uses the powerful tool of Kurosh’s Subgroup Theorem; for a
complete proof we must refer the reader to Fay {1995]. The proof that conditions (ii}-
(v) of (1) remain equivalent can proceed as in the module case, as well as implication
(i) = (ii). For (ii) = (i) one argues as follows. Since (ii) implies (iv), so that p-
defects of A-closed subobjects are monic, the Proposition gives (i) since the discrete
(1) restriction of reg* to A is weakly hereditary, and since p-defects of .A-closed
subobjects preserve A-closedness, by (iv).

As in the case of modules, the Corollary remains valid for X = Grp , but with
conditions (1) and (3) having become redundant. However, even for “good” subcat-
egories of A , the A-regular closure operator may fail to be weakly hereditary . For
example, for A4 = AbGrp one has reg# = C¥ (see Example 6.7 (3)). Then every
subgroup of an abelian group is .A-closed, hence the restriction of reg® to A is
discrete and therefore trivially weakly hereditary (more generally, see Exercise 6.Q).
However, since k is not idempotent, reg” is not weakly hereditary in Grp .
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6.9 Regular closure for topological spaces

In this section we wish to apply Clementino’s Theorem to the category Top and
determine which strongly epireflective subcategories A have the property that ev-
ery subobject of an object in A is A-closed, so that then every epimorphism in A
must be surjective. We show that this never happens for A4 C Haus (unless every
space in A has at most one point). Nevertheless, “outside Haus ” this property
is quite frequent (with the prominent exception of A = Topy , see Example 6.5(3)),
and it allows for a perfect characterization in terms of weak hereditariness and of
full additivity of the A-regular closure operator.

First let A4 be any full replete subcategory of Top . If A is non-irivial, that
is,if A contains aspace A with at least two points, then reg# is grounded. (In
fact, any two (constant ) maps X — A must agree on regf(0) since they agree
on 0, which is possible only if regg(8) =0 .) On the other hand, if A does not
contain a two-point space (including the case 4 = 0 ), then its regular closure is
the only non-grounded closure operator of Top , namely the trivial operator T
(cf. Exercise 2.H). Hence, A is non-trivial if and only if its regular closure operator
¢s non-trivial. In what follows we always assume .4 to be non-trivial.

LEMMA For any space X and the conditions below, one has (i) = (i) => ()
= (iv), while all are equivalent if A is strongly epireflective.

i) XeA;

(i) forall ze X , {z} is A-closedin X ;

(iii) the fully additive core of reg* is discrete on X , that is: (reg*)® =sx ;
(iv) (if A is reflective) the A-reflezion of X is monic.

Proof (i) = (ii) For every z € X , {z} is the equalizer of the identity map on
X and the map constant z . (ii) = (iii)) For 0 # M C X , one has

(reg)} (M) = | regg({z}) = M
zeX

(see 4.9), hence (iii) holds since reg* is non-trivial. (iii) = (iv) From Theorem 6.3
one has the formula

regx ({z}) = px' (regfix (px ({21))),
and (iii) implies

regk ({z}) = (reg")3 ({2}) = {=},
which then gives the injectivity of the map px . (iv) = (i) As a monic strong
epimorphism, px is an isomorphism. ) o

PRoPosITION Every subspace embedding in an epireflective subcategory A
of Top is a regular monomorphism of the category A if and only if the A-
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regular closure operator of Top is fully additive. In this case, epimorphisms of the
category A are surjective.

Proof To say that all subobjects of objects in A are regular monomorphisms
of A, hence A-closed, is the same as to say that reg#|4 is discrete. In this case,
formula (*) of 6.3 gives

regx (M) = px' (reghx (px (M) = px' (px (M),

which shows that reg” must be fully additive. Conversely, if reg# = (reg*)® , im-
plication (i) = (iii) of the Lemma gives that reg#|4 is discrete. For the additional
statement see Corollary 6.1. o

We remark that the Lemma and the Proposition remain valid for any topological
category over Set (see Exercise 5.P) such that constant maps are morphisms in
the category. Hence Top may be traded for PrSet, FC, Gph, SGph,
Unif , etc. The following Theorem, however, makes essential use of the specific
structure of Top .

THEOREM The regular closure operalor of a strongly epireflective subcategory A
of Top with A C Top, is weakly hereditary if and only if every subspace em-
bedding in A is A-closed and fibres of A-reflezions have trivial A-reflezions. In
this case the A-regular closure operator is fully additive.

Proof “f” 1If reg?|4 is discrete, then it is trivially weakly hereditary. Fur-
thermore, the p-defects, as maps in A , trivially preserve .A-closedness in this case.
Hence, if fibres of .A-reflexions have trivial A:reflexions, Corollary 6.8 gives weak
hereditariness of reg#

“only if” Let reg” be weakly hereditary. By Corollary 6.8, fibres of A-
reflexions have trivial A-reflexions. We must show that reg is discrete and
consider § # M C X € A. In order to see that M is A-closed in X , by
Frolik’s Lemma we must actually show that X 4 X belongs to A , and for that
it suffices to show that every point in X 43 X is .A-closed, according to the
Lemma.

Indeed, for every z € X , {z} is A-closedin X , hence also its fibre ¢!z
(along the canonical map €: X 4+m X — X )in X +up X is A-closed. But since
A C Top, , the subspace £~ 'z = {c(z,1),c(z,2)} of the Ti-space X +u X is
discrete and therefore belongs to A . (Note that the non-trivial subcategory A
contains a space A with at least two points; hence the 2-point discrete space is
a subspace of A and belongs to A .) By the Lemma, {c(z,1)} is .A-closed in
€'z , hence A-closedin X 4+ X , since A-closedness is transitive when regA
is weakly hereditary.

By the Proposition , the condition that subspace-embeddings be .A-closed may
equivalently be replaced by the condition that reg* be fully additive. (]

COROLLARY For a (non-trivial} strongly epireflective subcategory A of Top ,
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one has A C Haus if and only if every A-closed embedding in A is Kuratowski-
closed. In this case the A-regular closure operator fails to be weakly hereditary.

Proof To say that every A-closed subobject embedding in A is Kuratowski-
closed means equivalently reg?*|4 > K| (which is equivalent to reg® > K ,
by Theorem 6.3; see Exercise 6.G). Under this condition, for every X € A, the
diagonal éx : X — X x X is A-closed (see Theorem 6.1(jii)), hence (Kuratowski-)
closed, so that X must be Hausdorfl. Conversely, A C Haus implies reg* >
regH®% > epit®™* = K on A (see Example 6.5(2)). If we would ask reg* to
be weakly hereditary, by the Theorem then every space X € A would have to be
discrete. But since A contains a space with at least two points and all its infinite
products, this would lead to a contradiction. n|

REMARKS

(1) The assumption A C Top, in the Theorem can be relaxed to .4 # Top, -
In other words, necessity and sufficiency of the given conditions for weak heredi-
tariness of reg* remain valid for every strongly epireflective A , with the only
exception of A4 = Top, (see Example (2) below). In fact, the statement of the
Theorem is trivially true for A = Top (in which case reg* = S ) and also for
A=T ={X:|X| <1} (see Example (1) below). Hence we only need to show:

Every strongly epireflective proper subcategory A of Top different from Top,
is contained in Top, .

Proof If A contains a non-Ty space, then that space has an indiscrete 2-
element subspace I, in A ,and A must be Top (since every space allows for
a continuous injective map to a power of I, ). Hence we can assume that we have
proper inclusions 7 C A C Top, . Since every Tp-space is homeomorphic to a
subspace of a power of the Sierpiniski dyad, we conclude that 2-element spaces in
A must be discrete. But then every space in A must be T) (since T)-separation
can be detected on 2-element subspaces). o

(2) The Corollary remains valid for every (not necessarily strongly) epireflective
subcategory A of Top. In fact, in 7.1 we shall state (the easy fact) that .Aand its
strongly epireflective hull B in Top have the same regular closure. Since Haus is
strongly epireflective, one may therefore just apply the Corollary to B and obtain
it for A as well.

(3) The Corollary indicates a certain scarcity of weakly hereditary regular closure
operators. Nevertheless, it is quite easy to produce for every cardinal number o

a distinct strongly epireflective subcategory H, with Haus C H, C Top, , and
‘with weakly hereditary regular closure operator: see Example (5) below.

EXAMPLES

{1)  As mentioned at the beginning of this section, the trivial closure operator T
18 the regular closure operator of the strongly epireflective subcategory 7 = {X :
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{X| <1} of Top . For any other strongly epireflective subcategory .A we have
reg“‘ <Q (the largest proper closure operator of Top ; see Theorem 4.7). Indeed,
if we had reg? = G (the indiscrete closure operator), since G is fully addltlve
from the Lemma we would have 4 = {X : gx =sx} C T . The operator Q is the
regular closure operator of the least strongly epireflective subcategory which contains
a two-point space (this is the category of spaces with trivial quasi-components), as
well as of the least epireflective subcategory which contains a two-point discrete
space (this is the smaller category 0-Top of zero-dimensional spaces, see Exercise
6.R).

(2) The regular closure operator of Top, in Top is the b-closure. We already
showed in Example 6.5 (3) that its restriction to Top, coincides with b . In light
of Theorem 6.3 it suffices to show the formula

bx (M) = px* (brx (px (M))), ()

in order to conclude the validity of b = reg™Po for the whole category Top For
this recall that the Topgy-reflexion px : X =+ RX = X/ ~ of a space X is given
by the equivalence relation ( z ~ y <> {z} = {§} ) on X . Hence both closed sets
and open sets are ~-saturated. Consequently, the map px is both open and closed.
Assume that z € X \bx(M) . Then there exists an open neighbourhood U of z
such that for the closed set A = {:c} UNnAnNM =0 . By the above-mentioned
properties of px , the set px(U) is an open neighbourhood of y = px(z) , and
px(A) is closed in RX , hence it is the closure of {y} . Moreover, by the ~
saturatedness of U and A we have px(U)Npx(4)Npx(M) =0 . This shows
that y € brx(px(#M)) and consequently the inclusion “2” in (¥). The other
inclusion follows from the continuity property applied to b. .

As a hereditary closure operator, b is in parti(:ula.r weakly hereditary. Also, fibres
of Top,-reflexions have trivial Topy-reflexion, but not every subspace of a Tg-space
is b-closed. Hence the assertion of the Theorem is not valid for A = Topq .

(3) The regular closure operator of Haus in Top coincides with the Kura-
towski closure K on Haus (cf. Example 6.5 (2)). But since K is (weakly)
hereditary, according to the Corollary, the Haus-regular closure cannot coincide with
K on the whole category Top . In fact, K is not regular: if we had K = reg?, we
could assume A to be strongly epireflective, with 4 C Top, (by Remark (1), since
reg™Pe = b and reg™P = S); but then K would have to be fully additive, by the
Theorem.

(4) The regular closure operator of the category Tych of Tychonoff spaces in
Top and the regular closure operator of the category FHaus of functionally Haus-
dorff spaces in Top (spaces in which every pair of distinct points can be separated
by real-valued continuous functions) coincide with the zero operator Z defined by

zx(M) = ﬂ{f"(O) : f: X — [0,1] continuous , f|s = 0}.

To prove regT¥® = Z , it suffices, as in (2), to show that regT¥® coincides
with Z on Tych and the counterpart of (*) for Z and the Tych-reflexion
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px : X — RX . For the first property note that both Z and reg™<® coincide
with K on Tych (see Exercise 6.T for the latter coincidence). A proof for
regF 8% = Z is given in Example 7.5(1).

(5) (Hoffmann’s [1979] categories H, ) For an infinite cardinal « denote by
Xo the (unique up to homeomorphism) space of cardinality « having the co-
finite topology. Then the full subcategory H, of Top consisting of spaces Y
such that every continuous map f: X, — Y is constant, is strongly epireflective
and satisfies Haus C H, C Top, . Moreover, for a« < f, H, is properly
contained in Hg since Xo € Hg but Xo € Ho . Since fibres of H,-reflexions
have trivial H,-reflexion, and since every subspace embedding in H, is H4-closed
(see Exercise 6.T), the Theorem yields that reg’> is weakly hereditary.

6.10 Pointed topological spaces

In this section we show how the results of 6.7 when applied to the pointed category
Top, Yield useful results also for the non-pointed category Top . In particular, we
obtain a characterization of epiprereflections of Top in terms of closure operators.

The category Top, of pointed topological spaces is provided with its natural
embedding-subobject structure M, , hence M. = U~'M , with the forgetful
functor U : Top, — Top , (X,z)+— X , and with M the class of embeddings
in Top . The functor U has a left adjoint F which adds to a space X a new
discrete point; we shall write

I(X,z)|=U(X,z) and X, = FX = (X + {},%).
According‘to Theorem 5.13, this leads to an adjunction
|-{d(-)* :CL(Top,, M.) — CL(Top, M),
which may be described as follows: for C € CL(Top, M) , |C| is defined by

lelx,o)(M, 2) = (ex (M), =), ()
and for D € CL(Top,,M.), D* is defined by .
dy (M) = |dx.(M.)| N X. (*+)
(In the terminology of 5.13, one has |C| = “C and D* = D".) Somewhat
surprisingly, the map | —| not only has a right but also a left adjoint; for D €

CL(Top.,M.) , define D by
dx(M) = | ldx,)(M,z)|.

z€EM

PROPOSITION For C € CL(Top, M) and D € CL(Top,,M.) , the formulas
above define closure operators |C| € CL(Top,,M.) and D*,D € CL(Top, M) ,
respectively, with

ICI< C<ICI* and |D*|< D < |D};
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in fact, |C], C, IC]* coincide on non-empty subspaces.

Proof  The inequalities not involving () follow from Theorem 5.13. To show
that D as defined above is a closure operator of Top is an easy exercise. For
every M C X € Top and C € CL(Top, M) one has

—

lelx (M) = | I(ex(M),2)| € ex(M),
zeEM

with the inclusion being proper only for C = T and M = @ . Furthermore, for
M #0 , one has

ax.j(IMe]) = ex(M) U {+}

(just exploit the continuity condition for f:X + {*} - X with f|x =idx and
f(*) =a , for some a € M ). This gives

lelx (M) = x| (IM.)) 0 X = cx (M),

while the last equality sign must be relaxed to “D” in case M = @ . Similarly
one shows |D*| < D for D € CL(Top,,M.) . Finally, for (M,zo) C (X,z0o) €
Top, one has

[d](x,20)(M. %0) = (dx (M), zo) = U (ldex ) (M, z)}, o),
zeEM

which contains the pointed set d(x :,)(M,zo) since zo € M . u]

In complete analogy to the adjunctions
@ ()A4l-14(-)* :CL(Top,, M.) — CL(Top, M)
we can define adjunctions

() ()4{-}4(~)* : PREF(Top,,E.) — PREF(Top,%),

with £, €. denoting the class of quotient maps (=strong epimorphisms) in the
categories Top, Top, _respectively. For (R,p) € PREF(Top,£) one defines
(IRl lpl) € PREF(Top.,£.) by

1pl(x,20) = Px : (X, 20) — |RI(X, z0) := (RX, px(20)).

For (S,0) € PREF(Top,,£.) , one defines (S*,0*) € PREF(Top,£) as a fam-
ily of quotient maps

ox=ox,lx: X = S*X :=0x.(X) CSX,;

note that S$*X is not required to be a subspace of SX, . Finally, (5,7) is, for
every X € Top , defined by the multiple pushout diagram
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”(J& / (z € X) (6.13)

IS(X, =)l

Hence SX & X/ ~ , with ~ the equivalence relation such that a ~ b for
every pair a,b € X for which "o(x ;)(a) = o(x,)(b) forsome z € X . The proof
of the following Proposition* must be left as an exercise:

PROPOSITION*  For (R,p) € PREF(Top,£) and (S,0) € PREF(Top,,£.)
one has

(IR, 1p]) = (R, p) < (IRI", ") and (ISI*,|0]") < (S,0) < (IS}, ]o]).
Furthermore,

Fix(|R], |pl) = {(X,z0) € Top, : X € Fix(R, p)},

Fix(5,7) = {X € Top : (Vz € X)(X,z) € Fix(S,0)},
and (|R],lp|) is an E.-reflection if (R,p) is an E-reflection.

Consequently, for an £-(pre)reflection (R,p) and A := Fix(R,p), 4| =
{(X,z0) € Top, : X € A} is the subcategory belonging to the £.-(pre)reflection
(IRl, |pl) . For the regular closures belonging to A and |A| one can prove:

LEMMA reg'(‘;kl'zo)(M ,Zo) = (reg% (M), zo) .

Proof Since zo € M , with 1,5: X — X +p X the cokernel pair of M C X
in Top and %, = i(z0) = j(z0) ,

i’j : (X’zO) - (X +um X’EO)

is the cokernel pair of (M,zo) C (X,z0) in Top, . Hence the formula of the
-Lemma follows from the formula given in Remark 6.2(2). a
F
We call a closure operator C € CL(Top, M) pointedly radica! if |C} € CL(Top,,
M.,) is radical and denote by R*CL(Top,M) the conglomerate of all pointedly
_radical closure operators of Top . Now the Lemma gives the following commutative
';_diagram:
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- (-)
(P)REF(Top,,§) —=8 . (R)CL(Top.,M.)
-1 -1 619
(P)REF(Top,Z) — €0 . (R*)CL(Top, M)
As in 6.7 one has that £,-(pre)reflections and radical closure operators of Top,
are related to (pre)radicals of Top, via the adjunctions
(iii)y C-y47-4CC) : (P)\RAD(Top,, M.) — (R)CL(Top,, M.)

(iv) coker - ker : (P)REF(Top,,£.) — (P)RAD(Top,, M.).

(Note that, in general, it is not guaranteed that coker maps aradical to a reflection
since €. is not stable under pullback; see Proposition 6.7(2).) Composing of =
and ker with the functors |—| of (i) and (ii), respectively, leads to functors

]7([ : (R*)CL(TOP)M) i (P)RAD(TOP‘,M‘),
|ker| : (P)REF(Top, &) — (P)RAD(Top,,M.),
which are described explicitly by
[7l(C)(X, z0) = (cx({zo}), 7o),

lker|(R, p)(X, o) = (o™ (p(20)), o).
As in (the non-additive part of) Theorem 6.7 one obtains with the Lemma
|wlreg(™) = |kerl,
for €-reflections, hence

regx ({zo}) = p™*(p(20))

for A Z-reflective and zo € X € Top . This suggests to consider, for every
(R,p) € PREF(Top,£) , the p-saturation operator sat(%*) ¢ CL(Top, M) de-
fined by

st (M) := p~1(p(M)).

THEOREM

(1)  |=| establishes a bijection between fully additive (and weakly hereditary) clo-
sure operators of Top and (zdempotent) preradicals of Top, . Iis inverse assigns
to a preradical r the closure operator C; witk

Ex () = | X, 2)l.

zEM
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(2) lker| embeds PREF(Top,£)/ = reflectively into PRAD(Top,, M,) .
Its reflector coker assigns to a preradical r the prereflection (R,p) , with px :
X = RX = X/ ~; the canonical projection with respect to the equivalence relation

a~p b (3zy,...,2, € X)(a € (X, 21)], b € [r(X, 24)l, and

Ie(X,z:)|Ne(X,ze )| #£B fori=1,...,n—1).

Hence |ker| establishes a bijection belween isomorphism classes of E-prereflections
of Top and those preradicals r of Top, for which {r(X,z):z€ X} givesa
partition for every X € Top .

(3)  For every E-reflection (R,p) and r = |ker|(R,p) ,
sat(®f) = Cr.

If (R,p) is an E-reflection with A = Fix(R,p) non-trivial, then reg* < (C¥)*,
and

sat{®) = (reg?)® = ((C*)*)®.
4) sat{=) establishes a bijection between isomorphisms classes of £-prereflections
and closure operators C € CL(Top, M) which are fully additive, idempotent and
symmetric, so that (y € cx({z}) & z € cx({y})) forall z,y€ X € Top .

|}

PRAD(Top, , M.) CL(Top, M)
()
coker| | lker| (-)®}}incl. (6.15)
PREF(Top,£) sat FACL(Top, M)

Diagram (6.15) illustrates the situation, its inner arrows commute, and the outer
arrows denote the left adjoints.

Proof (1) The adjunctions (i) and (iii) give the adjunction C(.) = ||, and
for all r € PRAD(Top,,M.), C € CL(Top, M) ,and zo € X € Top one has

7I(Ce)(X, 20) = ((&)x({z0}), z0) = x(X, z0),

(@) x({20}) = l(cx ({z0}), zo)l = cx({zo})-

Hence |7|(C;) =r and Cisyc)=C® , which proves the claim.
(2) The adjunctions (ii) and (iv) give the adjunction coker - {ker| . The given

description for (R, p) = coker(r) arises from an explicit construction of the multiple
pushout (6.12) in case (S,0) = coker(r) : the equivalence relation induced by &x



218 Chapter 6

is simply the transitive hull of the union of the equivalence relations induced by the
maps o(x,r) , £ € X . We are left with having to show

coker((ker|(R, p)) & (R, p).

But with r = [ker|(R,p) one has [r(X,zo)| = px'(p(z0)) for all zo € X € Top ,
hence the explicit description of ~r shows immediately that this is exactly the
equivalence relation induced by px , and this proves the claim.

(3) Clearly,

@x() = U kX2 = U r3'(ox(2)) = 5252 (M)
zeEM reM

for all M C X € Top . Furthermore, with gas, = coker(M*): X, — X, /M, ,

()x (M) = lgm. " (e(Xo/M))NX = {z € X : px.ym. (am.(2)) = px./m. (a1 (+)))

is the equalizer of (px,/m. -am.)|x : X — R(X./M.) and a constant map. Hence,
when (R,p) is a reflection with A = Fix(R,p) , then (c*)%(M) is A-closed,
hence reg$ (M) C (c*)% (M) .

If M = {zo} isa singleton set, and if we consider any continuous maps f,g:
X — A€ A with f(z0) = g(zo) = ao , then there are extensions f.,g. : | X.| —
A with f,(*¥) = g.(¥) = ao . Since f. and g, coincide on {*,z¢} = |M.}, they
both factor through g¢as, and then (since A € A) through px,/», . Hence there
are continuous maps f¥#,g¥ : R(X./M,) —» A with

fo=F* px.m. ., 9 =9% px./m. - AM.-

Therefore f and g coincide on (c")%({zo}) which then must coincide with

regf({z0}) = px (px(20)) = satgf"’ )({zo}) . Since obviously sat®? is fully
additive, this shows that sat is the fully additive core of both reg* and (C*)* .

(4) From identities established above we obtain
coker - |x| - incl - sat(™) = coker - [x| - C(_y - [ker| & id.
We are left with having to show
sat(~) . coker - |7|(C) = C

for every fully additive, idempotent and symmetric closure operator C of Top .
But with r=|r|(C) and (R,p) = coker(r) one has

satgf"’)({zo}) = p¥'(px(20)) = {a € X :a~r zo}
for all zo € X € Top . The description of ~, given in (2) shows

a ~r 2o ¢ cx({a}) = cx({z0})



Regular Closure Operators 219

whenever C is idempotent and symmetric. Hence sat(®#) and C coincide on
singletons, hence are equal iff C is fully additive. (u]

COROLLARY A closure operaior C of Top is the fully additive core of the
regular closure of a strongly epireflective subcategory A of Top if and only if
1) C s fully additive, idempotent and symmelric,

(2) for every X € Top , the projection X — X/ ~c with (z ~c y &
ex({z}) = cx({y}) ) preserves C-closedness.

In this case, A contains exactly those spaces in which every point is C-closed. O
Proof If C = (reg*)® for an £-reflective subcategory A of Top ,then C =
sat(R?) according to Theorem (3), which satisfies condition (1). Up to isomorphism
X — X/ ~c coincides with px : X — RX , which preserves sat(®:*)_closedness.

Conversely, for C with (1) and (2), let (R, p) = coker(|x|(C) ), so that px :
X — RX = X/ ~¢ is the projection. Then

A = Fix(R,p) = {X : px is monic} = {X : (Vz € X){z} is C-closed in X}.
Now it suffices to show that (R,p) is a reflection, i.e., that RX € A forall X .

But (2) implies
crx({px (2)}) = px(cx({z})) = px({=})
for all z € X , so that points in RX are C-closed. (]

EXAMPLE The following M,-radicals of Top, give partitions for every space
X and therefore correspond to £ -prereflections of Top (see Theorem (2)):

e ¢(X,z)= connected component of z in X ,
o q(X,z)= quasi-componentof z in X =|x(Q)| (cf. 4.7),
e o(X,z) = arccomponentof z in X ,

Of these prereflections, ¢ and q lead to reflections, but o does not. (Consider
‘the Topologist’s Sine Curve (cf. Example 5.1 (2)).)

Exercises

6.A (Characterizing A-regular closure and A-epimorphisms)

-(a) Under the hypotheses of Theorem 6.2 show that n is (isomorphic to) the A-
regular closure of m € M if and only if n’ > m is A-regularand m 45,

{(b)  Under the hypothesis of Lemma 6.1 show that a morphism m : M — X in
X is A-epicifandonly if px-i=px-j.
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6.B (Surjectivity of epimorphisms in Grp) Show that all monomorphisms
in Grp and in the category Grpy;, of finite groups are regular, and conclude
that the epimorphismsin Grp and Grp,;, are precisely the surjective homomor-
phisms. Hint (cf. Addmek-Herrlich-Strecker [1990], p. 117): Let M be a subgroup
of a (finite) group G. Consider the (finite) permutation group S of the (finite) set
X obtained from the set of all left M-cosets of G by adjoining a single new el-
ement M , and denote by p € S the transposition of the elements M (which
is the coset eM )and M of X . Now the inclusion M — G is the equalizer
of the homomorphisms fi,f2 : G — S defined as follows: f1(9)(¢'M) = g¢'M ,
Hh@@M)=M, fi(ig)=p-fi(9)-p .

6.C (Strong monomorphisms need not be regular)

(a) Prove that if the composite j-i is a regular monomorphism with j monic,
then also ¢ is a regular monomorphism.

(b) Let S be a semigroup with 0 (hence 0-z=z-0=0 forall z€ S ), and
let I be a two-sided ideal of S (hence ISUSI C I). Then the inclusion
I — S is a regular monomorphism in the category SGrp of semigroups. If
S is commutative and the subset B = {0}US\I is a subsemigroup of S
with BBI = {0} then also the inclusion B — S is a regular monomorphism.
Hint: Let the “quotient” S/I have underlying set B and a multiplication
* defined by a+*b=ab if ab€ S\I and a+b=0 otherwise.

(¢) (Cf. Adémek-Herrlich-Strecker [1990], p. 117) Define a multiplication on
S = {0,a,b,c, d,e} such that B = {0,a,b,c} is a subsemigroup with zero-
multiplication, d> = e, de =ad=b, db=bd=c and de=cd=0.
Consider the subsemigroups A = {0,a,b} , D = {0,d,e} and E = {0,b,c} .
Then the inclusions m : A — B and n: B — S are regular monos, while
n-m: A — S is astrong monomorphism, but not regular. Check also the
inclusion maps i : D —+S, i:E—B and j:B—S and j: £E— S
for regularity. Hint: Use the equalities b = de and ¢ = bd to conclude that
for each pair of morphisms f,g: S — S’ in SGrp coinciding on A also
f(c) = g(c) holds.

6.D ( A-epi closure versus A-regular closure)  Find examples such that (1)
epi*® = reg4 is not discrete on X and (2) epi* is discrete but reg# is not.

6.E (Productivity of regular closure operators)  Let A be a reflective sub-
category of a complete and AM-complete category X with cokernelpairs. Then the
A-regular closure operator is productive. Hint: If m; = equalizer(f;,¢;) for every
i€l ,then [];c;m: = equalizer([];c; fi,Tlics 9:) -

6.F (When A-regular monos are iso)  An object T of X is preterminal
if every hom-set X(X,T) has at most one element. Show that for the statements
below, one has (a) = (b) = {(c), while (b) = (a) holds when .4 has an initial
object, and (c) = (a) holds when A has equalizers.
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(2) Every object in 4 is preterminal,
(b) every morphismin A is A-epic.
(c) every A-regular morphism in X is iso.

6.G (Restricting the A-regular closureto A )  Inthe context of 6.3, let A
be E-reflectivein X . Show that the restriction of reg# to A is weakly hereditary
if and only if the class of regular monomorphisms in the category A is closed under
composition. Furthermore, show regA > C whenever reg4|4 > Cla , for any
CeCL(X, M) .

6.H (Bireflective subcategories)  Let A be a full replete reflective subcate-
gory of a category X', such that every reflexion morphism is monic. Show that then
each reflexion is also epic, hence a bimorphism. Prove that every regular monomor-
phism of X is A-closed and every .A-epimorphism is epic in X . Furthermore,
in the context and in the notation of the Magic Cube Theorem, show that each of
u,v,w is a monomorphism. Simplify the Magic Cube Theorem accordingly.

6.1 ( A-closedness of least subobjects) Prove in the context of Frolik’s
Lemma for every object X € X : the least M-subobject ox is .A-closed if
and only if the sum X + X belongsto A .

6.J (Strong modification)  Prove under the hypothesis of Theorem 6.6 that
C <D with D idempotent and strong implies C < D .

6.K (p-defects and preservation of A-closedness)  Prove in the setting of 6.7

that p-defects of .A-closed M-subobjects preserve .A-closedness if and only if for
every A-closed M-subobject n: N — RX , the “restriction” px'(N) — N of
px preserves A-closedness.

6.L (Computing the A-regular closure in Modg ) Show that for every
full subcategory A of Modg the .A-regular closure of M < X € Modg can
be computed as regf(M) = Y{kerf|f : M — A € A R-linear & f(M) = 0} .
" Does a similar formula hold true in Grp ?

6M . (Additivity of regular closure operstors in Modg ) Prove that the
regular closure operator of an epireflective subcategory A of Modg is additive
if and only if the .A-regular radical is cohereditary.

8.N (Epimorphisms in subcategories of R-modules)  Prove that the .A-epi-
closure of an epireflective subcategory A of Modpg is maximal; more precisely,
it is the maximal closure operator of the idempotent core s = (r)® of the A-
regular radical if and only if C®|4 is discrete; that is, if s{(X/M) = 0 for all
M<XeA.



222 Chapter 6

6.0 (Cokernelpairs in additive categories)  Extend the formula
X4m X=X xX/M

from modules to additive categories. More precisely, show that in an additive cate-
gory with cokernelpairs and binary (co)products, the cokernelpair of m : M — X
can be constructed as

M m X
m <1, coker(m)> (6.16)
6.P (Torsion-free classes of R-modules and groups)

(a) Prove that a full and replete epireflective subcategory A of Modg has a
weakly hereditary regular closure operator if and only if A is closed under
extensions (see condition (v) of Example 6.8(1)).

(b) Prove the same statement for the category Grp in lieu of Modg .

6.Q (Regular closure of varieties of abelian groups in Grp )  For a variety
A in Grp with A C AbGrp , prove that the restriction of reg4 to A is
discrete.

6.R ( @ as a regular closure operator) -+ Confirm the claims on the largest
proper closure operator @ of Top (see 4.7) made in Example 6.9 (1). Hint: Let
A denote the category of spaces with trivial quasicomponent. As noted in Example
6.9 (1), reg? < reg®T°P < Q. To prove reg4 > @, note that for M C X € Top
reg” x (M) is the intersection of equalizers of pairs u,v : X — A € A, coinciding
on M (cf. Theorem 6.2 and Lemma 6.1). Since each A € A admits a continuous
injection into a power of the discrete dyad D = {0, 1}, actually only pairs u,v : X —
D suffice. It remains to note that such equalizers are clopen.

6.5 (When regular monomorphisms in A coincide with the closed embeddings)

Show that the regular monomorphisms in an epireflective subcategory A of Top

are exactly the (Kuratowski-) closed subspace embeddings, when A is one of the
following subcategories: Tych , 0-Top (0-dimensional spaces), Reg (regular
spaces), DHaus (totally disconnected Hausdorff spaces), SHaus (strongly Haus-
dorff spaces, i.e., spaces X such that for every infinite subset M C X there is a
sequence {U, : n € N} of pointwise disjoint open sets such that M N U, # @ for
each n €N, cf. A. Hajnal and I. Juhdsz [1969]) . Conclude that in these categories
epimorphisms are dense maps. Hint: As in Corollary 6.9, the .A-closed embeddings
are (Kuratowski-) closed. To prove the converse, apply Frolik’s Lemma.
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6.T (Disconnectedness)  (Cf. Arhangel’skii and Wiegandt [1975])

(a) Let A beastrongly epireflective subcategory of Top with weakly hereditary
regular closure operator. Show that, with C the full subcategory of topological
spaces with trivial A-reflexion, a space X € Top belongs to A if and only
if every map C — X with C € C , is constant.

(b) A disconnectedness of Top is a full subcategory 4 with the property de-
scribed in (a), i.e., for some full subcategory of topological spaces C , a space
X € Top belongs to A if and only if every map C — X ,with C€C,is
constant. Show that every disconnectedness of Top is a strongly epireflective
subcategory of Top with weakly hereditary regular closure operator.

(c) Show that regToP1 is weakly hereditary. Hint: Top, is a disconnectedness
of Top w.r.t. the class C formed by Sierpiniski dyad as its only member.

6.U (Recovering reg” from (reg”)® in Top ) For A strongly epire-
flective in Top , show
(reg*)®F = reg?.

Hint: In the notation of Lemma 6.5, first show (reg?)2(j(X)) = j(X)Vi(reg$ (M)) ,
using the discreteness of (reg4)® on A (see Lemma 6.9).

6.V (Recovering reg” from (reg#)® in Modg )

Hint: Use Exercise 3.M (b) to show (reg#*)® = C, with r the A-regular radical.
Then use Example 6.6 (2) and Theorem 6.7.

6.W (Regular closure for non-abelian torsionfree groups)  (Cf. Fay and Walls
[1994])

(a) Show that the full subcategory A of Grp having as objects all torsionfree
groups, is closed under extension (that is: if N 9 G with N € A,G/N € A,
then G € A). Conclude that reg” is discrete on A.

(b) For a subgroup H of a group G one says that H is isolated if for all z € G
and n > 0, 2" € H yields z € H. Show that the class of isolated subgroup
embeddings is closed under intersection and pullback, so that it determines an
idempotent closure operator I = {ig}gearp; explicitly, for H < G, ig(H) =
(N : H < N < G isolated}. Prove that the preradical x(I) corresponds to
the reflection onto torsionfree groups. Check that x(I) is a hereditary radical.
Then compute reg# for A as in (a).

(c) Let R denote the full subcategory A of Grp having as objects all R-groups,
i.e., groups G such that z” = y® with n > 0 always implies z = y in G.
Show that for H < G € R, regX(H) = ig(H) and conclude that R is not
closed under extension. Give an example of a torsionfree group which is not an
R-group.

Hints: (a) Apply Example 6.8 (2). (b) For H < G € Grp, regd(H) = H -
ig({1}). (c) Show that for H < G € R, the cokernelpair (=amalgamated free
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product) G 5 G belongs to R if H is isolated. Moreover, if z" € H for some
n > 0, then the R-reflexion p : G *y G — R(G *x G) sends i(z) and j(z) to
the same element since i(z)" = j(y)". This proves reg® = I when restricted
to R. Finally, consider Z %,z Z.

Notes

The regular closure and epi-closure have been defined for categories of algebras by
Isbell [1966] and for categories of topological spaces by Salbany [1976] and Cagliari
and Cicchese [1983]. The modification formula 6.3 was given by Dikranjan and
Giuli [1984] in topological contexts and by Dikranjan, Giuli and Tholen [1989)] for
general categories. Frolik communicated a proof of Theorem 6.5 in the context
of subcategories of Top to Dikranjan and Giuli in 1983 (see Dikranjan and Giuli
[1983]). A categorical version (but more restrictive than the one given in 6.5) was
given by Dikranjan, Giuli and Tholen [1989]. Strong modifications were defined
by Dikranjan [1992], and the characterization of weakly hereditary regular closure
operators (see 6.8) was given by Clementino [1992], [1993]. The correspondences of
6.10 concerning pointed topological spaces are new.



7 Subcategories Defined by Closure Operators

A Hausdorff space X is characterized by the property that its diagonal Ay C
X x X is (Kuratowski-) closed. In this way, every closure operator C of a category X
defines the Delta-subcategory A(C) of objects with C-closed diagonal, and subcate-
gories appearing as Delta-subcategories are in any “good” category &’ characterized
as the strongly epireflective ones. What then is the regular closure operator induced
by A(C)? Under quite “topological” conditions on X, we show for additive C that
this closure can be computed as the idempotent hull of the strong modification of C,
at least where it matters: for subobjects in A(C) (see Theorem 7.4). This leads to a
complete characterization of additive regular closure operators in the given context.

Another approach of learning about the epimorphisms of a subcategory A of X
is to embed A into larger subcategories B with potentially better epi-behaviour,
such that epimorphisms of A are still epimorphisms of B. Two such extensions
are discussed in this chapter, the epi-closure E y(4) and the maximal epi-preserving
extension Dy (A). Both are described in terms of closure operators, with epi-closures
being characterized as those Delta-subcategories induced by weakly hereditary clo-
sure operators.

7.1 The Salbany correspondence

Our first goal in this chapter is to solve the problem whether a subcategory can be
recovered from its regular closure operator. As in 6.2, we work with a full subcate-
gory A of an M-complete category X with equalizers such that Reg(X) C M
and M is closed under composition. We recall that the reg#-closed M-subobjects
are then given by the .A-regular monomorphisms, and the reg*-dense morphisms
are exactly the .A-epimorphisms.

We observe first that in order to recover A from reg#, the subcategory A
should be closed under mono-sources. Recall that a source is simply a (possibly
large) family (p; : B — A;i)ier of morphisms in X with common domain B ;
in case I = @, the source is identified with B . The source is monic if for all
z2,y: T — B with p; .z =p;-y forall i €] onehas z =1y . For every full
subcategory A of X,

S(A) := Sx(A) = {B € X : B is the domain of some
mono-source with codomain in A}

is the closure of A under mono-sources in X. We note that, if A is reflective in
X (with A-reflexion p:1— R), then Sx(A) has a simplified description as

Sx(A) = {B € X : pp is monic}.

LEMMA For every full subcategory A of X, A and Sxy(A) give the same
regular closure in X.
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Proof  Since regular closure operators are idempotent, it suffices to show Regy(A)
Regy(S(A)) , and for that it suffices to show that f 4 ¢ holds if and only if
f ) g (see 6.1). But this follows immediately from the definition of S(A) . 0O

Each object A € A satisfies m 4 regg(m) forevery me M/X , X e x

(see Remark 6.2 (3)); here m A k means m {=4>} k as defined in 6.1, that is :
u-m=v-m with u,v:X — A always implies u-k =v-k . Replacing reg4
by an arbitrary closure operator we arrive at the following general definition.

DEFINITION For every closure operator C of X, the Delta-subcategory A(C)
induced by C is the full subcategory of X with object class

{A€X:(Yme Mym B ¢(m)}

Before comparing the subcategories A and A(reg?) in detail, we must justify
the notation A(C) .

PROPOSITION For every closure operator C of X, A(C) is closed under
mono-sources. If X has finite products, then the object class of A(C) is given by

{AEX:64=<14,14 >:A— Ax A is C-closed}.

Proof  Let (pi: B — A;)ier be a mono-source with all A; € A(C) , assume
u-m=v-m for- meM and u,v: X — B. Then p;-u-m=p; - v-m,
hence p;-u-cx(m)=p;-v-cx(m) since A; € A(C),forall i€ I . This implies
u-cx(m)=v-cx(m) .

For every object A, 6,4 is the equalizer of the projections p;,p2 : A x A — A,
hence 64 € Reg(X) C M . For A € A(C) one therefore has p; - caxa(6a) =
P2-caxa(ba) ,hence caxa(64) < 64 by the equalizer property. Conversely, if 64
is C-closed, u-m=v-m with meé M and u,v:X — A gives a commutative
diagram

M_2T 9

m 6a (7.1)

XSV 4xn

and therefore a morphism t:cx(M)— A with

b4 -1=<u,v>-cx(m),
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by the Diagonalization Lemma 2.4. Hence
v-cx(m)=p1-84-t=t=py-6a-t=v-cx(m). o

EXAMPLES

(1) For any closure operator C of Modg , A(C) contains precisely those R-
modules A in which the trivial submodule 0 is C-closed. In fact, the definition
of A(C) shows immediately c4(0) =0 for A € A(C) (just consider the zero
endomorphism of X and ids for v and v ). On the other hand, there is a
pullback diagram

A—Y¥™ .

6a (7.2)

AxA—9 . 4

for the map d(z,y) = z —y , which shows that C-closedness of 0 in A implies
C-closedness of §4 ,hence A€ A(C) .

Obviously the statement remains true in any additive category with finite products.

(2) A group G is abelian if and only if (the image of) the diagonal ég is
normal in G x G, i.e. closed w.r.t. the normal closure v in Grp . Hence
A(v) = AbGrp . :

(3) A topological space X satisfies the Hausdorff separation axiom if and only
if its diagonal &x is (K-) closedin X x X , hence A(K) = Haus , with K the
Kuratowski closure operator of Top . For the fully additive core K® of K and
for the inverse Kuratowski closure operator K* (cf. Example 4.2 (3)), one easily
shows A(K®) = A(K*) = Top, . Note that nevertheless K and K* are not
comparable by the preorder of closure operators.

(4) For the b-closure of Top one has A(b) = Top, . Recall that b is the
additive core of K A K* (cf. Example 4.8 (1)). Although the additive core of
K® A K* s strictly smaller than b , its Delta-subcategory is also Topg .

(6) A(f) is the category Ury of Urysokn spaces, i.e. the full subcategory of
Top containing those spaces X in which any two distinct points can be separated
by disjoint closed neighbourhoods.

(6) In the category PoSet , the Delta-subcategory induced by each 1,| and
conv is the category of (discrete partially ordered) sets.

The assignment C + A(C) is the counterpart of the assignment A +— reg* ,
in the following sense:
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THEOREM There is an adjunction
A Hregl) : SUB(X)°P — CL(X, M),

called the Salbany correspondence, with SUB(X) denoting the conglomerate of
all full subcategories of X , ordered by inclusion. Hence a subcategory A is the
Delta-subcategory of some closure operator if and only if A = A(reg?), and o
closure operator C is the regular closure operator of some subcategory if and only
if C=regt©) .

Proof  The inclusion A C A(reg#) for every subcategory A follows from the

relation m 4 reg#(m) for al m € M (cf. Remark 6.2 (3)). Furthermore, A

is like reg®) order-preserving. Hence we need to show only C < reg®(©) for
all CeCL(X¥X,M). Butforall k >me M onehas & A=(:€) m by definition

of A(C) , hence ¢(m) < k whenever k is A(C)-closed; consequently, c(m) <
reg2(€)(m) . o
COROLLARY For any families of subcategories and of closure operators, one has
the rules

regU“‘ = /\reg"" and A(\/ Ci)= nA(Cg).

n]

In the next section we shall give sufficient conditions for A to be a Delta-
category and thereby solve the problem of recovering A from its regular closure.

7.2 Two diagonal theorems

Our general hypotheses are as in 7.1. We shall give two sets of conditions leading
to a characterization of Delta-subcategories, one suitable for applications in algebra
and the other applicable also in topology.

We first assume X to be pointed with kernels and cokernels.

PROPOSITION (Pointed Diagonal Theorem) Let A be a full and replete E-
reflective subcategory of X such that each reflezion px satisfies coker(kerpx)
= px. Then A is a Delta-subcategory of X .

Proof  With rp =kerpp :r(B) — B the .A-regular radical of B = A(reg?) ,
according to Proposition 6.7 it suffices to show r(B) = 0 in order to obtain B €
A . From Theorem 6.7 we know that rg is the A-regular closure of op:0 — B .
With tp the zero endomorphism of B (which factors through 0), from B €
A(reg”) and 1p-op =tp-op onederives lg-rp=tp-rp,ie. rp isa zero
morphism, which is possible only if rp = op . o

If X is not pointed, we have to mimic “points” in a different manner. Recall
P
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that a class P of objects of X is generating if the sink
(P, x):= ) 2(P,X)
PeP
is epic for every X € X . If X has finite products, we may consider, for every
PeP and B € X, the canonical morphism ’
kpp =< Rq,,Rq, >: R(P x B) =+ RP x RB

with ¢1,¢2 the projections of P x B . To say that kpp is monic is the same as
to say that the pair (Rgq;, Rgz2) is monic as a source.

THEOREM (Generating Diagonal Theorem) Let the category X with finite prod-
ucls contain a generating class P such that each morphism kpp (P€P , B€

X ) is monic. Then
A(reg”) = S(A)

holds for every full reflective subcategory A of X . In particular, if A is strongly
epireflective, then A is a Delta-subcategory.

Proof  Since A(reg?) is closed under mono-sources, from A C A(reg#) one
actually has S(A) C A(reg") We must now show that for every B € A(reg?)
the A-reflexion pp is monic (cf. Lemma 7.1). Since P is a generating class, it
suffices to verify that pp-z =pp-y with z,y: P— B and P € P implies

= y . To this end we first show &4 A< z,y > P — B x B. In fact, if
u-6p =v-6p with u,v : Bx B — A € A, then we may form the induced
morphlsms Uz, vz : R(P x B)— A with
Uz -ppxp=t-(zx1)and v -ppxB=v-(z x 1)
and first obtain
Rq-ppxp- <1,z >=pp-q1- <1,z >=pp = Rq1 - ppxp- < 1,y >,
Rgs-ppxB-<l,2>=pp-q2<l,z2>=pp-z2=pp-y=Rg2-ppxp < 1,9y >,
hence ppxp- <1,z >= ppxp- < 1,y > under the assumption on P . This gives
u-<zy >'=u.(zx 1) <l,y>=u; -ppxp- < Ly >=
Uy ppxp-<lyz>=u-<z,z2>=u-bp-z=v-6p-z=v- < 2,y >,
with the last identity to be obtained as in the previous steps. This completes the

proof of ép E- 9% z,y > which, by hypothesison B , yields a morphism z: P — B
with 6p -z =< z,y > . When applying the product projections to this identity we
obtain z =z =y, as desired. a

COROLLARY Let A be a full and replete strongly epireflective subcategory of
the category X with finite products. Then A is a Delta-subcategory of X under
each of the following two conditions:
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(a) the A-reflector R: X — X preserves finite products, or

(b) the terminal object of X forms a (single-object) generating class of X .

Proof  First note that strong epireflectivity makes A closed under mono-sources,
hence A = S(A) . Under condition (a), in the Theorem, simply choose P = X .
Under condition (b), note that for the terminal object P of X and for every
object B € X , the product projection ¢z : P X B — B is an isomorphism, hence
(Rq1, Rgz) is trivially monic. a

REMARK The hypothesis of the Theorem and the Corollary that A4 be reflec-
tive can be avoided, provided that every source in X has a (strong epi, mono-
source)-factorization (cf. Exercise 7.A). In this case S(A) is always (strongly epi-)
reflective, so one can apply the Theorem to S(.A) rather than to A itself and
obtains with the Lemma the same result for any full subcategory A of X :

A(reg”) = A(reg®™) = S(S(A)) = S(A).

EXAMPLES

(1) The Proposition (as well as the Theorem) applies to the category Grp of
groups. From Example 6.7 (3) we know that for A = AbGrp , reg? =k , hence
A(C¥) = A . Since v = C®, we also have A(C®) = A (cf. Example 7.1(1)).
Hence the Delta-subcategories of distinct maximal closure operators may coincide.

(2) The Theorem (more precisely: its Corollary) is applicable to the category.
Top and its strongly strongly epireflective subcategories, for instance to Top, ,
Top, , Haus and Ury . Since the regular closure of Top, is b , the Theorem
reproduces the equality A(b) = Top, (cf. Example 7.1(2)).

(3) The following example shows that the hypothesis of the existence of a generat-
ingclass P in X suchthateach kpp ismonic (P €P,B € X),is by nomeans
a necessary condition for A(reg?) = S(A) . Let X be the category (Set x Set)°?
with the subobject structure given by monomorphisms (i.e., pairs of surjective
maps in Set ), and consider the (strongly) epireflective subcategory A of ob-
jects (A4,B) with (A =0 & B = 0) . It is easy to check that the A-regular
closure is discrete on A but trivial outside A , which implies A(reg#) = A . On
the other hand, each generating class P of X must contain an object (P,Q)
with @ not empty and P having at least two elements, but k(pg)(pe) is not
monic inin & . that

PROBLEM Is every full and replete strongly epireflective subcategory of a category
satisfying the general hypotheses of this section a Delta-subcaiegory ?
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7.3 Essentially equivalent closure operators

When trying to characterize the epimorphisms of a strongly epireflective subcategory
A of & , it should be helpful to find an easily described closure operator C of
X whose idempotent hull coincides with reg? on A . The following definition
and theorem describe this situation more precisely. We continue to work under the
hypotheses of 7.1.

DEFINITON Two closure operators are called essentially equivalent if and only
if they define the same Delta-subcategory A = A(C) = A(D) and they are iso-
morphicon A ,ie., Cla=D|4 .

A closure operator C and its idempotent hull ¢ always induce the same Delta-
subcategory (cf. Exercise 7.D), but may fail to be essentially equivalent (see Example
7.1 (4)).

THEOREM Let A be a Delta-subcategory of X , and let C be a closure
operator of X . Then the conditions (i), (ii), (iii) below are equivalent and imply
(iv):

1) reg” and C are essentially equivalent,

(i) A= A(C), and an M-subobject in A is A-regular if and only if it is
C-closed,

(i) A= A(C), and every C-closed M-subobject in .A is A-regular,

(iv) A=A(C), and a morphism in A is A-epic if and only if it is C-dense.
All four conditions are equivalent if reg” is weakly hereditary on A .

Proof (i) = (ii) By hypothesis one has
A= Areg*) = A(C) = A(C).

Furthermore, since C|4 = reg?|4 and ME = M€ (cf. Corollary 5.4), M-
subobjects in A are .A-regular if and only if they are C-closed.

(ii) = (i) is trivial.

(iii) = (i) From A = A(C) one has C < reg®(®) = reg* from Theorem 7.1,
hence A-regular M-subobjects are C-closed. With the hypothesis of (iii), this
means Reg(A) = MC N MorA = M® A MorA , which implies reg*|4 = |4 -
with Proposition 5.4 since both operators are idempotent.

(i) = (iv) is shown as (i) = (ii).

(iv) = (m) If epimorphisms of the category A are C-dense, then every C-closed
M-subobject in A is an extremal monomorphism of A , le epi*-closed (cf.
Theorem 6.2(2)). But under the additional hypothesis, epi*|4 = reg#|a (cf
Corollary 6.2).

EXAMPLE  (Epimorphisms of Ury ) We want to show that the epimorphisms of
Ury are exactly the §-dense maps. From Example 7.1 (4) we have Ury = A(9) ,
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so that according to the Theorem, it suffices to show that every #-closed subset
M C X € Ury is Ury-regular. We prove K = X +p X € Ury and consider
z,y € K . If e(z) = e(y) with the common retraction ¢ of the canonical injections
i,j , then &(z),e(y) can be separated in X by disjoint closed neighbourhoods
U,V , respectively, and e~}(U) = ¢~}(V) are disjoint closed neighbourhoods of
z,y in K , respectively. If e(z) = e(y) , we may assume z = i(a),y = j(a)
and a € M . The #-closedness of M produces an open neighbourhood W of a
in X_with WAM =0. Now (W) is an open nelghbourhood of z in K
with i(W) C i(X \ M) since for every z € X , there is a neighbourhood Z of
j(z) which misses #(W): for z € M one has a neighbourhood N of z with
NﬂM = @, and one can take Z := {(N)Uj(N);for z€ X\ M, on% takes

=ji(X). Slmllarly iw)c ](X \ M) . Hence we have produced disjoint closed
nelghbourhoods of z and y in K .

7.4 Regular hull and essentially strong closure operators

We continue to work under the hypotheses of 7.1 on X. Then Theorem 7.1 tells us
that every closure operator C of X has a regular hull

C™*8 = 1eg(©),

In fact, for every full subcategory A of X with C < reg# one has (by adjunction)
AC A(C), hence reg?(©) < reg” . The gap between C and its regular hull may be
substantial, even for “good” operators C, as the following example shows.

EXAMPLE In the category Grp, the regular imll of the normal closure v (that
is the maximal closure operator C° ), is the maximal closure operator C* . Indeed,
with Example 7.1 (1) and 6.7(3) one has

Ve = regA(") = reg“ = C'k,

with A = AbGrp . Even when we replace v by its idempotent hull »* | these
equalities remain valid, although v*® < C* (as evaluation on the trivial subgroup
shows).

Essentially strong closure operators as defined below are designed in order to
gain further insight in the gap between C and its regular hull. Recall first that
a closure operator C is strong if every C-closed M-subobject m : M — X is
strongly C-closed, i.e., if the canonical injections #,j: X — K = X +p X of its
cokernelpair are C-closed. Obviously, in order to determine the epimorphisms of
A = A(C) , it is sufficient to have this property whenever X € A . Assuming that
X has cokernelpairs, we therefore define:

DEFINITION A closure operator is essentially stroag if every C-closed subobject
m:M — X ,with X € A(C) , is strongly C-closed.
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Clearly, every strong closure operator is essentially strong. Hence, whenever
regular closure operators are strong (in particular, if M is generated by its V-prime
elements, see Frolik’s Lemma 6.5), then they are a fortiori essentially strong.

On the other hand, we have seen that the regular closure operator of A =
AbGrp in Grp is not strong (cf. Example 6.6(1)); however, since reg#|4 is
discrete and A = A(reg#) , reg? is still essentially strong. ~

We are now able to take advantage of the strong modification C of C as con-
structed in 6.6, as follows.

PROPOSITION Let M be generated by its V-prime elements. Then every clo-
sure operator C  of the category X with cokernelpairs such that A(C) is strongly
epireflective in X, satisfies the inequalities

c<C<cCms,
and C and C induce the same Della-subcategory of X.

Proof C < C was shown in Proposition 6.6. For C < C™8 = 1eg®(©) it suffices
to show that every A(C)-closed M-subobject m is C-closed. But by Corollary 6.5,
every A(C)-closed subobject m is even strongly A(C)-closed, i.e., its cokernelpair
lnjections 1,7 are A(C)-closed, hence C-closed (since C < regA(C)) and this means
that m is strongly C-closed, which trivially implies that m is C-closed.

Since A(C) = A(regA(C)) the equality A(C) = A(C) follows trivially. [n]

Recall from Corollary 6.6 that if M is generated by its V-prime elements, then
C is strong if and only if C and C have isomorphic idempotent hulls. Here is an
“essential version” of this fact:

COROLLARY . Under the assumption of the Proposition, a closure operator C' is
essentially strong if and only if C and C have essentially equivalent idempotent
hulls. In particular, if C =2 C then C is essentially strong.

Proof  From the Proposition we obtain (with Exercise 7.D)

" A(G) = A(C) = AG) = AE).

Hence C and C have essentially equivalent idempotent hulls if and only if they
coincide on A(C). But the latter property means equivalently that in A(C), C and
¢ give the same notion of closedness. However, by Theorem 6.6, C-closedness means
strong C-closedness. a

In Theorem 7.3 we described the situation when C*° and C*®8 are essentially
equivalent (consider 4 = A(C) in the Theorem). With the Proposition we see that

a finer approach would be to compare C and C™8. In fact, we shall show below that
for additive C, the latter two closure operators are already essentially equivalent,
under the following hypotheses on X:
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e X is M-complete, with M closed under composition and containing all
regular monomorphisms of X,

e X is finitely M-complete and has cokernelpairs,

e M is generated by its V-prime elements, and each subobject lattice M/X is
distributive.

THEOREM Let C be an additive closure operator of a category X salisfying the hy-
potheses listed above, such that A(C) is strongly epireflective in X. Then:

(1) Cr8 and C are essentially equivalent.
(2) C is essentially strong.

(8) C is essentially strong if and only if C™8 and C are essentially equivalent; in
this case, the epimorphisms of A(C) are precisely the C-dense morphisms in A(C).

Proof  Once we have shown (1), then (2) and (3) follow with the Corollary. Hence
we have to prove only (1). But since C™8 and C induce the same Delta-subcategory
and since always C < C™8 by the Proposition (note that C™8 is idempotent), it
suffices to show that every C-closed M-subobject m : M — X with X € A(C) is
A(C)-closed, and accordmg to Frolik’s Lemma 6.5 this means that we must show
K€ A(C), w1th 1,7 : X = K = X 4y X the cokernelpair of m. But smce mis
C-closed, i and j are C-closed (cf. Theorem 6. 6) and then also z := 2 V 52, since
C is additive (cf. Proposition 2.6). Since iV j = 1k, we obtain for the dlagona.l
bk : K —+KxK

6K&'(6K~i)V(6x‘j)g(i2'6x)V(j2~6x)Si2Vj2=Z,

hence d := cxxx(0k) < z.
For the common retraction ¢ : K — X of i and j, one has ¢2(6x) = 6x. Since
cxxx(6x) = 6x by hypothesis on X, C-continuity of €2 gives

€2(d) < c(?(6k)) = c(bx) = 6x,
hence d < (¢2)~!(6x). In addition one easily establishes the inequalities
2 A (%)™} (6x) < bk and 52 A (€)' (6x) < Ok-

(With u := (¢2)~(6x) : U = KxK and v: U — X the morphism with 6x -v = 24,
just confirm the equation 6k -i-v = u.) Now the distributivity of M/K x K allows
to conclude d < z A (€2)~}(6x) < (2 A (e2) " (6x)) V (72 A (6?)~1(6x)) < bk, which
means that §g 2 c¢(6x) must be C-closed, hence K € A(C) by Proposition 7.1. O

REMARKS

(1) ¥ X permits the construction of the additive core C* as in 4.8, then statement
(1) of the Theorem can be slightly generalized , as follows:
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(crye< é'IA(c+) < C™|a(c+)-

The proof can remain essentially unchanged; just observe that the morphism z is
C+-closed, and it suffices to consider X € A(C*).

(2) In Exercise 7.H it is shown that the sequential closure o of Top is not essen-
tially strong. With the Theorem, this shows that there is an additive, hereditary
closure operator which does not coincide with its strong modification.

(3) The Theorem remains valid in the category Modg (more generally in suitable
additive categories), although in Modg the subobject lattices fail to be distributive:
see Exercise 7.1.

7.5 Characterization of additive regular closure operators

For simplicity, we assume the hypotheses of Theorem 7.4 throughout this section. In
addition we need that £ is stable under pullback and that f~1(-) preserves arbitrary
joins for every morphism f, which, in particular gives every subobject lattice the
structure of a frame. A regular closure operator C of X (one that is of the form
C = reg? or, equivalently, C = C™¢) is certainly idempotent (Theorem 6.2) and
essentially strong (as remarked after Definition 7.4). Furthermore, C is determined
by its values in A(C), according to the formula

cx(m) = px* (crx (px(m)))

established in 6.3, with px : X — RX the A(C)-reflexion of X € X. For conve-
nience, we call initial any closure operator C satisfying this formula for all X € X
(cf. Exercise 7.J). Idempotency, essential strength and initiality are therefore nec-
essary conditions for a closure operator to be regular. We shall show that they are
also sufficient, provided that C is additive. First we must prove:

LEMMA The tdempotent hull of an initial closure operator is instial.

Proof Since € = C is constructed as in 4.6, it suffices to show that
o the composite DC of two initial closure operators with the same A-subcategory
is initial, .
o the join V;.; C; of any non-empty family of initial closure operators with the
same Delta-subcategory is initial.

For the first assertion we observe that the strong epimorphism px : X — RX (the
reﬂexxon of the common Delta-subcategory) belongs to & (since every AMd-morphism
is monic), so that pullback stability of £ gives px(p % (k) = k for all k € M/RX.
One therefore has

d(c(m)) = px' (d(px (c(m)))) = p%' ((d(c(px (m))))
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for all m € M/RX, so that DC is initial.
For the second assertion, simply use the fact that px(-) preserves arbitrary joins
as a left adjoint and that px"(-) does so by hypothesis. n)

THEOREM Let C be an additive closure operator of X. Then:
(1) IfC is initial and essentially strong, then C is regular.

(2) C is regular if and only if C is idempotent, initial and essentially strong.

Proof (1) By Theorem 7.4 (3), C and C™E are essentially equivalent. But
according to the Lemma and to Theorem 6.3, both operators are initial. Hence
coincidence on the common Delta-subcategory implies global coincidence (up to
isomorphism}. (2) follows from (1) and the initial remark of this section. o

PROBLEM Does the Theorem remain irue without the assumption of additivity?

In trying not to use additivity a priori, one is tempted to replace a potentially
non-additive regular closure operator by its additive core. We shall show next in
the context of a topological category X over Set with its usual subobject structure
(which automatically satisfies all hypotheses of this section !), that the passage from
reg to (reg?)t does not affect the validity of the Generating Diagonal Theorem
7.2, but that the important property of essential strength will be lost, unless reg”
was already additive. (We assume the topological category to have the property
that constant Set-maps between X-objects lift to &’ -morphisms.)

PROPOSITION (Additive Diagonal Theorem) Every strongly epireflective subcat-
egory A of a topological category X over Set is the Della-subcategory of an additive
closure operator of X; more precisely,

A= A((reg!)*).

Proof  Since (reg?)*t < reg#, trivially A C A((reg#)*). Conversely, let X €
A(C) with C = (reg”)*. We denote the underlying set of the object X again by
X and prove that for every z € X, the set {z} is C-closed. With Lemma 4.11, for
every y € cx({z}) we have

(z,¥) € {z} x cx({z}) C exxx({(z,2)}) C cxxx(Ax) = Ax,

with Ax := 6x(X), hence z = y. According to the construction of the additive
core, the C-closed set {z} is an intersection of sets F; each of which is a non-empty
finite union of .A-closed sets. Since z must belong to at least one member of this
union, one may assume F; to be A-closed, so that also {z} is .A-closed. Now we
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can apply Lemma 6.9 (which holds true not only for Top, but for every topological
category over Set - see the remark after Proposition 6.9) and conclude X € A. O

COROLLARY For a regular closure operator C of a topological category X over
Set, the following are equivalent:

(i) C¥ is essentially strong,
(i) C* is regular,
(iii) C is additive.

Proof (i) = (ii) With C also C* is idempotent. Likewise, initiality is inherited
from C by C* (see Exercise 7.J). Hence one may apply the Theorem to conclude
that C* must be regular.

(i1) = (iii) With A = A(C) one obtains from the Proposition

C = regh = 1egh(€") = (C*)"s,

hence (ii) implies that C = C* must be additive.
(iii) => (i) is trivial. o

The Corollary provides a device for constructing an additive, idempotent and
initial closure operator C which fails to be essentially strong: simply take the additive
core of a non-additive regular closure operator. That such closure operators exist
is shown in Example (2) below.

EXAMPLES

‘(1)  Let Z be the closure operator in Top which to every subset M of a topological

space X assigns the intersection of all zero-sets containing M (cf. Example 6.9(4)).
‘It is easy to see that Z is an idempotent, additive and initial closure operator with
fA(Z) = FHaus, the category of functionally Hausdorff spaces, i.e., of spaces X
in which distinct points may be separated by real-valued continuous functions on
X. Furthermore, it is not difficult to show Z = Z, hence Z is essentially strong by
Corollary 7.4. Consequently, by the Theorem, Z is the regular closure operator of
FHaus. . .

(2) (Cagliari and Cicchese [1982]) Let A be a proper rigid class of topological
spaces, i. e., a large full subcategory of Top in which all morphisms are constant
or identity morphisms. (For existence of .4, see Kannan and Rajagopalan [1978].)
According to Lemma 6.9, singleton subsets of spaces in A are .A-closed. However,
any two-element subset {z,y} of a space X € A is A-dense in X. In fact, its A-
closure is an intersection of equalizers of pairs f;,¢; : X — Y; € A with f;(z) = gi(z),
Ji(¥) = 9i(y); if Y: = X, then f; = ¢; = 1, and if Y; # X, then f; = g; is constant,
80 that each equalizer gives X. Hence reg# is not additive.
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7.6 The Pumplin-Rohrl correspondence

We return to the setting of 6.2/7.1 and consider an M-complete category X with

equalizers which belong to M, with M closed under composition.
Delta-subcategories may be thought of as categories of separated objects. A

slightly more special notion of separation arises when one considers the relation

FES!

between morphisms d and objects A in X, i.e., for all morphisms u, v with codomain
A and composable with d from the right one has

du=d-v=>u=wv.
For a full subcategory A of X we defined in 6.1 the morphism class
Epiy(A) = {d: (VAe A)d S 1).
“Conversely”, for a class D of morphisms in X, let
Sepx(D):={A:(VdeD)d 3 1}

be the class of D-separaied objects in X, considered as a full subcategory of X. It
is elementary to verify that for every A and D one has

D C Epig(A4) = A C Sepx(D).

Since Epiy(-) is order preserving, this proves the first part of:

PROPOSITION There is an adjunction
Sepy < Epiy : SUB(X)P — MOR(X),

called the PR-correspondence, with MOR(X) denoting the conglomerate of all
subclasses of morphisms of X . If X has finile products, the following assertions
are equivalent for every morphism class D and every object A in X:

(i) A € Sepx(D);
(ii) 64: A — A x A belongs to Dy ;
(iil) forall f: X = Ain X, <1,f> X — X x A belongs to Dy ;
(iv) for all f,g: X — A in X, the equalizer of f,g belongs to Dy,
with Dy = {n : (Vd € D) dln} defined as in Theorem 1.8.
Proof  We sketch the proof of  (iv) = (i) = (ii) = (i) = (iv). In (u)

<1, f> is the equalizer of p; f and p3, with p), p, the product projections, and in (i
64 =<14,14>, so that the first two implications are clear. For (ii) = (i), consider
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m: M — Xin Dand u,v: X — A with u-m = v-v. Then the commutative
diagram (7.1) gives a morphism s with 64 -s =< U, v >, hence u = v. Finally, for (i)
= (iv), whenever one has t -a = b- m with ¢ the equalizer of f,g and with m € D,
then f-b = g-b by hypothesis on A. Hence b factors through the equalizer ¢, which
gives the desired diagonal. [n]

REMARKS

(1)  The equivalence of conditions (i) and (iv) remains valid without the existence
of finite products in X, since the given proof does not use them, and also (i) = (iv)
can be shown directly without the use of products.

(2) Forevery class D, Sepy(D) is closed under mono-sources. Since also Epiy(A) =
Epiy(S(A)), with S(A) the closure of A under mono-sources in X (see 7.1), no
generality is lost when restricting the PR-correspondence to subclasses A closed
under mono-sources.

(3) For every class D, we may assume D C M when determining the D-separated
objects. Indeed, since Reg(X) C M and therefore £ C Epi(&X’), one easily shows

Sepx (D) = Sepx (D), with
Dy ={d(lx):d: X -Y in D} C M.

Note that D,y is a subclass of D whenever D is right cancellable.

(4) For every class D, the class Dy N M is stable under pullback and under
Me-interséctions. According to Proposition 5.4 it is therefore the class of C-closed
"subobjects for a uniquely determined idempotent closure operator #7. Hence the
Proposition together with Proposition 7.1 gives that

Sepx (D) = A(#P)

is a particular Delta-subcategory, in case A has finite products.

(5) In the category X = Top one may in fact find Delta-subcategories .4 which
cannot be presented in the form Sepy(D). Cagliari and Cicchese [1982] showed
that the category A = S({D.}) with D, the two-point discrete space is such a
subcategory, by confirming that the Tychonoff corkscrew (see Steen and Seebach
[1978], #90) belongs to

E(A) = Ex(A) := Sepx (Epix(A),
but not to A = A(reg?) itself.
In general, from reasons which become clear by the Corollary below, we call

Ex(A) the epi-closure of Ain X. The true reason for the statement of Remark
(4) is given by:
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THEOREM The PR-correspondence factors through the Salbany-correspondence:
SUB(X)® —————= MOR(X)
-)
N "o 3
CL(X, M)

Here the outer arrows denote the right adjoints, with £ assigning to each closure
operator the class EC of C-dense maps and 7(9) denoting its left adjoint.

Proof After the Proposition and Theorem 7.1, we just need to show that £0)
does in fact have a left adjoint 7(-) and that the right adjoints (and therefore the
left adjoints) in (7.3) commute. But the latter statement follows from Theorem
6.2(1), while the former may be concluded immediately with Theorem 1.3(1) from
the preservation of meets by £() (see Proposition 4.4(3)). But we may also give
a somewhat more concrete description of the operator 7 (for any morphism class
D), as follows: given D C Mor X, pass to D as in Remark (3), consider the least
subclass Dyq of M containing Dy satisfying properties (a), (b), (c) of Theorem*
of 5.4, and then let 2 be the weakly hereditary closure operator whose dense maps
are given by Das. In fact, in case D = £€ for a closure operator C of X, we already
know that D g = DNM satisfies properties (a), (b), (c), hence Dpg = £, and 7P is
the weakly hereditary core of C (cf. Corollary 5.4). Consequently, one has % <cC.
For arbitrary D, we must show D C 8’9; but this is clear since £7° = D, so that

DCEDMCE-ECET.
]

We remark that since regular closure operators are idempotent, the left diagonal
adjunction of (7.3) factors through the conglomerate IDCL(X, M) of idempotent
operators. Note that the idempotent hull #2 of r? for any D induces the same Delta-
subcategory as 77 and has the simple description given by Remark (4) in case & has
finite products. We remark further that r? is always weakly hereditary, so that the
right diagonal adjunction of (7.3) factors through the conglomerate WHCL(X, M)
of weakly hereditary operators. Its idempotent hull #? is therefore both, idempotent
and weakly hereditary (see Corollary 5.4).

This leads to the following refinement of diagram (7.3), and to a complete char-
acterization of categories of separated objects as Delta-subcategories, as given by
the Corollary below.
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Eod
SUB(x) LS MOR(X)
Sepy

reg(') A ) g(') (7.4)

IDCL(X, M) QFCL(X M)% WHCL(X, M)

Here the inner arrows are left adjoints to the outer arrows. For the epi-closure of a
subcategory (as defined after Remark (5)), we conclude:

COROLLARY For any full subcategory A of X, Ex(A) = A(epi?), and the
following assertions are equivalent:

(i) A=Ex(A);
(ii) A = Sepy (D) for some class D of morphisms;
(i) A = A(epi?);
(iv) A = A(C) for some idempotent and weakly hereditary closure operator C of

(v) A= A(C) for some weakly hereditary closure operator C of X.

Proof First we note that for a weakly hereditary closure operator C one has
C =7t ’hence A(C) = Sepx(£€) by the commutativity of dla.gra.m (7.3). In case
C = epit = (regty (cf Theorem 6.2), this shows Ex(A) = A(epi*).

(i) & (ii) holds since we have a Galois correspondence, and (ii) = (iii) = (iv)
= (v) are trivial since epi* is both weakly hereditary and idempotent. Finally,
for (v) = (i) and C weakly hereditary, one has C < epi®(©) < reg”(©), hence
A(C) = A(epi®©) = Ex(A(C)). o

EXAMPLES

(1) Since Haus = A(K) with K (weakly) hereditary, Haus is epi-closed. Sim-
ilarly, A(o) = US is the category of spaces in which convergent sequences have
uniquely determined limits, hence (weak) hereditariness of the sequential closure
yields epi-closedness of US. -

(2) Every disconnectedness of Top in the sense of Exercise 6.T has a weakly
hereditary regular closure operator and is therefore epi-closed.

(8) For every full and replete epireflective subcategory A of Modg and the A-
regular radical r, one has A = {X € Modpg : r(X) = 0} (cf. Proposition 6.7) and
regA = C*. Since epi® = (reg*)eo, with the Corollary and Exercise 4.G(d) one
computes

E(A) = A(CT™)) = {X € Modg : r®(X) = 0}.



242 Chapter 7

Since with r also r* is a radical, r® is the E(A)-regular radical. Hence with
regE(") CC™) and reg* = C* one concludes that A is epi-closed if and only
if r is idempotent, and this is the case exactly when A is closed under extensions
(see Example 6.8(1)).

(4) The criterion of (3) can be used to detect failure of epi-closedness, as in the
following two examples where R = Z, i.e., Modg = AbGrp. For A = {A : f(4) =
0} the subcategory of groups with trivial Frattini subgroup, since f., = d (see
Example 3.4(3)), E(A) = {4 : d(A4) = 0} is the category of reduced groups. For
A = {A : p(A) = 0} with a fixed prime p, since po = d, (see Example 4.6(2)),
E(A) = {A :d,(A) = 0} is the category of groups without p-divisible subgroups.

PROBLEM For a regular closure operator C, the identity Ex(A(C)) = A(C)
holds true. Does it hold true for every closure operator? For the 8-closure in Top?

7.7 The maximal epi-preserving extension

The general hypotheses in this section are as in 7.6. For any subcategory A of X,
the inclusion functor of A into its epi-closure E y(.A) surely preserves epimorphisms,
i.e., an epimorphism of the category A is also an epimorphism in E x(A), just by the
definition of Ex(A) = Sep(Epiy(A)). Furthermore, if A is reflective in &, then
it is actually epireflective in Ex(A) since the A-reflexions are .A-epimorphisms
of X. Actually, they are A-epimorphisms with the additional property that their
codomains belong to A. Hence, the argumentation for epi-preservation and epire-
flectivity is still valid if we replace Ex(A) by the larger subcategory

D(A) = Dx(A) := Sepy(Epiy(A) N Codx(A)),

with Codx(A) denoting the class of those morpixisms in X with codomain in A.
This proves the first part of the following Proposition. Its second part describes a
maximality property of Dy (A).

PROPOSITION Let A be a full subcategory of X. Then:

(1)  The inclusion funcior A — Dy(A) preserves epimorphisms, and A is epire-
flective in Dy (A) if A is reflective in X.

(2)  For every full and replete refleciive subcaiegory B of X containing A such
that A is epireflective in B and the inclusion funcior A — B preserves epimor-
phisms, one has B C Dx(A).

Proof We still have to prove (2). Let B € B and consider any A-epimorphism
d: X — Ain X with A € A and morphisms f,g: A — B with f-d =g -d. Then
d factors as

X Sx ¥ rRsx L 4,
with a B-reflexion cx and an A-reflexion psx. Since ox is B-epic, one has
f-d-psx =g-d-psx, and this implies f-d’ = g - d’ since psx is an epimorphism
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of B. But d’' is an epimorphism of A since d is A-epic, so that &' is also an
epimorphism of B, by hypothesis. Therefore f = g, as desired. o

REMARKS

(1) Note that Dy(A) is closed under mono-sources (see Remark 7.6(1)) and there-
fore (strongly epi-) reflective in X', under mild assumpfions-on—t (see Exercise 7.A).
If A and Dy(A) are reflective in X, then the Proposition characterizes Dy (.A) as
the largest (strongly epi-) reflective subcategory B of X containing .4 such that
A — B preserves epimorphisms and A is epireflective in B.

(2) One always has the inclusions
A C Sx(A) € Ex(A) C Dx(A).

But as an operator on SUB(X), D behaves very differently from S and E, which
are monotone while D is not. For instance, for X = Top, Proposition (2) shows
D(Top,) = Top (since epimorphisms are surjective in Top,, so that Top, < Top
preserves them; see Example 6.5(1)), while D(Top,) = Top, (since epimorphisms
are not surjective in Topy, so that D(Top,) cannot be Top, and any proper strongly
epireflective subcategory of Top is already contained in Topy; see Remark 6.9).

(3) Du is in fact order reversing for those full and replete epireflective subcate-
gories A € B of X for which Dy (B) is reflective in X and A < B preserves epimor-
phisms. In fact, since then also A < D y(B) preserves epiinorphisms, the Proposition
gives Dy(B) € Dy (A). When applying this property in case B = Dy(A), we see
that

Dx(A) = Dx(Dx(A))

holds whenever A and each full subcategory of X closed under monosources is
epireflective in X.

Despite its rather unpredictable size, membership in the subcategory Dx(A) can
be tested reasonably easily.

COROLLARY The following three condilions are equivalent for a full subcategory
A of X and every objeci B of X, if X has finite products:

(i) B € Dx(A);
(ii) ég : B — B x B belongs to D := (Epiy(A) N Codx(A))1;
(iii) for all f,g: X — B in X, the equalizer equ(f,g) of f,g belongs to D.

If A is reflective in X or if X is closed under M-subobjects in X, these conditions
are also equivalent to

(iv) forallf,g: A — B in X with A € A, equ(f,g) is an A-extremal monomor-
phism (cf. Theorem 6.2).

Proof The equivalence (i) < (iii) follows from Proposition 7.6. For (iv) =
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(ii), assume ép -k = h-d withd : U — A € A an A-epimorphism. Then d
factors through t := h~!(6p), so that also t is .A-epic. On the other hand, t is
the equalizer of pyhy,pa2h : A — B with p),ps : B x B — B the projections, hence
an A-extremal monomorphism and therefore iso. Composition of its inverse with a
pullback projection yields the desired “diagonal”.

Only for (iii) <> (iv) we need the additional hypotheses on A. For f,g: A — B
and t = equ(f,g), we already have that ¢ belongs to (Epiy(A) N Cody(A))L and
must show that ¢ is actually .A-extremal. Consider a factorization ¢t = k - e with
k:X — Ain M and e A-epic. If A is closed under M-subobjects, then
X € A, hence e € (Epiy(A)NCodx(A))L, and orthogonality gives that e must be an
isomorphism. If A is reflective, the k factors through the A-reflexion px : X — RX
as k = k' -px, and px -¢ is an .A-epimorphism with codomain in .4, which therefore
must be orthogonal to t. Hence there is a morphism s with s-px-e=1and t-s =k'.
This implies k-e-s-px =t-s-px = k' -px =k, hence e-s- px = 1 since k is
monic. Consequently, e is an isomorphism. (u]

We wish to describe objects of Dx(.A) in terms of a closure operator. Of course,
one approach would be to take the idempotent closure operator that has the class
(Epig(A)NCodx(A))L asits closed M-subobjects. But this operator would hardly
be computationally accessible. Since the .4-extremal monomorphisms in M are
exactly the epi*-closed subobjects, condition (iv) of the Theorem suggests to con-
sider

4 (m) = mVV{h(epi‘:(h"(m))) :A€AR: A— X}

for all m € M/X. Of course, we may take a more general approach and consider
any closure operator C of X in lieu of epi*. Hence we define the .A-comodification
of C by ;

“ex(m) = m v \[{h(ca(h™'(m))): A€ A,h: A— X}

for all m € M/X. This gives indeed a closure operator, and the terminology fits
with the one introduced in 5.12:

LEMMA For any closure operator C of X and every subcategory A of X, 4C
is a closure operator of X whose closed subobjects are precisely those m € M/X for
which h=Y(m) is C-closed in A for allh: A— X, A € A. If A is coreflective in X,
with coreflezion € : S — Idx, then AC is the (S,€)-comodification of C in the sense
of 5.12, i.e.,

Aex(m) = mVex(csx(ex'(m)) = Scx(m).

Proof  The continuity condition for AC follows from preservation of joins by f(—)
for every f: X — Y, as follows:

R

f(fex(m)) Fm)VNA(S -h)(ca(h™ (m))) : A€ AR A— X},

Fm)V\{(f -B)(eal(f -B)T'(f(m))) : A€ Ah: A X},

IA
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< fm)VV{k(cak (f(m) : A€ Ak A Y},

< Aey(f(m)),

since h~ l(m) <A f(m)) = (f-h)"M(f(m)) forall h: A — X.

If m is AC-closed, then h(cA(h !(m))) < m and therefore c4(h~!(m)) < h=(m)
for all h : A — X, i.e,, h=}(m) is C-closed. Conversely, the C-closedness of each
h=!(m) gives

“Acx (m) = f(m) V\/{h(h"(m)) tA€EAR:A-X}<m

so that m must be “C-closed.
In case X has an A-coreflexion ex : SX — X, then ex can take the place of h
and we have
mVex(csx(€x'(m))) < “ex(m).
On the other hand, each k factors as k = ex - hg, hence C-continuity of hg : 4 — SX

gives
h(ca(h™*(m))) < ex(esx(ho(h™'(m)))) < ex(csx(ex'(m)))
and therefore
Aex(m) < mVex(csx(ex' (m)))-

With
4= Hepit)

the Corollary and the Lemma provide an effective description of the category Dy (A):

THEOREM If the full and replete subcategory A of the finitely complete X is
reflective or closed under AM-subobjects, then

Dx(A) = A(d4).

Proof Since pairs f,g : A — B correspond bijectively to morphisms k : 4 —
B x B, with the equalizer of f, g corresponding to h=!(85), the equwalence (i) < (i)
of the Coro]]ary tells us that B € Dx(A) if and only if ép is epi*-closed. According
to the Lemma, this means that B € Dy (A) if and only if ép is 94-closed. Hence
the assertion of the Theorem follows from Proposition 7.1 (]

In many cases, the .A-comodification of a closure operator can be described
effectively, as the following examples show.

EXAMPLES

(1) If X is a topological category over Set such that constant maps are X-
morphisms and if .A contains a non-empty space, the formula for C can be simplified
as

Aox (M) =| J{h(ca(h™'(M))): A€ A,h: A~ X}.
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For X = Top and A = {Ny} the one-point Alexandroff compactification of the
discrete space N (i.e., the converging sequence n — 0o with each n isolated), and
for C = K the Kuratowski closure operator,

Nl =

is the sequential closure operator. For A = CompTop the subcategory of compact
topological spaces (not necessarily Hausdorff!), which is closed under images, we
obtain the £-closure:

CompTopkx (M) = | J{ks(M U B): B C X compact } = tx(M).

(2) Let A be epireflective in X = Modpg, with A-regular radical r. We wish
to describe the .A-comodification of a maximal closure operator C = C®, for some
preradical s.

First we consider the submodule (in fact: two-sided ideal) I := r(R) and observe
that every object A € A is a quotient of a copower of R/I € A, ie., R/I is a
generator of 4. With the help of I one defines the preradical

r#(X):={z€eX:Iz=0}={z€ X :(3r:R/I->X)h())=z}= ). k(4
h:A=X ,A€A

which is easily seen to be hereditary. For every surjective R-linear map f: 4 — X
and M < X, since A/f~'(M) = X/M, the maximal closure operator C satisfies
Flca(f~1(M))) = cx(M). Therefore,

“ex(M) = M+ hlca(h™ (M),

= M+) h(eaay(h(4) N (M),
= M+ cux)(c#(X)N M)
(since always h(A) C r#(X), and there are enough such maps h - just consider

for A the [r#(X)}-th copower of R/I). This shows immediately that the preradical
induced by 4C is
7(4C) = sr*.

(I I = 0, hence r# = 1, then this formula gives 7(4C) = s.) For C = epi* ="
(C™)eo = C™), 50 that s = r*™, we obtain
7(04) = r°r#,
Consequently, with Example 7.1(1) one concludes
X €eD(A) & X € A(d*) & 0is 9%-closed in X
o 1) (X)=0 & r*({zeX:Iz=0})=0.
(If I = 0, the last condition just means r®(X) = 0.)
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(3) We apply the characterization of D(A)-objects of (2) in the case R = Z and
prove that for A epireflective in AbGrp, either D(A) = E(A) or D(A) = AbGrp.
In fact, for the subgroup I < Z as in (2), either I = 0 or I = nZ for positive n. The
first case gives with (2) and Example 7.6 (3)

X €DMUA) & r*(X)=0 & X € E(A).

In case I = nZ one has nX C r(X) for all X (since, in general, IX C r(X))
and r(Z/nZ) = 0. This implies r(X/nX) = 0 for every abelian group X since, by
Prifer’s Theorem on bounded torsion abelian groups, there is an embedding

X/nX — (Z/nZ)

into some power of the cyclic group Z/nZ. Consequently, r(X) = nX for every X,
and
A={X :r(X)=0}={X:(Vz € X)nz =0}

is the category of abelian groups of exponent n. In this category, being closed under
quotients in AbGrp, epimorphisms are surjective, which, by the Proposition, means
D(A) = AbGrp.

7.8 Nabla categories

In the setting of 7.1, we assume in addition that X has finite products. As usual,
€ denotes the class for which X has (£, M)-factorizations. We have seen in the
preceding section that the Delta-subcategories

AC)={X €X:6x:X — X?%is C-closed}

give notions of separation or disconnectedness, depending on the given closure op-
erator C of X. It seems natural to introduce the category

V(C)={X € X :6x : X — X? is C-dense},

which we call the Nabla:subcategow of C, and to associate with it a notion of con-
nectedness. The following examples confirm this:

EXAMPLES

(1) In the category PoSet, V(]) contains exactly those posets in which any two
points have upper an bound. V(conv) = V(])N V(1) contains those posets in which
any two points have an upper bound and a lower bound.

(2) In the category Top, V(K) = IrrTop is the category of irreducible spaces
(i.e., those spaces X in which X = F UG with (K-) closed subsets is possible only
for X = F or X = G). In fact, to say that Ax := 6(X) is dense in X x X is the
same as to say that any non-empty set is dense in X .
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(3)  For the largest proper closure operator @ of Top, V(Q) = CTop is the
category of connected spaces. In fact, if we assume ¢gxxx(Ax) # X x X for a space
X, then we could find a non-empty proper clopen subset of X x X, that means X x X
is not connected, hence X is not connected. On the other hand, for a non-connected
space X = AU B with disjoint non-empty clopen sets A, B, the set (Ax A)U(B x B)
would be a proper clopen subset of X x X containing Ax, hence X ¢ V(Q). (See
also Exercise 7.L.)

(4) For a preradical r of Modg, a submodule M < X is Cr-dense if and only if
r(X)+M = X. Since r(X x X) = r(X) x r(X), the R-module X belongs to V(C;)
if and only if r(X) = X, so that V(C,) is the radical class (torsion class, I think)
associated with r.

The following properties of Nabla-subcategories are also typical for categories of
“connected” objects.
PROPOSITION Let C be a closure operator of X. Then :

(1)  V(C) is closed under E-images, so that fore: X —Y in £ with X € V(C)
also Y € V(C), provided that £ is closed under finite direct products.

(2) V(C) is closed under C-dense estensions, so that form: M — X in £€ N
M with M € V(C) also X € V(C) , provided that C is finitely productive and
idempotent.

(3) V(C) is closed under (finite) direct products in X, provided that C is (finitely)
productive . - .

Proof Fore: X —Y in X, consider the commutative diagram

X-—s’-‘——-’(xx

lexe (7.5)
y % yxy

Under the hypotheses of (1), one has §y € £€ and e x e € £, hence (e x €) - §x =
Sy - e € £ and therefore §y € £€ (see Exercise 2.F(b) and Corollary* of 2.3). In
the situation of (2), one has e x e € £ N M by the finite productivity of C (see
Theorem 2.7) and

(3) follows with Theorem 2.7. a

Recall that if finite products of M-subobjectsin X are covered by their sections,
then an idempotent closure operator is already finitely productive (see Proposition
4.11; the sufficient condition is certainly satisfied if X is a topological category over



Subcategories Defined by Closure Operators 249

Set such that any constant map between (the underlying sets of) two X-objects
lift to a morphism of X. Recall further that in this situation the idempotent
closure operator C is even productive, if there exists a closure operator D < C with
the finite structure property of products (like K in Top; see Theorem 4.11). We
therefore obtain from the Proposition:

THEOREM Let finite products of M-subobjects in X be covered by their sections,
and let C be an idempotent closure operator of X. Then V(C) is closed under &-
images, C-dense eztensions, and under finite products. It is even closed under non-
trivial direct products if there is a closure operator D < C with the finite structure
property of products. a

COROLLARY For every idempotent closure operator C of Top, V(C) is closed
under E-images, C-dense exlensions, and under finile products. In case C > K, it
is even closed under arbitrary direct products. a

The Corollary gives in particular all closedness properties for V(K) = IrrTop
and V(Q) = CTop mentioned at the beginning (see (Examples (2) and (3)).

REMARKS

(1)  V(C) does not change when passing to the weakly hereditary core of C, which
is idempotent whenever C is idempotent (see Theorem* of 5.4). Hence, when deal-
ing with V(C), one may always assume C to be weakly hereditary,also when C is
supposed to be idempotent.

(2) For D = A;C: one has £P = ;£ (see Proposition 4.4), hence V(D) =
) V(C:). In other words, the functor

V:CL(X, M) = SUB(X)

preserves arbitrary meets. It therefore has a left adjoint which assigns to a full
subcategory A its (let’s call it) coregular closure operator coreg. We do not have
a good description of this operator, other than the one given by Theorem 1.3, i.e.,
by the characteristic property

AC V(C) & coreg? < C.
(3) “Dually” to Theorem 7.6 one can construct a right adjoint ¢(-) to the functor
C v+ MC : CL(X, M) — MOR(X)® and then consider the composite adjunctions
=)
SUB(X) =—=CLX,M)%E= MOR(X)> (7.6)
coreg MO

which represents a kind of dual of the PR-correspondence. But again, we do not
have a good explicit description of it.
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7.9 Companions of A(C) in topological categories

For a topological category X over Set such that constant Set-maps between X-
objects are morphisms in X, we provide “bounds”

T»(C) € A(C) S Th(C)

for additive closure operators C of X which may help to characterize the objects of
A(C) in concrete cases. Notationally we do not distinguish between objects in &'
and their underlying sets. Recall from 5.10 that every closure operator C of X is
equivalently described by a concrete functor

C: X —-CS, X—(X,cx),

which takes values in PrTop if and only if C is grounded and additive. We re-
mind the reader of the intricacies of the functor C: it does not preserve subobjects
unless C is hereditary (see Proposition 5.10), and even for productive closure oper-
ators, C may not preserve products ! Nevertheless, to some extent C is useful in
“transporting” properties back and forth between X and PrTop.

As in PrTop, for any closure operator C of X and every z € X € X, one calls
M C X a C-neighbourhood of z if z & cx(X \ M). Now the full subcategory T2(C)
of X contains, by definition, all objects X in which distinct points can be separated
by disjoint C-neighbourhoods. T)(C) contains those objects X in which singleton
subsets are C-closed.

PROPOSITION Let C be a closure operator of X. Then:
(1) All Ty(C), A(C) and T\(C) are strongly epireflective in X
(2) A(C)C A(C®) =Ti(C);

(8) T2(C) C A(C) holds for additive C, and both categories coincide if C: X —
PrTop preserves finile products.

Proof (1) Only closedness under mono-sources needs to be checked (cf. Exercise
7.A), and this only for T3(C) and T)(C) (cf. Proposition 7.1). Mono-sources are
point-separating families p; : X — X; (i € I} of morphisms in X. Hence, if all
X; lie in T3(C), for z # y in X we have an ¢ € I with p;(z) # pi(y) and therefore
disjoint C-neighbourhoods in X; which separate these points. Their inverse images
along p; give disjoint C-neighbourhoods of z and y, due to the C-continuity of p;.
Hence X € T»(C).

If all X; € T1(C), and if we assume y € cx({z}) C X, then p;(y) € pi(cx({z})) C
cx;({pi(z)}) = {pi(z)} for all i € I, hence z = y, and therefore X € T)(C).

(2) We first show A(C) C Ti(C) and consider z € X € A(C). Our category X
satisfies the hypotheses of Lemma 4.11, which gives us

cx({z}) x {z} € exxx({z} x {z}) € cxxx(Ax) = Ax,
hence cx({z}) = {z}. Consequently X € T,(C).
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Next we show A(C) C T1(C) for fully additive C. In fact, in that case we have

cxxx(Ax) = U CXxX({z} x {z}),

zeX

and since for X € T1(C) also X x X € T)(C) (by (1)), C-closedness of the diagonal
follows.

Since trivially 71(C) = T1(C®), and since A is order-reversing, this completes
the proof of (2).

(3) Without loss of generality we may assume C to be grounded. (As in Top,
the trivial operator T is the only non-grounded closure operator of X - see Example
2.H, and for C = T, T>(C) = A(C) is the full subcategory of objects of cardinality
at most 1 - see Exercise 7.B.) We then have a concrete functor C : ¥ — PrTop. As
in the case of Top, also in PrTop one has A(K) = T3(C), with K the Cech closure
operator (cf. Example (1) below). Furthermore, by definition of T3(C),

T3(C) = C™H(T2(K)),
hence it suffices to show C~}(A(K)) C A(C) in X. But by the functoriality of C,
idxxx : C(X x X) = C(X) x C(X)

is amap in PrTop, hence K-closedness of Ax in C(X) x C(X) implies C-closedness
of Ax in X x X, as desired. The converse statement holds true if idx xx is iso in
PrTop, i. e., if C preserves the product X x X. ) (a]

»>

REMARKS

(1) Incase X = Top, Corollary 6.10 provides an explicit description of the T1(C)-
reflexion for ‘every idempotent and symmetric closure operator C of Top (since
Ty(C) = T1(C®), and since the passage C — C® preserves idempotency and sym-
metry). This description remains valid for arbitrary topological categories over Set
in which constant maps are morphisms.

(2) Lemma 6.9 gives immediately for every (full and replete) strongly epireflec-
tive subcategory of Top (or any other topological category over Set with constant
morphisms) the identity A = Tj(reg”). Hence every such A can be written as
A = Ti(C). From the Generating Diagonal Theorem 7.2, we already know that A
can be presented in the form A(C). But we do not know the answer to:

PROBLEM Can every strongly epireflective subcategory of Top be presented in
the form Ty(C)? As Ty(reg*)? What about the case A= US?

EXAMPLES

(1) The category Haus can be presented via operators Ty and T3 in Top:
T3(K) = A(K) = Haus = Ty ().
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However,
T»(8) = A(f) = Ury (cf. Example 7.1(5))

is properly smaller.

(2) The o-closure in Top provides an example, that in general, the inclusion
T2(C) € A(C) may be proper, which is shown by the following example due to
I. Gotchev. For an uncountable set Z and @ # b outside Z x Z, topologize X =
{a}U{b}U Z x Z by declaring points of Z x Z to be isolated, and by taking as basic
neighbourhoods of a@ and b the sets

Us={a}U((J{{z} x A: : 2 € Z,A, C Z cofinite}),

Vi = {8}U(J{B: x {z} : 2 € Z, B, C Z cofinite}).

Then o-neighbourhoods of a and b contain open neighbourhoods, but X is not
Hausdorff, hence X ¢ T5(¢). On the other hand, X clearly belongs to A(s) = US;
see Example 7.6(1).

The Proposition provides the possibility of computing the regular closure oper-
ator of T3(C), as follows:

LEMMA Every closure operator C of X satisfies
(C*)> < 1eg™©) and 1eg™ Ol ey < (C) Iz (c)-
In case C is additive, the second inequality becomes an equaliti/.

Proof  Since T is order-reversing (see Exercise 7.M), Proposition (3) gives T3(C) C
T»(C*) C A(C*), hence C* < reg?(?) and then even (C*)*™ < reg(©). For the
second inequality, we must show that every C-closed M C X € T3(C) is T2(C)-
closed, i.e., we must prove K = X +p X € T3(C). In the notation of Frolik’s
Lemma (Theorem 6.5), for every a € X \ M, the points i(a), j(a) have the disjoint
C-neighbourhoods K \ j(X), K \ i(X) respectively. For z,y € K which are mapped
to distinct points in X by the common retraction ¢ : K — X, these points have
disjoint C-neighbourhoods in X, the preimages of which along € provide disjoint
C-neighbourhoods of z,y in K. Hence K € T(C).

For additive C one has T3(C) C A(C) by the Proposition, hence C™8 < regT>(¢)
which, by Proposition 7.4, implies (C)® < regT2(©). o

The impact of the Lemma on epimorphisms is as follows.

THEOREM Let C be a closure operator of X. Then:
(1)  the epimorphisms of eack T5(C) and A(C*) are (C)®-dense maps;
(2) the (C)™-dense maps in A(C) are epimorphisms of A(C);
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(3) if C is additive, then the epimorphisms of T>(C) and A(C) are precisely the
(C)®-dense maps.

Proof (1) The second inequality of the Lemma gives that epimorphisms of T3(C)
are (C)™-dense maps. For A(C*) , the correspondmg statement follows from the
first inequality given in Remark 7.4 (1)
(2) By Proposition 7.4, (C)® < C™8, so that (C)°° dense maps are A(C)-dense.
(3) follows from Theorem 7.4(1) and from the Lemma. u]

COROLLARY For C additive, the inclusion funcior T2(C) — A(C) preserves
epimorphisms. If, in addition, C is essentially strong, then reg??(®) and C* are
essentially equivalent, and the epimorphisms in each T>(C) and A(C) are pneczsely
the C®-dense maps.

Applications of the Theorem and its Corollary will be given in Chapter 8.

Exercises

7.A (Strongly epireflective hulls)  Let A be a full subcategory of a category
X. Prove: ’

(a) I every source (f;i : X — Yi)iesr in A has a (strong epi, mono-source)-
factorization (so that f; = m; - e for all i € I with a strong epimorphism e
and a mono-source (m;)ier; cf. Exercise 1.E), then the closure S(A) of A
under mono-sources is strongly epireflective in X'; moreover, S(A) is contained
in any strongly epireflective full and replete subcategory of X that contains A.
(Hint: For every object X, consider the source of all morphisms with domain
X and codomain in A.)

(b) The hypothesis of (a) is satisfied if and only if the category X has coequalizers
and is £-cocomplete with £ the class of strong epimorphisms.

(c) If Ais reflective in X, then A is bireflective in S(A) (so that the reflexions
are both monic and epic in S(A)), and the existence of (strong epi, mono)-
factorization (for morphisms) in X suffices to conclude that S(A) is the least
strongly epireflective subcategory of X containing A (cf. Exercise 3.L).

(d) Let X have direct products and be E-cowellpowered for £ as in (b). Then
the existence of (strong epi, mono)-factorizations for morphisms implies the
existence of the same type of factorizations for all sources of X.

7.B (Preterminal object)  Recall that an object A of a category X' is preter-
minal if each hom-set X (X, A) contains at most one morphism (cf. Exercise 6.F).
Prove:
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(a) Every preterminal object of a finitely M-complete category X belongs to
A(T), with T the trivial closure operator (cf. Exercise 2.A). Conversely, if X
has equalizers which belong to M, then every object in A(T) is preterminal.

(b) For an object A € X, let the square A x A exist in X, with projections p;, p2.
Then the following are equivalent:

(1) A is preterminal,

(2) p1 = p2,

(8) 64 =<14,14>: A— A x A is an isomorphism,
(4) 44 is epic.

(¢) Let X have all squares, and consider any functor U : X — ). If U preserves
squares, then U preserves preterminal objects, and if U is faithful, then U
reflects preterminal objects (so that A € X must be preterminal whenever
UA € Y is preterminal). Conclude that if X admits a faithful square-preserving
functor into Set, then A € X is preterminal if and only if U A has at most one
element.

(d) Find one example of an AM-complete category in which least M-subobjects
are not necessarily preterminal.

7.C (Closed Graph Theorem)  Prove for a closure operator C of a category
X (as in 2.1) with finite products, that for every morphism f : X —» Y in X with
Y € A(C) the graph <1x, f>: X — X x Y is C-closed.

7.D (C and C have the same Delta-subcategory)  For every closure operator

C and its idempotent hull C, show A(C) = A(CY, without assuming the existence
of finite products (as in Proposition 7.1) or M-wellpoweredness of X (so that C
could be constructed as C®, see 4.6). Hint: Use the adjointness property (C <
reg” & A C A(C)).

7E (Normal-valued regular closure in Grp)  Prove that a full subcategory
A of Grp is contained in AbGrp if and only if the .A-regular closure of a subgroup
is always normal.

7.F (Regular hull of mazimal closure operators) For a closure operator C
of Grp, let C™2 = C™C) be its mazimal hull (cf. 5.5). Let X be a strongly
epireflective subcategory of Grp with .A-regular radical r. Prove:

(a) A(C*) = AN ADbGrp and (CT)™8 = regANAPGrP = CTVk,

(b) wvVregh <v-regh <reg? . v=v reg? - v < regANAPGTP — ((regh)mx)reg;

(¢) the closure operators of (b) induce the same Delta-subcategory.

7.G (Essential equivalence) In the context of 7.4, confirm that essential
equivalence is an equivalence relation on CL(X, M). Furthermore, if Cy < C) < C?



Subcategories Defined by Closure Operators 255

with Co, C; essentially equivalent, then all three operators are essentially equivalent.
Now prove that if C™& and (C)* are essentially equivalent, then C is essentially
strong.

7.H (o is not essentially strong) Confirm the claim of Example 7.6(1) that
A(o) is the category US and then show that o is not.essentially strong, using the
following example due to J. Pelant: let X = SNU {00} be such that each point of N
is isolated; for an ultrafilter & € SN\ N a basic neighbourhood is {®#}UU (U € ®),
and for co a basic neighbourhood has the form {c0} U A U W, with A a cofinite
subset of N and W a cocountable subset of SN\ N; now prove X € US and that
M = BN\Nis o-closed in X, but that for the cokernelpair,j : X - K =X +p X
of M — X, i{(X) is not o-closed in K. Hint : M is g-closed in X since n — oo and
its subsequences are the only non-stationary convergent sequences in X. But i(X)
is not o-closed in K since i(n) — j(0o0). For the latter property first confirm that,
for every ACN;,
kx (A) = kpN(A) S) {00},

here AN has the usual compact topology. Conclude that for every open subset V' of
X with VN M cocountable in M, V NN is cofinite in N, using the well-known fact
that for A C N infinite, ksn(A) is uncountable (in fact, |ksn(A)| = 22°°). A typical
open neighbourhood of j(co) in K has the form W = i(V)U j(U) with U,V open in
X,00€U and VNM =U N M. The definition of the topology yields that V N M
is cocountable in M.

71 (Regular hull in additive categories) For any closure operator C of
Modg, prove that C™& and (C)™ are essentially equivalent and that these op-
erators actually coincide if C is essentially strong. Hint: Recall that C is simply
the maximal closure operator of the preradical induced by C; see Example 6.6(2).

73 (Preservation of initiality by (C — C*))  For a closure operator C of
a topological category X over Set, show that C* is initial if C is initial. Provide
sufficient conditions which yield the same result for closure operators of an abstract
category (see 4.8).

7K (Minimal and inazimal epireflective ertension subcategories) A mono-
source (p; : B — Aj;)ier is strong if for every epimorphism e : U — V and for all
u,v; with p; ru = v;-e forall i € I thereisa w:V — B with p; - w =-v; for all
i € I. For a full and replete subcategory A of X, denote by

S(A) = Sx(A) := {B € X : B is the domain of a stron
mono-source with codomains in .Ag].

(a) Exhibit S(A) as the epireflective hull of Ain X whenever sources factor as
(epi, strong mono-sources); cf. Exercise 7.A. Formulate and prove statements
analogous to those of Exercise 7.A.

(b)  Prove that A is bireflective in S(A) (so that the reflexions are both monic and
epic) whenever it is reflective in X.
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(¢) For A reflectivein X, let EPI(A, X) denote the conglomerate of all full and
replete epireflective subcategories B of X with A epireflective in B. If X has
source-factorizations as in (a), then EPI(A, X) (partially ordered by inclusion)
has the structure of a large complete lattice, with bottom element S(A).

(d) (Cf. Baron [1969]) Under the hypotheses of (c), denote the .A-reflexion by p
and prove that the top element in EPI(A4,X) is

Bx(A) :=Sepy({py : Y € Bo}),
for any By € EPI(A, X).

7.L (Nabla-presentations of CTop)  With the preradicals ¢ (=connected
component) and q (=quasi-component) of Top, (see Example 6.9) and their induced
closure operators Cc and Cgq of Top (see Theorem 6.10(1)), show

and conclude that all these closure operators induce the same Nabla-subcategory,
namely the category of connected spaces.

M (Zattice rules for T;(C))  Show that C +— T;(C) is order reversing for
j=1,2. “Compute” T;(V;¢s)-

7.N (The “dual” of T1(C)) In the category Top, for every closure
operator C, let T} (C) be the full subcategory of spaces X in which each point is
C-dense. Show:

() T(C)=T(C® CV(C®C V(O);

(b) Ty (K) is the category of indiscrete spaces;
() T(Q)=V(Q)=CTop;

(d) Ty(8) = V(K)=IrrTop.

7.0 (é’ need not be additive for additive C)  In the categories Modg and
Top, find additive closure operators whose strong modification is not additive. Hint:
In Modg, take a non-cohereditary radical r and consider its minimal closure. Then
use Exercise 3.M(b) and Example 6.6 (2). In Top, consider the fully additive core of
a non-additive regular closure operator (see Example 7.5(2)) and apply the formula
of Exercise 6.U.

7.P (Topological coreflection & la Herrlich [1969))

(a) For every (full and replete) coreflective subcategory .4 of Top one obtains the
closure operator C = “K of Top, i.e., the comodification of the Kuratowski
operator along the .A-coreflexion. Show: C is an additive, grounded and
idempotent closure operator with C < K.
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(b)  For every additive, grounded and idempotent closure operator C < K there is
a coreflective subcategory A of Top with C = #K. Hini: let A contain the
spaces X with cx = kx. The closure operator C gives a CS-valued functor (cf.
5.10) which actually takes values in Top, and for every X € Top, idx : CX —
X is continuous. Now consider all ordinal powers of C to eventually arrive at
the A-coreflexion of X.

7.Q (Nabla versus Delia)  In the setting of 7.8, show that V(C) N A(C) is
the subcategory of preterminal objects in X, for every closure operator C of X.
Conclude that if the class £ belonging to M is closed under finite products, then
every morphism f: X —Y in X with X € V(C) and Y € A(C) factors through a
preterminal object of X (ie., f is “constant” morphism).

7R (Bing’s [1953] space)  Let R := {(z,y) € R? : y > 0} be the upper
half-plane, and let X be its subset of rational points. For ¢ > 0 and (z,y) € R,
set Be(z,y) = {(z,y) 12— < z < z+¢e}NX. Now define a topology on X
by taking as a base of neighbourhoods of (z,0) € X the sets B¢(z,0) (¢ > 0),
and as a base of neighbourhoods of (z,y) € X with y > 0 the sets U.(z,y) =
{(z,9)} U B.(u,0) U B:(v,0) (¢ > 0), with u and v such that the triangle with
vertices {(z,y),(v,0),(v,0) is regular. Show:

(a) X is Hausdorff, hence X € T1(f) (cf. Example 7.9(1));

(b) no pair of distinct points in X can be separated by disjoint closed neighbour-
hoods, hence X € V(6).
Conclude:

(c)  while the identities regU™Y = # and epi¥™ = (6°)oo hold true when restricted
to Ury, they fail when considered for the whole category Top;

(d) while, for any closure operator C of Top, V(C) N A(C) contains only trivial
spaces, V(C) N T}(C) may contain non-trivial spaces.

78 (Alternative description of the left adjoint 7() 4 £C) of Theorem 7.6)  Let
X be M-complete, with M as in 2.1, and let D be a class of morphisms in X.
Using the orthogonality relation for morphisms (as defined in 1.8), define a closure
operator 7P, as follows : givenm: M — X in M, forevery d: U — V in D, let
F(d)-be the set of all morphisms v : V — X for which there is v : U — M with
m-u =v-d; now put

v2(m) = \/{v(lv) :v € F(d) for somed: U — V in D}
and show:

(a) 47 is a closure operator of X with D C £7";

(b)  for every closure operator C of X with D C €€, 4P < C. Conclude v? = P,
in particular: 4P is weakly hereditary.
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7.T (Weak hereditariness of reg®4))  Let A be a subcategory of a category
X as in 7.7. Show:

(a) (reg*)eo < reg®) < regA. The first inequality becomes an equality iff regB(4)
is weakly hereditary.

(b)  regB(A) is weakly hereditary in case X = Modg. Hint: See Ex.7.6 (3).

(c) In case ¥ = Grp or Top, reg®4) is weakly hereditary iff the epimorphisms in
A are surjective.

Notes

The Salbany Correspondence of Theorem 7.1 appears in Tholen [1988], while the
Generating Diagonal Theorem was proved by Giuli and Husek [1986] for the category’
Top and by Giuli, Mantovani and Tholen [1988] in categorical generality. The notion
of essential equivalence for closure operators was introduced (under a different name)
by Dikranjan [1992] who also proved the crucial Theorems 7.4 and 7.5 in the context
of topological categories over Set. The PR-Correspondence appears in the paper
by Pumpliin and R&hr! [1985], with its factorization through the conglomerate of
idempotent closure operators being discussed by Castellini, Koslowski and Strecker
[1992a). Hoffmann[1982] introduced the maximal epi-preserving extension of Section
7.7, with more general categorical studies appearing in Giuli, Mantovani and Tholen
[1988]; its description via a closure operator has its origins in the paper [1987b] by
Dikranjan and Giuli. Nabla subcategories were defined but hardly studied in the
Dikranjan-Giuli paper [1987a), while the ”companions” 7.8 of A(C) appear for the
first time in Dikranjan [1992].



8 Epimorphisms and Cowellpoweredness

Characterizing the epimorphisms of a concrete category and settling the ques-
tion whether the category is cowellpowered can be a challenging problem and has
been the theme of many research papers (see the Notes at the end of this chapter).
In many cases, closure operators offer themselves as a natural tool to tackle the
problem. We concentrate here on results for those categories of topology and algebra
where this approach proves to be successful. These include criteria for epimorphisms
in subcategories of modules and fields, recent or new results on cowellpowered and
non-cowellpowered subcategories of topological spaces, and a rather direct proof of
Uspenskij’s recent discovery of a non-dense epimorphism in the category of Hausdorff
topological groups.

8.1 Categorical preliminaries

We consider an arbitrary category X and any subclass & of morphisms in X
which is closed under composition with isomorphisms. Two morphisms e,d € £
with common domain are isomorphic (e = d) if there is an isomorphism j in & with
j-e =d. For every object X € X, this defines an equivalence relation on the class
X\ & of morphisms in £ with domain X. The category X is called £-cowellpowered
or cowellpowered w.r.t. & if for every X € X, the conglomerate of 2-equivalence
classes can be labeled by a small set, i.e., if there is a small set Ix and a map

ex:Ix > X\E&

such that for every e € £ with codomain X there is ¢ € I with px (i) = e. Note
that £ is not assumed to be necessarily a class of epimorphisms in X. If it is,
then &-cowellpoweredness is dual to AM-wellpoweredness as defined in 1.1, i.e., X
is &-cowellpowered if and only if X is &-wellpowered. The prefix € is omitted
if £ = Epi(X) is precisely the class of epimorphisms in X.

As usual in Category Theory, we assume the category X to have small hom-
sets. The advantage of this assumption for the notion of E£-cowellpoweredness is
that it suffices to consider the codomains of morphisms in X \ £. Every object Y
which appears as such a codomain is called an £-image of X. (If £ belongs to an
(€, M)-factorization system of X, this terminology is in accordance with the notion
introduced in 1.3.) We then have:

PROPOSITION X is E-cowellpowered if and only if every object has only a
small set of non-isomorphic E-images.

Proof With a representative system (Y;)jes of non-isomorphic £-images of X
one obtains for every e : X — Y'in & a unique j € J with ¥; 2 Y. Hence the
inclusion map
Ix = | JE(X,Y;) = X\
j€Jd
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with £(X,Y;) := ENX(X,Y;) shows the “if* part. The converse statement is trivial.
m)

We now consider any functor F : 4 — X. For an object X € X, let F~1X =
{A € A: FA = X} be the (class of objects of the) fibre of F at X, and let
F'X:={B€A:FB =X} beits replete closure in X. F is called (strongly)
fibre-small if (the replete closure of) each fibre of F' contains only a small set of
non-isomorphic objects. Finally, F is called transportable if for every B € F~'X
there is A € F~1X with A= B.

LEMMA Every strongly fibre-small functor F is fibre-small, and the converse
holds true if F is transportable.

Proof If F is transportable, then a representative system of non-isomorphic
objects in F~!X is also representative for F~1X. o

We obtain the following simple Theorem which, however, proves to be very useful
for applications:

THEOREM Let F: A — X be a functor, and let D,E be classes of morphisms
of A, X, respectively, both closed under composition with isomorphisms, such that
F(D) C £. Then E-cowellpoweredness of X implies D-cowellpoweredness of A,
provided F is strongly fibre-small; even fibre-small suffices if F is transportable.

Proof For A € A, let (Y;);jcs represent the non-isomorphic £-images of FA,
and for every j € J, let (Bjx)rek; represent the non-isomorphic objects in f""Y,-.
Since F(D) C &, for every D-image B of A, FB is isomorphic to some Yj, hence
B e IE'"Y} is isomorphic to some Bj;. Consequently, the size of a representative
system of D-images of X cannot exceed the cardinality of

Ui x K;.
jeJ
[m]

COROLLARY If A admits a fibre-small, transportable functor F into Set, then
A is D-cowellpowered if and only if there is a cardinal function p for the objects of
A such that for every D-image B of A, card(FB) < p(A):

Proof  Takingfor £ the closure of F(£) under composition with isomorphisms, we
see with the Theorem that the given condition is sufficient for D-cowellpoweredness
of A. Trivially, it is also a necessary condition. o

REMARKS

{1) Transportability is an essential condition for both, the Theorem and the Corol-
lary. For instance, if A is the ordered class Ord of all ordinals, considered as a
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category (see Example 1.11(2)), we may define a faithful and fibre-small functor
F : Ord — Set sending each ordinal « to the singleton set {a}. Every morphism in
Ord is epic, hence Ord is not cowellpowered. Still, the constant cardinal function 1
satisfies the criterion of the Corollary. Note also that F' maps every (epi)morphism
of Ord to an isomorphism in Set.

(2) While faithfulness is irrelevant for the validity of the Theorem and the Corol-
lary, it is the only essential condition in the following useful statement: if any cai-
egory A admils a faithful functor inio Set, then A is both wellpowered w.r.1. the
regular monomorphisms of A and cowellpowered w.r.i. the regular epimorphisms
of A (with regular epimorphism defined dually to regular monomorphism): see
Exercise 8.A.

(3) Statement (2) can be strengthened: one only needs a collectively faithful small
set of functors (F; : A — Set);er, so that two morphisms f,g: A — B in A with
F;f = F;g for all i € I must coincide. Any category A with a small generating set
(Gi)ier of objects provides this environment.

(4) Having achieved cowellpoweredness w.r.t. regular epimorphisms fairly easily,
one may ask about cowellpoweredness w.r.t. the larger class of strong epimorphisms
or even of extremal epimorphisms (for definitions in the dual case, see Exercises 1.D,
1.E). Since

{regular epis} C {strong epis} C {extremal epis},

with strong epis the only class always being closed under composition, it is natural
to consider large chains of reqgular epimorphisms, i.e., functors E : Ord — A such
that E(a} — E(a + 1) is a non-isomorphic regular epimorphism for every o € Ord,
and E(A) = colimy< ) E(a) for every limit ordinal A. Cleatly, for the conditions

(1) A is cowellpowered w.r.t. ezxtremal epimorphisms,
(i) A is cowellpowered w.r.l. sirong epimorphisms,

(iii) A is cowellpowered w.r.l. regular epimorphisms and A has no large chains of
regular epimorphisms,

one obviously has (i) = (ii) = (iii). However, whether these conditions are equivalent
for categories A with “sufficiently many” colimits, depends on our set-theoretic
hypotheses, as we shall explain in more detail next.

One needs a “large version” of Konig’s Lemma which asserts that an infinite tree
with finite levels has an infinite branch. Recall that a free is a poset with a bottom
element such that for every element z, the set of all predecessors of z is well-ordered;
the ordinal type of this set is called the level of z. Any well-ordered set of a tree
is called a branch. Observe that a large tree has small levels if and only if every
element has only a small set of immediate successors. Now call the universe (the
class which has as its elements all (small) sets) weakly compact if every large tree
with small levels has a large branch. In this terminology one can prove (cf. Addmek
and Tholen [{1990]):

(I) If the universe is weakly compact, then for every cocomplete category A with a
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small generating set, conditions (i)-(iit) are equivalent. (Actually, A needs to have
only coequalizers and small-indexed cointersections of strong epimorphisms.)

(II) If the universe is not weakly compact, then there is a cocomplete category A
with a small generating set which satisfies (iii) but not ().

(5) Characterizing the extremal epimorphisms in a category is normally an easy
task, provided one “knows” sufficiently many monomorphisms. But in a concrete
category A with a faithful functor F : A — Set, morphisms with injective un-
derlying Set-maps are certainly monic. Hence, if the (epi,mono)-factorization of
Ff:.FA — FB in Set can be “lifted” to A, so that f = m - e with Fm injective
and Fe surjective, then every extremal epimorphism of A has surjective underlying
Set-map. (The converse statement holds true if F reflects isomorphisms.) Certainly,
a mono-fibration F has the needed lifting property and is transportable. Hence, a
trivial application of the Corollary gives the statement that a category A which ad-
mits a faithful, fibre-small mono-fibration A — Set, is cowellpowered w.r.t. extremal
epimorphisms.

Unfortunately, the gap between extremal epimorphisms and all epimorphisms is
generally big, hence settling the question of cowellpoweredness becomes considerably
more difficult. Consequently, for general results, fairly strong assumptions on the
category are needed. The next section contains such results for categories of type
S(A) and 5(A), with A small or A closed under limits.

We close this section with an immediate application of the Corollary:

EXAMPLE Haus is cowellpowered. In fact, epimorphisms in Haus are dense
(Example 6.5 (2)), and for every dense subspace X of a Hausdorff space Y, cardY <
2% For the latter property, consider the injective map that assigns to every
y €Y the set {U NX : U neighbourhood of y in ¥ }.

8.2 Reflectivity and cowellpoweredness

A class of objects A in a category X is cogenerating if X = Sx(A), i.e., for every
object X there is a mono-source with domain X and codomain in .A; equivalently,
the source X'(X, A) = U ¢4 A (X, A) is monic (cf. 7.2 in the dual situation). A is
called strongly cogenerating if X = Sx(A) (cf. Exercise 7.K).

The existence of a small cogenerating set in a category usually enforces co-
wellpoweredness:

PROPOSITION Let X admit a transporiable and fibre-small functor F : X — Set

which preserves mono-sources. If X has a small cogenerating set A of objects, then
X is cowellpowered.

Proof For an epimorphism e : X — Y in X, the Set-map
X(e,A): X(Y,A) = X(X,A), —h-e
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is injective. As a source in X, X(Y,.A) is monic, and so is its F-image. Hence the
canonical map

FY — H F(codomain(h)), z + ((FR)(2))a,
heX(Y,A)

is injective. Consequently, if X(Y,.A4) = 0, the cardinality of FY is at most 1.
Otherwise the injective map X(e,A) has a retraction which induces an injective
map

H F(codomain(hk)) — H F(codomain(k));

heX(Y,4) keX(X,A)
hence the cardinality of FY is bounded by the cardinality of the codomain of the
last map. Consequently, the assertion follows from Corollary 8.1 o

Of course, smallness of the cogenerating set A is essential for the validity of the
Proposition (since every category & has X as its own cogenerating class). Still,
for not necessarily small A, something can be said about the interplay between
A, Sx(A), and Sx(A), as far as reflectivity and cowellpoweredness are concerned,
provided A is closed under limits:

THEOREM Let A be a full and replete subcategory of a complete wellpowered
and cowellpowered category X. Then the following assertions are equivalent:
(i) A is reflective in X and cowellpowered;
(ii) A s limit-closed in X and Sx(A) is cowellpowered;
(ii) A s limit-closed in X and Sx(A) is cowellpowered.
Proof (1) = (ii) Reflectivity always implies closedness under limits, hence co-

wellpoweredness of S(A) is the only issue. For an epimorphism e : B — C in S(A),
consider its reflection:

B £ C
B pc (8.1)
rB—Ee .pc

Since C &€ S(A), pc is monic in A and in S(A), hence an epimorphism in S(A) (cf.
Exercise 3.L, dual). But since pc -e = Re-pp is epic, also Re is epic in S(A), in fact
epic in A. Hence every epic image of B in S(A) is a monic subobject in X of an epic
image of RB in A. Consequently, wellpoweredness of X and cowellpoweredness of
A give cowellpoweredness of cowellpoweredness of Sx(.A)

(i) = (iii) In (i) = (ii) replace S(A) by S(A). (“Monic” may be replaced by
“strongly monic”; hence wellpoweredness of ' with respect to strong monomor-
phisms suffices for this implication.)
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(i1) = (i) Since A < Sy (A) preserves epimorphisms, cowellpoweredness of A
follows trivially with Theorem 8.1. Since Sx(A) is reflective in X, due to co-
wellpoweredness of X (cf. Exercise 7.A), only reflectivity of A in S(A) is left to
be shown. Since A is complete, with limits formed as in S(A) and X, according
to the General Adjoint Functor Theorem, it suffices to provide a solution set for
each B € S(A). We claim that a representative system of S(A)-epimorphisms with
codomain in A gives such a set. In fact, every morphism f : B — A € A factors as
f=m-e, withm: A" — A monicin A and e: B — A’ epic in S(A): take m to be
the intersection of all monos in A through which f factors (cf. Theorem 1.10); the
resulting morphism is epic since A is closed under equalizers.

(i) = (i) In (ii) = (i), replace S(A) by S(A). o

REMARKS

(1)  Cowellpoweredness of X is used in the Theorem only to derive reflectivity of
Sx(A) and Sx(A). But in the case of Sx(A), cowellpoweredness of A’ w.r.t. strong
epimorphisms suffices for that.

(2) For (ii) = (i), only cowellpoweredness of Sx(A) w.r.t. those .A-epimorphisms
with codomain in A is needed which factor only trivially through a monomorphism

of A.

EXAMPLES

(1) The category CBoo of complete Boolean algebras is an orthogonal full sub-
category of the category Frm, hence closed under limits (cf. Exercise 5.B). But it
is not reflective in Frm since, otherwise, free complete Boolean algebras (on count-
ably many free generators) would have to exist — but they don’t (see Johnstone
[1982], p. 33). Still, CBoo and Frm are intimately connected: every frame is iso-
morphic to a subframe of a Boolean algebra (see Johnstone [1982], p. 53); hence
S(CBoo) = Frm. From these two facts alone one concludes with the Theorem that
Frm s not cowellpowered, as follows: Frm is complete and trivially wellpowered
and cowellpowered w.r.t. strong epimorphisms (see Remark (1)!; strong epis are
surjective in Frm, according to Remark 8.1(5)), hence the Theorem is applicable,
and failure of condition (i) yields failure of (ii). (An explicit construction of a large
chain of epimorphisms can be found in Johnstone [1982], p. 53. ) -Conversely, having
non-cowellpoweredness of Frm and using the fact that epimorphisms in the category
CBoo are surjective, the Theorem also permits to derive non-reflectivity of CBoo
and therefore non-existence of (certain) free complete Boolean algebras!

(2) Let A be the full subcategory of Top described in Example 7.5 (i.e., a proper
rigid class). We claim that S(A) is not cowellpowered. In fact, by Lemma 7.1,
A and S(A) give the same regular closure. Since A does not consist of singleton
spaces only, S(A) contains the discrete doubleton D. As shown in Example 7.5,
every injective map D — X € Ais A-dense, hence S(A)-dense. But the cardinality
of spaces in a proper class cannot be bounded. Hence, by Corollary 8.1, S(A) is
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not cowellpowered. With the Theorem one obtains that S(A) is not cowellpowered
either.

8.3 Epimorphisms in subcategories of Top — a first summary

In this section we give a brief synopsis of those results on epimorphisms and co-
wellpoweredness for subcategories of Top which can be obtained fairly easily from
the general techniques presented so far. We begin with a list of:

EXAMPLES

(1) For A epireflective with weakly hereditary regular closure operator, epimor-
phisms of A are surjective, hence A is cowellpowered (Proposition 6.9, Corollary
8.1). This applies to Top, (Examples 6.5(2), 6.9(2)), H. (Example 6.9(4)), and
every disconnectedness (in the sense of Exercise 6.T).

(2) For A epireflective with regA|4 = K|4, one has A C Haus, and epimor-
phisms are (K-)dense, hence A is cowellpowered (Corollary 6.9, Example 8.1).
This applies to Reg, Tych,0-Top and DHaus (=totally disconnected Hausdorff
spaces), see Examples 6.9(4), 6.9(1).

(8) The (idempotent, additive and grounded) b-closure can be considered as a con-
crete functor b : Top — Top (cf. 5.10). Now b maps Top, and its b-dense maps
to Haus and its K-dense maps. Hence the restriction Top, — Haus of b pre-
serves epimorphisms (cf. Example 6.5(2),(3)), so that Top, must be cowellpowered
(Corollarz 8.1, Example 8.1).

(4)  Cowellpoweredness of Topy = Stop({ Sierpinski space}), 0-Top = Stop({2-
point discrete space}), Tych = Syop({unit interval}) can also be derived with Propo-
sition 8.2.

Let us now assume A to be strongly epireflective in Top with A C Haus. Then
(K-)dense maps are certainly A-epic (Corollary 6.9). We are interested in a criterion
for the converse proposition and, for that purpose, we try to define the “position”
of its maximal epi-preserving extension Dyop(A) (see 7.7). For that it is useful to
have the following criterion for containment in Haus.

For every cardinal «, consider a set X of cardinality x and an ultrafilter & on
X. Then one generates a topology on Y, s = X U {a,b} with a # b outside X by
declaring the sets {z} (z € X), UU {a} (U € ®), U U {b} (U € ®) to be open.

LemMa For A strongly epireflective subcategory in Top, A C Haus holds if and
only if no space Y. g belongs to A.

Proof The necessity is obvious since the space Y, s is non-Hausdorff. Assume
A ¢ Haus. If A € Top, then A contains the Sierpinski dyad, consequently A
contains Top,. Since each space Y, g is T1, we conclude Yz s € A in this case.
Now suppose that Z € A is a non-Hausdorff T} space. Then there exist distinct
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points a,b € Z which cannot be separated by disjoint neighbourhoods. With X =
Z \ {a,b} the intersections U NV N X, where U is a neighbourhood of a and V
is a neighbourhood of b, form a filter-base ¥ on X. Let ® be an ultrafilter on X
containing F. Then the identity 1z : Y, — Z is obviously continuous, so that
Y & € A follows from Z € A since A is strongly epireflective. D

REMARK There are similar (in fact: easier) containment criteria for other sub-
categories in lieu of Haus: for any strongly epireflective A in Top, one has:

(a) A C Top, if and only if the 2-point indiscrete space does not belong to A;
(b) A C Top, if and only if the Sierpiniski dyad does not belong to A;
(c) A C H, if and only if the space X, of Example 6.9(5) does not belong to A;

(d) A C US if and only if the following space Y = NU {a, b} does not belong to
A: basic open sets are {n}, AU{a}, BU{b} with n € Nand A, B C N cofinite.

We leave the verification of these statements as Exercise 8.D.

PROPOSITION Let A be non-trivial and strongly epireflective in Top with A C
Haus. Then also Dyop(A) C Haus, and both categories coincide if and only if
the epimorphisms of A are precisely the K-dense maps in A; in this case A is
cowellpowered. ]

Proof Since D(A) is strongly epireflective in Top (Remark (1) of 7.7), if we
assume D(A) ¢ Haus, then D(.A) must contain a Haus-test space Yx & = XU{a, b},
by the Lemma. The subspace Z U {a} is Hausdorff and actually zero-dimensional.
But since A # 7 is non-trivial, the strongly epireflective 4 contains 0-Top, hence
Z and its subspace X belong to A. The inclusion X «— Z is dense, i.e., epic in
Haus, hence epic in .4 and therefore in D(A). On the other hand, the distinct maps
f.9:Z =Y with flx = g|x, f(a) = a, g(a) = b are continuous - a contradiction.
This proves D(A) ¢ Haus.

Since A C Haus, K-dense maps in A are always .A-dense (Corollary 6.9).
Hence, if D(A) = Haus, epimorphisms in A are epic in D(A) and therefore K-
dense. On the other hand having the latter condition, the ma.xxmahty of D(A)
yields D(A) = Haus. ]

The Proposition gives D(A) = Haus if and only if epi?|4 = K|a.

PROBLEM For strongly epireflective A as in the Proposition, is the statement
D(A) = Haus also equivalent to reg”|4 = K|4, or to E(A) = Haus?

Let us now move to categories of type A(C) and T3(C) for an additive closure
operator C of Top. (Due to the Additive Diagonal Theorem, every strongly epire-
flective subcategory is of this type; see Proposition 7.5.) From Theorem 7.9(3) one
knows that the epimorphisms in each A(C) and T(C) are precisely the (C)®-dense
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maps, so that the inclusion functor A(C) — T3(C) preserves epimorphisms. This
proves the first statement of:

THEOREM Let C be an additive closure operator of Top. Then T(C) is co-
wellpowered under each of the following two conditions:

(a) A(C) is cowellpowered,

(b) C is essentially strong and bounded on T3(C).
Proof ~ We are left with having to consider condition (b) so that ()® = C® = C*
for some & € Ord; cf. Corollary 6.6. First note that for every C-dense subspace
X of Y € T2(C), cardY < 22mdx; this is shown exactly as in the case C = K (cf.

Example 8.1), by trading (K-) neighbourhoods for C-neighbourhoods. From the
definition of C* one obtains by ordinal induction

cardY < p*(X)

whenever X is C*-dense in Y, with p* the a-th iteration of the function p(x) = 2%".
With Corollary 8.1, this proves the claim. (]

Without prior knowledge that C is essentially strong, or if C fails to be essen-
tially strong, like in the case of the sequential closure o (see Exercise 7.H), we need
effective computational methods for its strong modification C. These are provided
in particular cases in the following section. )

8.4 Projective closure operators and the categories Haus(P)

For every class P of topological spaces and every closure operator C of Top one
has the P-modification of C, as defined in 7.7. For C = K the Kuratowskr closure
operator, and if P contains a non-empty space, then this is the operator given by

Pex(M) = J{h(h~I(M)) : PEP,h: P - X}.
Obviously, PX < K, with K = TeBX. We have seen in Example 7.7 that, for

instance, o and & are such comodifications of K. In this section we study specific
closure operators C with PK < C < K and their induced Delta-subcategories.

DEFINITION For a class P C Top containing a non-empty space, define the
P-projective closure operator pro® by

prok (M) =\ {MAh(P): PEP,h: P — X}
and its image restriction ipro” by

iprok (M) := | {M Nh(P)yNh(P): PEP,h: P - X}.



268 Chapter 8

PROPOSITION

(1)  pro® andipro” are, like PK, additive closure operators of Top with

PK <ipro” < pro” < K.

(2)  The Delta-subcategory of pro” is the subcategory Haus(P) of spaces X such
that, for every h: P — X, P € P, the subspace h(P) is Hausdorff.

(3) If P is closed-hereditary (=closed under closed subspaces), then pro” and
ipro” are weakly hereditary, and Haus(P) is epi-closed.

Proof  The verification of (1) and (3) is straightforward. For (2), we first show

pro‘P < regHaus(‘P)
which implies Haus(P) C A(pro”). For this we must prove that for all h: P — X,
PePand MCX,

MNh(P)C regg’“’(p)(M ).

In fact, we shall prove a stronger condition, namely

M NR(P) C regy™** P (M) (+)

Let Z := h(P) and N := M N Z. Since Z is closed in X, and since the Kuratowski
closure is (weakly) hereditary, we obtain (4) once we have shown the even stronger
statement

N = kz(N) C rega>*P)(af). (++)

Finally, in order to show (++), we consider maps f,g;Z — Y € Haus(P) with
fIn = gln and prove fly = gli. Since Y € Haus(P), the set B := f(h(P)) N
g(h(P)) is Hausdorff. Indeed, for every z € N,

f@)e fN)CF(N)=g(N)C B

since N C h(P). Analogously, g(z) € B. With the map s :=<f,¢>:Z - Y xY,
one therefore has s(z) € B x B. With s(N) C Ap, continuity of s gives

s(z) € kyxy(AB)NB x B = kpyp(Ap) =

since B is Hausdorff. This shows f(z) g(z) and completes the proof of the
inclusion “C” of Haus(P) = A(pro”).

For “2”, let X ¢ Haus(P), so that there is a map h : P — X with h(P)
non-Hausdorﬁ' There are then two points z,y € h(P) which cannot be separated.
We claim that (z,y) € pro”(Ax) and show (z,y) € K(P) = Ax NA/(P) with
K =<h,h>: P — X x X. In fact, any neighbourhood of (z,y) € X x X contains
a product W = U x V of open neighbourhoods of z and y. The choice of z and y
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enforces UNV N f(P) # 0, even UNV N f(P) # @ since UNV is open. This implies
W N h'(P) # 0. Consequently Ax is not pro”-closed, i.e., X ¢ A(pro”). (n]

REMARKS

(1) Clearly, if P is closed under images, then pro” = PK.

2) The closure operators pro” and ipro” often coincide (but not always: see
Example (1) below). More precisely, if

(Vh: P — X,P € P)(Vz € h(P))(Fj : Q — X,Q € P) h(P)u{z} C (@), (*)

then pro? = ipro”. Condition (*) is certainly satisfied if the following condition
holds:

(VPeP)3QeP\{0}) P+QeP. (++)

(3) Asaconsequence of Proposmon (2), under condition (*) and, a fortiori, under
(**), the Delta-subcategory of i ipro” is Haus(P). In general we put

Haus;(P) := A(ipro”).

(4) The assignment (P ~— pro”) is monotone (actually, pro” = Veer proifl).
More generally, for two classes Po and Py (each containing a nonempty space), if
every Py € ’Po can be covered by a surjective map ¢ : P, — Py with P, € P, then
proPe < pro P1 and ipro”® < ipro’*.

Our next goal is to compute the strong modification of pro” and ipro”. In
consideration of inclusion (+) in the proof of the Proposition , it seems reasonable
to look at

espx (M) =| {M nh(P): P€P,h: P - X},
iespk (M) = | {AM NR(P)NK(P): PE€P,h: P - X}.

It is checked easily that these are in fact additive closure operators which, in the
lattice of all closure operators, give this picture:

esp?
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If P satisfies (*) of Remark (2), then ipro” = pro” and iesp” = esp?. The proof
that the two new operators play (in most cases) the anticipated role, requires some
topological propositions, as given by the following Lemma. For M C X € Top, as
usual we denote the cokernelpair injections by i,7 : X — X 43 X =:Y and let
€ :Y — X be their common retraction.

LEMMA For every BCY,

ITMEX)NBY)UiT(i(X)NB) = M ne(B) = ;7 (X)) A B)Ui~'(G(X)N B). (1)

Proof Let us see first that for A C X and z € X the condition z ¢ M N4 is
equivalent to the existence of an open neighbourhood U of z and an open subset
V CUwithVNM =UNM and VNA = 0. In fact, if the latter condition holds, then
also VN4 = 0, so that UN(MNA) = 0, thus z ¢ M N A. Conversely,ifz ¢ M N4,
then there exists an open neighbourhood U of z such that U N (M N4) = 0. Then
for every z € U N M there exists an open neighbourhood z € V, C U which avoids
A. Then V = |J{V; : z € UN M} is an open subset of U satisfying VAM =UNM
and VNA=0.

Now assume that z ¢ M Ne(B). Then by the above argument there exist open
setsVCUoszuchthatzeU VAM =UNM and VNe(B) = 0. Then

= i(V) U j(U) is an open neighbourhood of j(z), which has the property that
W Ni(X)NB = 0. In fact, W Ni(X) = i{(V), so it suffices to prove i(V)NB = 0.
Let z € X and i(z) € B. Then z = €i(z) € e(B) C ¢(B). Now the choice of V
gives z ¢ V. Consequently W Ni(X)NB = 0 is estabhshed which implies that
i(z) € i(X)NB. Arguing by symmetry we get also i(z) ¢ j(X) N B. This proves
the inclusion C of the first identity claimed. ¢

To prove the inclusion C of the second idéntity claimed, note that ¢(B) =
i~!(B)Uj~!(B) and that therefore

MNe(B)=Mni-[(B)UMN;-1(B)

holds. Next we show M Ni~1(B) C j~!(i(X) N B). Infact,ifz € X\j~'(i(X) N B),
then there exists a neighbourhood W of j(z) with WNi(X)N B = 0. One can take
W of the form W = (V) U j(U), where U is an open neighbourhood of z in X,
V is an open subset of U and VN M = UN M. Now WNi(X)NB = 0 yields

V Ni~}(B) = 0, which implies z ¢ M Ni~1(B) according to our initial remark. A
similar argument proves M N j—1(B) C i~!(j(X) N B), and the claimed inclusion is
shown. Since the right hand side in (}) is obviously contained in the left hand side,
this proves (1). a

We are now ready to state the main result of this section.

THEOREM

o — —P —~P . . .
(1) pro” = ép” = esp” and ipro < iesp = iesp”; in particular, esp” and
iesp” are essentially strong.
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(2) (esp®)™ coincides with the regular closure operator of Haus(P) when re-
stricted to Haus(P), and (iesp”)® coincides with the regular closure operator of
Haus;(P) when restricted to Haus;(P).

(3)  The epimorphisms of Haus(P) and of Haus;(P) are precisely the (esp”)™-
and the (iesp” )®-dense maps, respectively.

Proof (1) We trivially have pro” < esp? < &p” . Hence we must show &p’ <
esp? < pro’ in order to conclude pro’ = esp® = é3p”, which by Theorem 7.4, yields
essential strength of esp”. But for M C X € Top and any map h: P — X 4+ X
with P € P, we can consider the set B := h(P) and, with g :=¢-h: P — X, obtain
from the Lemma:

iT1(§(X) N h(P)) € M N g(P) C espk (M).

But the left-hand side represents a typical member of the union defining ésp” , which
is therefore contained in esp% (M). In order to prove espk (M) C prog (M), consider
amap f: P— X with P € P, and this time let B := i(f(P)) in the Lemma. Then
e(B) = f(P), and
M f(P) Ci7'(§(X) ni(F(P))),

with the right-hand side representing a typical member of the union contributing to
prox (M). ,

The proof of iesp < iesp” proceeds similarly to the one given for é&p’ < esp?
and is therefore omitted.

(2) and (3) follow from (1) and from Theorem 7.4. m}

EXAMPLES

(1) LetP =7 = {X :card(X) < 1} be the subcategory of trivial spaces (which
does not satisfy condition (*) of the Remark!). Then ipro’ = 7K = § is discrete
and pro? = K®, so that the Theorem gives esBT = K®. The operator iesp? is
easilg seen to be the b-closure. Since trivially S = S, this shows that in general
ipro < iesp”. Consequently, Haus(T) = A(K @) = Top,, while A(ipro” ) = Top,
and Haus;(7) = Top,.

According to the Theoreni, the epimorphisms in Top, = Haus(']_'_Lare the K®-dense
maps in Top,, which are surjective (cf. Example 6.5) since K®|p,p, = Sltop,-
Again by the Theorem, the epimorphisms in Top, = A(iespr) = Haus;(7) are the
b-dense maps (cf. Example 6.5).

(2) Let P be a class of indiscrete spaces, containing at least one non-trivial space.
Then —
pro” = K®, esp? = K9, iesp” =, ipro” =P K =,

with u defined by
ux (M) = U{I C X : I indiscrete & IN M # 0}
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(see Exercise 8. F). Actually, £ = b®, hence with Exercise 6.U one obtains

i;;BP = ji = ((regT™P0)®) = reg™Po = b = iesp”.
As in (1), one has Haus(P) = Top,, and
A(ipro”) = A(PK) = Top, = Haus;(P) = A(iesp”).

(3) Let P consist of finite spaces, with at least one non-discrete space. In fact, we
can then assume that the Sierpiiiski dyad S belongs to P (see Remark (4)). Then

pro” = ipro” = K® and esp” = iesp” = K®,
and Haus(P) = Haus;(P) = Top,.

(4) Since we are mostly interested in computing the projective closure operators in
Haus(P)-spaces (which are T}-spaces), we shall consider from now on only classes
P C Top, (since every h : P — X € Haus(P) factorizes through the Top,-
reflexion of P). Every infinite 7j-space P admits a continuous bijection P — X,
where a = |P| and X, is the “test-space” given in Example 6.9 (5) (see also Remark
8.3(c)), hence prof?} > pro{Xe} Note that {X,} satisfies (*) of Remark (2), so
that pro{Xs} = iprotX=} and esp{X<} = jesp!X}. One has z € pro&x‘*}(M ) if and
only if there exists an embedding X, — X, such that z € X,, and Xo N M is
infinite. Note, that Haus({Xo}) = H, since every continuous T}-image of X, is
homeomorphic to X,. Hence Ho = A(proiX<}).

6) P= {ng. Now {(N=lK = ¢, as already mentioned. Since (*) is fulfilled,
profNe} = ipro{fe} and espiNes} = iesp{™=}. The category Haus({Ne}) coincides
with the category SUS of topological spaces in which each convergent sequence has
a unique accumulation point, and pro{N=}|sys = osys (see Exercise 8.I). Conse-
quently, reg®Y8|sys = 0%|sus.

(6) P = {«}, where « is a cardinal provided with the discrete topology. Now
(*) holds and pro* = ipro” is idempotent. (This closure operator is known also
as k-closure; spaces X with pro§ = kx are usually called spaces of tightness <
x.) Furthermore, esp® is not idempotent (so that pro* is not essentially strong,
see Exercise 8.K). Haus(x) is the category of spaces in which every subspace of
cardinality < & is Hausdorff.

(7) K = pro™P = proPise*  where Discr is the category of discrete spaces, and
in both cases (*) is fulfilled, hence also K = iproT°P, Obviously, also K = espTeP,
which proves, in view of the Theorem, that K is strong.

(8) P = CTop. By Remark (1) and (*), which holds now, pro” = ipro” = PK
and esp” = iesp”. Since the closure of a connected set is connected, we have
esp? = pro” as well, so that all four closure operators coincide and are obviously
idempotent. Haus(CTop) is the category of spaces where each connected subspace
is Hausdorff (in particular, Haus(CTop) contains all totally disconnected spaces).
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Obviously, Haus(CTop) C H, and Haus(CTop) is not comparable with US. A
map f : X — Y in Haus(CTop) is an epimorphism if and only if for each y €Y
there exists a closed subset C C Y, such that y € Cn f(X).

8.5 Cowellpowered subcategories of Top

Here we add to the Examples 8.3 some new examples of cowellpowered subcategories
of Top. We begin with the following fact which one can easily isolate from the proof
of Theorem 8.3.

Let C be an additive closure operator of Top. Then T5(C) is £€ -cowellpowered.

We note that this statement cannot be extended to Delta-subcategories. In fact,
as we show in the next section, there are non-cowellpowered strongly epireflective
subcategories A of Top with additive .A-regular closure (so that A = A(reg*), and
now gree” -cowellpoweredness means simply cowellpoweredness). Nevertheless, we
have the following easy lemma which can be proved by just mimicking the proof of
Theorem 8.3. We say that a closure operator C is bounded on A if there exists an
ordinal @ such that c% is idempotent for every X € A.

LEMMA Let A be an epireflective subcategory of Top with reg?|4 = C®|4 for
some closure operator C which is bounded on A. Then A is cowellpowered if and

only if A is £C -cowellpowered. o
PROPOSITION Let C be an additive and essentially strong closure operator of
Top.

<

(a) If C is bounded on T>(C), then To(C) is cowellpowered.

(b) If C is bounded on A(C), then A(C) is cowellpowered if and only if A(C) is
EC -cowellpowered.

Proof In both cases essential strength of C yields essential equivalence of the
respective regular closure and C*, so that the Lemma applies. n]

Item (b) of the Proﬁosition rephrases Theorem 8.3 (b). Note that it trivially
holds when C is regular. Hence regularity is one of the conditions that solves the
first of the following
PrOBLEMS

(1)  Find conditions under which A(C) is £C -cowellpowered, for an additive clo-
sure operator C.

(2) Does there ezist an additive closure operator C of Top such that T>(C) is
cowellpowered, but C is not bounded on T5(C)?

(3) Is & bounded on US 2
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(4) Is US g-cowellpowered?
(5) Is US cowellpowered?
(6) When does the inclusion Haus(P) — A(PK) preserve epimorphisms?

(7)  If Ais a cowellpowered subcategory of Top, is then the subcategory S(AU{X})
cowellpowered for every space X ¢

(8) If A and B are cowellpowered subcategory of Top, is then the subcategory
S(A U B) cowellpowered?

Note that for P = {N} the inclusion from (6) preserves epimorphisms (see Ex-
ercise 8.Q). In connection with (7) we recall that a subcategory of Top cogenerated
by a single space X is always cowellpowered (cf. Proposition 8.2).

Returning to Problem (1), other than regularity, also A(C) = T2(C) would be a
sufficient condition for A(C) to be £€-cowellpowered. However, it is not a necessary
condition as the case C = ¢ shows; see Examples 7.9 (2)). Another important
instance when Problem (1) has a positive solution is given by:

THEOREM Haus(P) is gesp” -cowellpowered.

Proof It suffices to prove, that for M C X € Haus(P),

espk (M) < 2™ )

In fact, X € Haus(P) implies that for each map h : P — X, with P € P, h(P)
is a Hausdorff subspace of X. Now M; = M N h(P) is a subset of this Hausdorff
space, hence [M;] < g2l < 22! Note that M, is a typical member of the union

defining esp% (M). Since there are at most 2/M! such members, (*) is now obvious.
o

REMARK The reader should observe that for a weakly hereditary unbounded
closure operator C there exist a proper class of embeddings m, : Xo < Yq, such
that for every ordinal a, m, is Cot1-dense but not C*-dense. In particular, every
mg is C-dense but the domains X, are distinct (unlike the case of testing £C%-
cowellpoweredness). In other words, for a weakly hereditary closure operator C,
£CZcowellpoweredness should be considered a weak form of boundedness of C.

COROLLARY Haus(P) is cowellpowered whenever esp” is bounded on Haus(P).
Proof Apply the Theorem and the Proposition. a

Now we provide examples when esp® is bounded.
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EXAMPLES

(1)  If there exists a cardinal ¥ such that all spaces of P have a dense subset of
cardinality at most 7, then the order of esp” is bounded (by (22”)*) on Haus(P).

In fact, if M C X € Haus(P) and « is an ordinal of cardinality at least (227)*,

then for M) = (esp?)}(M) and z € espf (M) there exists k : P — X, with P € P

and z € h(P)N M,. Since h(P) is Hausdorfl (by X € Haus(P)) and has a dense
subset of cardinality < <, we have Ib(P)I < 22", Hence h(P) C M, since M, is a
union of an a-chain with a > |h(P)|. This gives z € M,. Thus M, is espP-closed.

(2) Clearly the condition from (1) is satisfied when P is a set. We are particularly
interested in the following cases when P consists of a single space: a) P = {Ny}, b)
P = {x} (see Examples 8.4). This immediately yields that the categories SUS and
Haus(x) are cowellpowered.

8.6 Non-cowellpowered subcategories of Top

The non-cowellpowered subcategories of Top considered in this section are divided
in two groups, depending on their position with respect to the subcategory Haus,
which plays a pivotal role in Top. We begin first with “large” subcategories of
Top, i.e., subcategories containing Haus. They will be of the form Haus(P) for
some proper class P of topological spaces, since otherwise Haus(P) is cowellpowered
according to the sufficient conditions given in Corollary 8.5 and Example 8.5. Now
we give sufficient conditions for non-cowellpoweredness of Haus(P).

Non-gowellpoweredness of Haus(P)

The following generalization of compactness will be used in this part of the
section. :

DEFINITION

(1) A subset B of a topological space X is said to be bounded (w.r.t. X) if every
open cover of X admits a finite subfamily covering B.

(2) A topological spaée X is e-compact if X admits a dense bounded subset.

Clearly, compact subsets are bounded and compact spaces are e-compact. For
further properties of bounded sets and e-compact spaces, see Exercise 8.0.

For an ordinal a we denote by « also the space of all ordinals less than & equipped
with the order topology. Then the space a + 1 is compact for each a.

Now we prove the following general result:

THEOREM The category Haus(P) is non-cowellpowered if the class P satisfies
the following conditions:

(1)  for a proper class of ordinals a, the class P contains the space o + 1;
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(2) every space in P is e-compact.

Proof For each ordinal x we shall provide the set (k + 1) x w with a topology
such that the resulting space X, satisfies:

A) X, is an open subset of X, whenever « < «;
B) X, € Haus(P);
C) the embedding X¢ < X, is an epimorphism in Haus(P).

Obviously, B) and C) will imply that Haus(P) is non-cowellpowered.
Let {N,} be a partition of w with N, infinite for every n € w. The topology on
X will be defined by transfinite induction on « such that:

¢ Each point (0, n) is isolated.

o Assume that a neighbourhood base of all points (v,n) with v < 8 is already
defined such that A) holds.

i) If B = v+ 1, then a neighborhood base of (8,n) is composed of the
sets {(B,n)} U HV:z : 2 € {7} x N, \ F} for finite sets F C N,, and for
neighbourhoods V; of z in X,,.

il) A neighborhood base of (B,n), for B limit, is composed of the sets
{(B,n)}UU{Vs : v < § < B} for § < B, and for neighbourhoods V; of (4, n).

Clearly A) holds. To verify B) and C) we need to prove the following:

Claim: For each B < «, let Gp be a subset of w such that Gg N N, is finite for
each n. Then G = Upgx{ﬁ} x Gp is closed in X whenever one of the following
conditions hold:

(a) all Gp coincide;

(b) the sets G are pairwise disjoint.
Moreover, G has the product topology in case (a), while in case (b) G is discrete.

Proof of the Claim Take z = (B,n) € X<\ G, B < «. To find a neighbourhood
U of z which misses G we proceed by transfinite induction on 3.

If 2 € X, then z is isolated and we are through. Assume all z = (v,n), with
¥ < B, have a neighbourhood in X, disjoint from S. Consider first the case when
B is a limit ordinal. Now (v,n) € G may occur for at most one ¥ < B. Choose
a 70 < B such that (y,n) ¢ G for all ¥ with 99 < v < B. Now by the induction
hypothesis each z, = (v,n) has a neighbourhood V, in X, disjoint from G. Then
{z}UU{V, : 70 < 7 < B} is a neighbourhood of z which misses G. In case § = v+1
is a successor ordinal, the subset F = G, N Ny, of N, is finite by hypothesis. Now
each point z; € {y} x (Nn \ F) has a neighbourhood V; which misses G by induction
hypothesis. Now V = {2z} U|J, Vi works as before.

The discreteness of G in case (b) follows easily from the definition of the topology
of X. In the case (a) let all G coincide with some G C w. To see that G = k x Gp
has the product topology fix n € Gy and note that for G = Go \ {n} the set
G = k x Gy is closed in X, by the first part of our claim. Therefore, the set
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Cxn = & x {n} is clopen in G. It remains to observe that C , is homeomorphic to
the compact ordinal space x + 1. This proves the Claim.

Call diagonal set in X, every subset G of X, satisfying (b) of the above Claim.
By the Claim, every diagonal set is closed and discrete. Hence, by Exercise 8.0, every
bounded set of X, can contain only finite diagonal sets. Consequently a bounded
subset B of X, is either contained in a product (k¥ + 1) x F, where F is a finite
subset of w, or contained in a product K x w, where K is a finite subset of « + 1.
In the first case (x + 1) x F has the product topology according to the Claim, so
that (k+ 1) x F, and consequently B, is Hausdorff. In the second case, we note that
finiteness of the diagonal subsets of B implies that for each 8 € K, B meets only
finitely many sets {#} x N,,. Therefore B is contained in a subspace of X, which
is homeomorphic to a finite coproduct of converging sequences, hence Hausdorff. In
this way we have proved that every bounded subset of X is Hausdorff.

Now consider amap h: P — X with P€ P and a,b € TP) By our hypothesis
(2), P is e-compact. Hence there exists a bounded dense subset B of P. Now j(B)
will be a dense bounded subset of j(P) by Exercise 8.0. Since B’ = j(B)U {a,b} is
still bounded (see Exercise 8.0), our previous argument yields that B’ is Hausdorff.
Thus a and b can be separated by disjoint open neighbourhoods in B'. It remains
to note that B’ N h(P) is dense in h(P), so that @ and b can be separated in h(P)
as well. This finishes the proof of X, € Haus(P).

To check C) denote by Q the class of all spaces k, with k € Ord. Since for
k' < &k one can find easily a continuous surjection £ — &', Remarks 8.4 (4) and our
hypothesis (1) imply that pro® < pro”. Hence, according to Theorem 8.4 (3) and
since pro%x = esp,Q(“, it suffices to prove that for a < «,

Xa € (pro®)%H! (Xo). ()
But the proof of (*) is a standard application of transfinite induction in view of the
homeomorphism Cyx 5 = (x + 1). o
COROLLARY For the following classes P of topological spaces the category Haus(P)
is not cowellpowered:
(1) compact spaces;
(2) compact Hausdorff spaces;
(3)  e-compact spaces.
=}

There are other classes P of topological spaces which satisfy the hypotheses of
the Theorem, such as compact totally disconnected Hausdorfl spaces. However,
since each compact Hausdorff space is a continuous image of such a space, this new

class gives no impact on Haus(P), according to Remark 8.4(4) (while (1)-(3) give
different categories Haus(P), see Exercise 8.Q).
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Non-cowellpoweredness of Ury and of other subcategories of Haus

Now we define in an appropriate way a generalization of the Urysohn separation
axiom (distinct points can be separated by disjoint closed neighbourhoods). To this
end we define the notion of S(n)-neighbourhood in Top.

DEFINITION®

(1)  Letn be a natural number and let k = n/2 in case n is even and k = (n+1)/2
otherwise. If X is a topological space, U C X and z € X, then we say that U is a
S(n)-neighborhood of z if there is a family of open sets {U, : 1 < s < k} such that

e zel
. 15s<k=>U,cU.+1
o Ur CU ifn is odd, otherwise Uy C U.

(2) A topological space is an S(n)-space if any pair of distinct points can be sep-
arated by disjoint closed S(n)-neighbourhoods.

In the sequel we denote by S(n) the full subcategory of Top having as objects
all S(n)-spaces. Clearly, S(1) = Haus and S(2) = Ury.

REMARKS

(1)  Every zero-dimensional space is an S(n)-space for each n € N, since any pair
of distinct points can be separated by disjoint clopen neighbourhoods.

(2) Forevery map f: X — Y in Top and z € X, the inverse image of an S(n)-
neighbourhood U of f(z) in Y is an S(n)-neighbourhood of z in X (see Exercise 8.L
(b)). This permits to define S(n)-closure, which turns out to be a closure operator
due to this property (a point z € X is in the S(n)-closure of a subspace M C X
if and only if each S(n)-neighbourhood of z meets M). Denote by 8 the S(n)-
closure in case n = 2k. Then clearly 8§, = 6 and T>(6:) = S(2k). Although 6;
is essentially strong (see Exercise 8.L(e)), Corollary 8.5 cannot be applied to get
cowellpoweredness of S(2k) since 8 is unbounded (this is witnessed by the spaces
X, constructed in the proof of Theorem* below).

(3) For infinite ordinals a one can define the notion of S(a)-neighborhood by
taking decreasing ordinal chains of size a of neighbourhoods U, (¥ < a) as before;
or the notion of S(a*)-neighbourhood by taking increasing chains. In both cases no
distinction is needed as in the third item of Definition* (1) when a is a limit ordinal.
Now define S(a)-spaces and S(a*)-spaces in a similar way.

THEOREM® Every subcategory A of Top satisfying (), S(n) C A C Ury is
non-cowellpowered.

Proof For each ordinal « we shall provide the set (x + 1) x Q with a topology
such that some appropriate subspaces X, of the resulting spaces Z, will satisfy:
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A) X, € S(n) for each n € N (hence X, € A);
B) the embedding X — X is #-dense, hence an epimorphism in Ury (and, a
fortiori, an epimorphism in A).

"Clearly, A) and B) will imply that A is non-cowellpowered.

To define the topology of Z, we need to modify the topology of the ordinal space
k + 1, as follows. A non-zero ordinal 3 is said to be odd, if B can be presented as
B = Po + n, where fo is a limit ordinal or zero, and n is an odd natural number.
Non-odd ordinals will be called even. The new topology 7 of the ordinal space £+ 1
leaves unchanged the basic neighbourhoods of the even ordinals in «, while every
odd ordinal B < « has as least 7-neighbourhood the set {8 —1,8,8 + 1} N «. This
topology is not even T}, but distant ordinals o and B (i.e. such that either a+w < 8
or 8+ w < a) have disjoint S(n)-neighbourhoods. We leave the easy check of this
fact to the reader. .

Now let Z, = (x + 1) x Q be the product space, where Q is equipped with the
usual topology, and & + 1 is equipped with the topology 7. Let p: Z, — Q and
q¢ : Zx — &+ 1 be the canonical projections. In order to define the appropriate
subspace X, of Z, fix a partition Q = |J;~, Q. into disjoint dense subsets. For an
arbitrary ordinal B = By + n, with Sy limit or zero, set Qg := Q,. Now let

Xe:=J{B} x Qs C 2.

p<x

be equipped with the topology induced by Z,. Making use of both projections
p and g, we shall show that X € S(n) for each n € N. Fix 2,2/ € X.. In
case p(z) # p(#’) in Q, we can S(n)-separate p(z) and p(2’) in Q (which is zero-
dimensional, see Remark (1)) and then take inverse images along p to get disjoint
S(n)-neighbourhoods of z and 2’ in X,. In case p(z) = p(2’), it follows by the
definition of X and Qg, that B = ¢(z) and B’ = ¢(2’) are distant. Hence we
can S(n)-separate B and B’ in the ordinal space (x + 1,7) and then, as before,
take inverse images under ¢ of the disjoint S(n)-neighbourhoods in (k + 1,7) to get
disjoint S(n)-neighbourhoods of z and 2’ in X. This finishes the verification of A).
To prove B) and finish the proof of the Theorem, we need the following:

Claim: For each f+1 < &, Xp41 C 0x,(Xp). Consequently, X, = 6% _(Xo).

Let z = (B+1,2) € Xp41. If B is either a limit ordinal or odd, then each
neighbourhood of B in the space (x,7) hits the subspace . Hence, taking into
account also the density of each Qs in Q, we conclude that actually z € kx, (X;)
since every neighbourhood of z in X, hits Xs. Assume now that § is an even
non-limit ordinal. Then a basic open neighbourhood of z in X, has the form W =
{8 +1} x (VN Qp41), where V is an open neighbourhood of z in Q. By the density
of Qs41 in Q, there exists r € V NQp. Let us see that (B,7) € Xg N W. In fact,
a basic open neighbourhood of (B,r) in X, always contains {8 + 1} x (O N Qg41),
where O is an open neighbourhood of r in Q. (By the density of Qs+, in Q, always
0NQp4+1 #0.) Thus WN X # 0 is proved. This finishes the first part of the proof.
The second part of the proof follows from the first one by transfinite induction. O

A careful analysis of the proof of the Claim shows that X is actual!y C*-dense
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in X,, where C is defined as follows. For a space X and M C X a point z € X is
in the closure cx (M) if for every open neighbourhood U of z in X, ox(U) meets
M. Denote by sUry the full subcategory of Top having as objects those spaces X
in which distinct points z and y have neighbourhoods U and V respectively, such
that ox(U) Nox (V) = 8. Clearly, Ury C sUry = T3(C). Our observation shows
that the hypothesis of the Theorem can be weakened to

nS(n) C A CsUry.

In the sequel we consider another generalization of the Urysohn separation axiom.
It depends on a sequence {h, } of closure operators defined for each n > 0, as follows:
hg is the discrete closure operator, and for a topological space X and M C X define

(hn+1)x(M) = {z € X : for each neighbourhood U of z, k,(U) N h, (M) # 8}.
Now define A by
(h,)x(M) = {z € X : for each neighbourhood U of z,k,(U) N M # 8}.

The reader can easily check that h, and k!, are closure operators for each n > 0,
with ) = K and h] = 0. A space X is an S,-space if for each pair z and y of distinct
points of X, there exist open neighbourhoods U and V, of « and y respectively, such
that hn(U) Nk, (V) = 0. Denote by S, the full subcategory of Top of S,-spaces.
Then one obtains:

COROLLARY* The categories S, (ne€N,n >1 ) are non-cowellpowered.

Proof  Itiseasy tosee that S, C S, = Ury for each n > 1. Moreover, S(2") C S,
(see Exercise 8.N). Now we can apply Theorem*. (u]

The categories S(a) (a > 1) as defined in Remark (3) represent a proper class of
non-cowellpowered subcategories of Top. Actually, one can define S(n)-separation
depending on an arbitrary order type n and characterize those order types n for
which the category S(n) is cowellpowered (see Dikranjan and Watson [1994]; some
particular cases are given in Exercise 8.M). ’

8.7 Quasi-uniform spaces

A quasi-uniform space is a pair (X,U), where X is a set and U is a filter of reflexive
relations on X such that for every U € U, there exists V € U with VoV C U.
A uniformly continuous map f : (X,U) — (Y,V) is a set-map such that for each
V €V there exists U € U with (f x f)(U) C V. This defines the category QUnif
of quasi-uniform spaces which contains the category Unif of uniform spaces (see
5.11) as a full subcategory. The forgetful functor G : QUnif — Set is topological;
in particular, the quasi-uniformities on a set form a complete lattice (see Exercise
8.R).
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For a quasi-uniform space (X,U) one can define a topology T'(//) on X by taking
as a base of neighbourhoods at z € X the filter base {U(z)}vew, where U(z) =
{y € X : (z,y) € U}. Every uniformly continuous map f : (X,U) — (V,V)
gives a continuous map with respect to the induced topologies. Hence one has a
concrete functor T : QUnif — Top which composed with the forgetful functor
V : Top — Set (see diagram (5.31)) gives G=V o T.

The functor T admits many sections, i.e., functorially chosen quasi-uniformities
on the underlying set X of a topological space (X, 7) inducing the given topology T,
of which the following two are the most relevant ones. The finest quasi-uniformity
F(X,7) is defined as the finest quasi-uniformity & on X with T'(l/) = 7 (see Exercise
8.R for its existence). The Pervin quasi-uniformity P(X,7) of a topological space
(X, ) is generated by the filter base of binary relations {S¢}, with S¢ := (G x
@)U ((X\G) x X) and G running through the family of all open subsets of X. In
this way one obtains two functors F,P : Top — QUnif of which F is left adjoint to T.
Then, in the notation of 5.13, the counit ex : FT' X — X is the identity map, where
FTX is the set X equipped with the finest quasi-uniformity of the topological space
TX.

Consider the natural involutive endofunctor ¢ : QUnif — QUnif defined by
(X,U) = (X,U""), where U~" denotes the filter {U~!:U € U}. The composite
T* := Tot : QUnif — Top has F* := toF as aleft adjoint with counit e := ¢(e,x) :
F‘T*X — X. The category Unif of uniform spaces is simply the full subcategory of
QUnif of all quasi-uniform spaces left fixed by ¢. Actually, Unif is coreflective in
QUnif, with the coreflector defined by (X,U) — (X,U*), with&¥* = UVU~! and the
join taken in the lattice of all quasi-uniformities on X. The restriction of the functor
T : QUnif — Top to Unif coincides with the forgetful functor W : Unif — Top
defined in 5.11. The composition of the coreflector * : QUnif — Unif with W is
usually denoted by T : QUnif — Top. Hence one has a commutative diagram:

=

QUnif Unif

AL A e
. Top

With respect to the class M of all embeddings, QUnif is AM-complete. As described
in 5.13, with the help of the adjunctions F 4 T, F* 4 T*, Incl 4* one can “push”
closure operators of Top and Unif along the respective counits to obtain closure
operators of QUnif w.r.t. M. In particular, for the Kuratowski operator K of
Top and its initial lifting to Unif (see 5.11), we obtain the closure operators

5= ‘K and f:= ‘°K,

where ¢* is the coreflexion of the coreflector + : QUnif — Unif. Actually, g =
(K A 7)*, so that 8 becomes the quasi-uniform counterpart of the b-closure. But
it should be mentioned that the restrictions of the closure operators v, 8 and K to
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Unif coincide ; in particular, Blyypif coincides with the Kuratowski closure lifted
from Top to Unif. Furthermore, Blyjpif is regular, while neither K nor « are
regular closure operators of QUnif (see Examples below).

Now we define a series of closure operators of QUnif which fully exploit the
specific features of QUnif. Let n € N and U be a quasi-uniformity in X. For
V € U consider the relation w,(V) = V,0...0...V2 0V, on X, where ; =
V,Vo = V7! Ve = VD' Then {wa(V)(z) : V € U,n € N}gex is
a neighbourhood system of a pretopological space 5,,(){ ) satisfying the condition
from Exercise 8.L(b)(i). Hence 8, : QUnif — PrTop is a concrete functor, which
defines an additive closure operator 8, for every n € N. Obviously, §, = *K. More
generally, a 8,-neighbourhood in X € QUnif is also an S(n)-neighbourhood in T'X
(cf. Definition* (1) of 8.6). If the Pervin quasi-uniformity of T'X is contained in the
quasi-uniformity of X, then both neighbourhood systems coincide on T'X. Hence,
with S(n) = T3(8,) and T defined as in 7.11, one has T(5(n)) = S(n) (see also
Exercise 8.R(e)).

EXAMPLES

(1) Making use of the definitions and Exercise 8.R(b) one can show that (Y {(V N
V=1):V €U} = Ax holds for X € QUnif iff X € T-!(Top,) = (T*)~}(Top,) =
A(B). We denote by QUnify this subcategory of QUnif. The reflector QUnif —
QUnif, is defined as follows: for (X,U) € QUnif set Lx :=({(VnV~1):V e U}.
Clearly Lx is an equivalence relation on X, such that the quotient map p : X —
RX = (X/Lx,p(U) is the QUnif y-reflexion of X. Note that p sends B-closed sets of
X to PB-closed sets of RX. Since QUnify is the biggest proper strongly epireflective
subcategory of QUnif, the Generating Diagonal Theorem implies that its regu-
lar closure operator regRY= is the finest non-discrete regular closure operator of
QUnif. We claim 8 = reg®V2o, To prove the inequality 8 < regQ@Unifo, note that
both closure operators are idempotent, hence it suffices to show that, each equalizer
eq(f, g) with f,g : X — Y € QUnif,, is S-closed. In fact, eq(f,g) = A~ !(Ay) for

h =< f,g >: X =Y x Y, and the diagonal Ay is f-closed in ¥ x Y. To prove
the opposite inequality, consider a f-closed subset M of X. By Exercise 8.R, i(z)
and j(z) are separated in X 4 X. In case X € QUnif,, the other palrs of distinct
points of X + s X can be separated via the projection X 43 X — X as in Example
6.5, so that by Frolik’s Lemma, M is QUnif y-closed. In the general case one has to
observe that the QUnif -reflexion p : X — RX sends B-closed sets to §-closed sets.

(2) Analogously, T-}(Top,) = (T*)"!(Top,) = A((X*)). Let QUnif; denote
this category. One can show that {Y{V : V € U} = Ax (or, equivalently, (\{V~!:
V € U} = Ax) bholds for X € QUnif if X € QUnif,. Similarly to (1) one
can show that the regular closure operator of QUnif; in QUnif coincides with 8
on QUnif,. But note that, unlike the case of QUnif,, reg?Y=f: and 8 do not
coincide on QUnif, due to the Generating Diagonal Theorem.

Since a uniform Tp-space is also Hausdorfl, we have Unify := Unif N QUnif, =
Unif NQUnif,. Note that for X € Unify, the topological space T'X is a Tychonoff
space (see Exercise 8.R (d)). One can easily find examples to distinguish QUnif,
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and QUnif,. To see how big the difference between 8 = (K Ay)* and K A7 is,
compare QUnif, = A(B) with A(K Avy) C QUnif,,. (In fact, if X is the Sorgenfrey
Line and M = Q the set of rationals, then M is 8-closed, so that the amalgamation
Y = X +m X belongs to QUnif, by Exercise 8.R, while for each irrational point
z € X the pair (i(z),j(z)) is in the (& A ¥)-closure of the diagonal of Y x Y, but
not in the diagonal Ay, so Y € QUnif, \ A(K AY).)

The following theorem helps to find non-cowellpowered subcategories of QUnif.

THEOREM

(1) Let B be a strongly epireflective subcategory of Top. Then the subcategory
A = T~Y(B) of QUnif is strongly epireflective and reg* > ‘regB®. The functor
T is (reg*,reg®)-continuous (cf. 5.7) iff reg*|u = ‘regBla. This implies that the
restriction T|4 : A — T(A) preserves epimorphisms. If B C Haus, then T is
(reg?, reg®)-continuous.

(2) Let A be a strongly epireflective subcategory of QUnif. Then the restriction
T|a : A — T(A) reflects epimorphisms. Consequently, A is non-cowellpowered if
T(A) is non-cowellpowered. In particular, if A = T~'(T(A)) and T(A) C Haus,
then T4 also preserves epimorphisms, so that T(A) is cowellpowered iff A is cow-
ellpowered.

Proof (1) In order to prove reg4 > ‘reg®, it suffices to show that an A-closed
subspace M C X € QUnif is B-closed in TX. By Frolik’s Lemma it suffices to see
that TX*+p TX € B. Note that by Frolik’s Lemma again X +p X € A, so that
T(X +m X) € B. Since the canonical (bijective) map TX +p TX — T(X +um X) is
continuous, strong epireflectivity of B gives TX +p TX € B. The second assertion
follows from this inequality and the definition of continuity of a functor (see (*) in
Definition 5.7). To prove the last assertion of (1), assume B C Haus and proceed
with the proof of the inequality reg? < ‘reg®, which will imply continuity of T'. In
view of the idempotency of the regular closure operators it suffices to see that if
M C X € QUnif is B-closed in TX, then it is also .A-closed. By Frolik’s Lemma,
B-closedness of M gives TX +ym TX € B. Since B C Haus, B-closedness of M
yields also closedness of M in TX. Now Exercise 8.R(b) guarantees that both
topologies on the amalgamation X +p X coincide, so that also T(X +p X) € B.
Thus X +p X € A, consequently M is A-closed by Frolik’s Lemma.

(2) Follows from (1) and Theorem 8.1. o

COROLLARY For every n > 1, the categories S(n) = Tx(8,) C T~!(S(n))
are non-cowellpowered, while the categories QUnif,, QUnif, and Unif, are co-
wellpowered. a

Proof  For A = S(n) the category T(A) = S(r) is not cowellpowered according
to Theorem* of 8.6. Thus by (1) of the Theorem, both A and T~!(S(n)) are not
cowellpowered. For the properness of the inclusion S(n) C T=!(S(n)) see Exercise
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8.R(e). To prove the last assertion, note that the functor T* : QUnif — Top sends
QUnif, and its subcategories QUnif, and Unif, into the cowellpowered category
Haus and preserves epimorphisms. Now Theorem 8.1 applies. a

REMARKS

(1)  Exercise 8.R shows that the functor T need not preserve epimorphisms if B is
not contained in Haus. In fact, while the epimorphisms in QUnif,, are the S-dense
maps, the epimorphisms in Top, = T(QUnif,) are the b-dense maps (it is easy to
find a S-dense map f such that T'f is not b-dense). Another example is provided
by the smaller subcategory QUnif,. Here epimorphisms are (again!) the S-dense
maps, while the epimorphisms in Top, = T(QUnif,) are surjective (see Exercise

8.R(¢)).

(2) It follows from the Corollary, Exercise 8.R(f) and from the obvious counterpart
of Theorem 8.3 for QUnif, that 8, is unbounded for n > 1 (compare with Problems
8.5 (2) in the case of Top).

(3) As the examples above show the deficiencies of the amalgamation in QUnif
(see Exercise 8.R) prevent an easy “lifting” of the known results in Top along the
functor T : QUnif — Top. This fact makes it necessary to study problems of
cowellpoweredness in QUnif separately.

(4) The following fact shows that in the Theorem one cannot replace T by the
functor B = T x T* : QUnif — 2Top. Let A be the full subcategory of 2Top
of pairwise-T, spaces, i.e., spaces (X, 1, 72) such that for each pair z,y of distinct
points of X there exist disjoint r;-open sets O; (i = 1,2) such that either z € O,
and y € O3, or z € O; and y € 0. Hence QUnify = B~!(A), and this category is
cowellpowered by the Corollary. Recently Schroder [1995) proved that A is non-co-
wellpowered.

PROBLEM Do there ezist non-cowellpowered full subcategories of Unif ¢

8.8 Topological groups

It is easy to see that for the categories of Hausdorff abelian groups or Hausdorff
topological modules over a ring R, the epimorphisms coincide with maps with dense
range (see Exercise 8.R). As mentioned in Example 6.1, this remains true also for the
category of compact groups. Now consider the category HausGrp of all Hausdorff
topological groups and continuous homomorphisms. Every morphism with dense
range is an epimorphism in HausGrp, since the forgetful functor HausGrp —
Haus reflects the epimorphisms. It was an open problem formulated already in the
late sixties whether the converse proposition is true. This problem is equivalent to
the following problem of K. H. Hofmann (see Comfort {1990], Problem 512).

If G is a Hausdorff topological group and H a proper closed subgroup of G, can
H be reg HausGrp_dense 2
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In other words, does epi’®*S™P coincide with the Kuratowski closure operator
K 7 It was proved by Nummela [1978] that epig‘“”c;"p coincides with kg for lo-
cally compact and other classes of topological groups G. It was shown recently by
Uspenskij [1994] that, in general, the answer to this question is negative, by means
of the following example. Let T = {z € C : |z] = 1} be the circle group equipped
with the Euclidean metric p, and let G be the group of all self-homeomorphisms of
T, equipped with the topology of uniform convergence. The filter N(G) of neigh-
bourhoods of the neutral element e in G has as basic neighbourhoods the sets

{9€G:(vz€T) pls(z),z) <n™'}

for n € N. Denote by H = {g € G : g(1) = 1} the stabilizer of the point 1 € T.
Then H is a proper closed subgroup of G since G is Hausdorff. We can now prove:

THEOREM The inclusion H — G is an epimorphism in HausGrp.

Sketch of Proof. Consider an arbitrary pair of morphisms f,g : G — K to
a Hausdorff group K with f|H = g|H. In order to prove f = g, define j : GXG — K
by j(z,y) = f(z)g(y)~!. Let V be the lower uniformity on K. This uniformity has
a base {(z,y) € K% : z € VyV}, where V runs over N(K), and is compatible with
the topology of K. The main steps of the proof are:

1. G x G admits a uniformity &/ for which j is (i, V)-uniformly continuous.

2. Every uniformly continuous function & : (K,V) — [0,1] is constant on the
image D of the diagonal Ag of G x G in K. By Exercise 8.R(d) this means that D
is a singleton, i.e., j is constant on the diagonal of G x G. Thus f = g.

Proof  Step 1. We define the uniformity & on G x G. For U € N (G), define
a binary reflexive relation Wy on G x G as follows: ((z,y),(z',y)) € Wy for
z,2',y,y € G iff there exists u € U such that (z,y’) equals one of the following
four pairs: (uz,y), (z,uy), (zy~'uy,y) or (z,yz~'uz). f U = U~!, which we shall
assume, the relation Wy is symmetric. Define the uniformity &« on G x G as the
finest uniformity with the following property: for every entourage W € U there exists
U € N(G) such that Wy € W. For V € N(K), let us say that two points z;,2; € V
are V-close if either z2 € z;V or z; € Vz;. To prove that the map j :GxG — K
defined by j(z,y) = f(z)g(y)~?! is (U, V)-uniformly continuous, it suffices to prove
the following assertion:

For any V € N(K) there ezists U € N(G) with the following property: If
(z,v), (2',¢) € Wy, then z; = j(z,y) and 25 = j(z',y’) are V-close.

This implies that the coarsest uniformity & on G x G for which j is (W,V)-
uniformly continuous, is coarser than U or, equivalently, that j is (i, V)-uniformly
continuous.

If (z',y’) is (uz, y) or (z,uy), then 2227 = f(u) or 27 'z2 = g(u)~!, respectively,
and the assertion follows from the continuity of f and g. If (z/,¥') = (zy~luy,y),

then

27tz = g(y) f(2) ™ fzy~ uy)g(y) ™ = k71 f(wk,
where k£ = j(y,y). Let F = {j(y,y) : y € G}. This is a compact subset in K:
indeed, since the map y — j(y,y) is constant on left H-cosets, F is.a continuous
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image of the quotient space G/H, which can be identified with the compact space
T. It follows that there exists W € N/ (K ) such that k~'Wk C V for all k € F. Pick
U € U(G) so that f(U) C W. Then z; 'z, = k™1 f(u)k € k~'Wk C V, which means
that 2; and z3 are V-close. If (z',y) = (z,yz~'uz), the argument is similar: in this
case, 2227 ' = kg(u)~'k~! with k = j(z,z).

Step 2. The diagonal embeddlng i: H— GxG,i(h) = (h,h)for h € H, induces
a right action of H on G x G via (z,y) - h = (zh,yh). Note that j(zh,yh) = j(z,¥)
for all h € H. We show that any uniformly continuous function (X,V) — [0,1] is
constant on D. Since j is (¢, V)-uniformly continuous it suffices to prove that any
U-uniformly continuous function d : G x G — [0, 1] which is constant on H-orbits,
is constant on the diagonal. Fix such a function d: G x G — [0,1]. To check that
d is constant on Ag, pick an arbitrary ¢ € G. We must verify d(a,a) = d(e,e). To
this end we show that for every ¢ > 0, one has

ld(a,a) — d(e,€)} < 4e. (%)

Let t = aH € G/H. By the uniform continuity of d, for every k = 0,1,... there
exists U € N(G) such that, if p,p; € Wy,, then |d(p;) — d(p2)] < 2~*¢. We claim
that for the sequence Up, Uy, ... and the coset ¢t we can find a sequence g; = e,...,9n
in G and v € Up such that g,, € t and

(VE €N, 1 < k < n)(ur € Uk)(gr41 = vags oF geg1 = v upvge), (++)

i. e., gn = ah for some h € H and gry1 = Urgk, OF gr41 = v~ lugvgy for some
u; € Up. If a € H this is trivially verified, so that from now on we assume a € G\ H.

It follows from the definition of G that for every U € N(G) we can choose
a positive § so that for every n € N and every pair of n-tuples a;,...,a, and
by,...,bn of distinct points in T with p(a;,b;) < §,i=1,...,n, there exists u € U
with u(a;) = b; for each i. For each k = 0,1,..., let §; denote the positive §
determined as above for Up. Consider the point b = a(1) of T, we can assume
without loss of generality that 0 < Argbd < #. Let for n € N the point 2, € T
be determined by Arg z, = Arg b/2n. Choose n such that p(22,1) < 6o and set

6 = min(bp,...,82n~1). Pick a point w on the arc lz,. of T with p(w,1) < §. For
0 <k < n set azr = 22* (so that in particular ap, = b) and for 0 < k < n -1 set
a2k+1 = agnw, bory; = z”‘"'l and bopq4o = sz.lw. Choose v € Uy with v(a,-) =
b,i=1,...,2nand u; € Uk (k=1,...,2n—1) with ux(ar) = ar4, if k is even and
up(be) = bg+1 if k is odd. This is possible since p(az,ae41) < 6 < 6 if k is even,
and p(bz,br+1) < & < & if k is odd. Define a sequence g;,...,g2n € G as follows:
g1 =€, grk+1 = urge if k is even, gry1 = v upvgy if k is odd. Then gi(a) = a;.
In particular, go,(a) = b, so g2, € t and the sequence gy,..., g2, is as in (**). Our
claim is verified.

Let pr = (gr,vgr) € GxGfor 0 < k < n. Let us see that (**) implies (px, pr+1) €
Wu, o Wu,. If gry1 = urge, then pryy = (urge,vurge) = (e, (ver)(g5 'uege)),
so that (pr,pe4+1) € Wy, o Wy, follows by the definition of Wy,. In the case
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grk+1 = v lupvgy it suffices to exploit the relation pryy = (v 'urvgr, urvge) =
(9 (vgr) ™ ur(vgr), u(vgr)).
By the choice of the Uy’s and (pg, pr+1) € Wy, oWy, , we have |d(pr) —d(pe+1)} <

21~k¢. Consequently,

n-1

ld(p1) — d(pa)l < 227 % < 2.

k=1
Since for = (ea t)) and Pn = (yn’vQN) (Pla(e,ﬁ)) € WUo a'nd (pn;(gn;gn)) € WUM
we have |d(e,e) — d(gn,9n)| < 4¢. Since (gn,95) = (ah,ah) and d is constant on
H-orbits, (gn,gn) can be replaced by (a,a) in the last inequality. This proves (*).
]

The following questions remain still open:

PROBLEMS

(1)  Does the regular closure of HausGrp coincide with the epi-closure ?

(2) Is HausGrp cowellpowered?

As wé know, (1) is equivalent to asking if the regular closure of HausGrp is
weakly hereditary (see 6.2). It was shown by Uspensklj [1995] that the regular
closure of HausGrp is not hereditary.

8.9 Epimorphisms and cowellpoweredness in algebra

In this section we give a synopsis of epimorphism-related results for R-modules and
Abelian groups obtained with the help of closure operators presented in previous
sections, and we briefly summarize known results for algebraic categories, referring
to the literature for proofs. It turns out that with respect to cowellpoweredness
the situation in algebra is fundamentally different from that in topology: under the
assumption of a large-cardinal axiom, any conceivable ”ranked” algebraic category
becomes cowellpowered, and the cowellpoweredness statement for such categories
is actually equivalent to that axiom; for reflective subcategories of grotfps or R-
modules, we sketch proofs for cowellpoweredness within ZFC, without any additional
set-theoretic axioms.

Epimorphisms in categories of R-modules and Abelian groups

Let A be a full and replete epireflective subcategory of Modgr with induced
A-regular radical r; hence A contains exactly the r-torsion-free R-modules, i.e., for
all X € Modp,

XeA & r(X)=0.
(cf. Proposition 6.7). Its epi-closure E(A) contains exactly those R-modules X such
that X2 does not contain any proper submodule M containing the diagonal such
that X2/M is r-torsion, i.e.,

X €E(A) ¢ (YM < X?)(Ax < M &x(X?/M)=X*[M = M = X?).
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In fact, the last condition simply means that Ax < X2 is an .A-extremal monomor-
phism, hence epi*-closed (cf. Theorem 6.2), and this characterizes the E(A)-objects,
by Corollary 7.6. But we have already shown in Example 7.6 (3) that, fortunately,
this condition simplifies to:

X € E(A) & r°(X)=0,

so that E(A) is the r*®-torsionfree class. With Example 6.7 (1), we conclude from
this:
PROPOSITION The following conditions are equivalent:

(i) A is epi-closed,

(ii) r is idempotent,

(iii) A s closed under eztensions.

o

COROLLARY If A is closed under images, then epimorphisms of A are surjec-

tive. Conversely, surjectivity of epimorphisms of A forces A to be closed under
images, provided A is closed under ertensions.

Proof Trivially, if A is closed under images, for every f : A — B in A,
f(A) — B is the kernel of B — B/f(A) in A, which must be iso if f is epic.
Conversely, for every surjective f : A — B with A € A, since r is idempotent by the
Proposition, so that C* is weakly hereditary, K =%er f is .A-dense in its maximal
closure ¢%(K) & f~1(r(B)), hence K = f~1(r(B)) since epis in A are surjective.
Consequently, r(B) =0, i.e., B € A. o

A more intricate criterion follows from Theorem 7.7. Let I := r(R), and for
every R-module X, let

a(X):=Annyl:={z€ X : Iz =0}
be the preradical given by the annihilator of I in X. We then have:

THEOREM

(1) Epimorphisms in A are surjective if and only if a(X) € E(A) for all X €
Modpg or, equivalently, if r°a = 0.

(2) IfI=0, and if A # Modpg is closed under extensions, then there are non-
surjective epimorphisms in A.

(8) Incase R=1Z, if A is closed under extensions and contains non-surjective
epimorphisms, then there is no epireflective subcategory B properly containing A
such that A — B preserves epimorphisms.
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Proof (1) From Proposition 7.7 one knows that epimorphisms in A are surjective
if and only if D(A) = Modg, and modules X in D(.4) were characterized in Example
7.7 (2) as those with r®(a(X)) = 0.

(2) If I = 0, then a(X) = X for all X, hence D(A) = E(A). Consequently, if
E(A) = A # Modg, also D(A) # Modpg.

(3) As shown in Example 7.7 (3), in case R = Z, one has either D(A) = E(A) or
D(A) = AbGrp, hence A = D(A) under the given conditions on .A. The assertion
of (3) therefore rephrases the maximality property of D(A) given in Proposition 7.7.

[m]

Epimorphisms in categories of universal algebras

By a category of universal algebras we understand a full subcategory A of the
category X of all algebras of a fixed finitary type, i.e., of sets which come equipped
with operations of given finitary arities. We suppose that A is closed under the
formation of subalgebras and homomorphic images, and that finite coproducts exist
in A. Certainly, every Birkhoff variety satisfies these assumptions, i.e., every class
A which is closed under subalgebras, homomorphic images, and direct products;
equivalently, every class that is definable by axioms having the form of identically
valid equations. For instance, groups are presented as sets with a binary operation
z -y, a unary operation z~!, and a nullary operation e, subject to the equations
(z-y)-2=2-(y-2),z-27! =¢, z - ¢ = z; similatly for rings, R-modules (consider
the unary operations az for each & € R), R-algebras, lattices, etc. (The epireflective
subcategories of Modpg considered above are only so-called guasi-varieties, being
characterized by closedness under the formation of subalgebras and direct products
- but not’necessarily under homomorphic images; their axiomatic description must
permit implications between equations, with a typical example given by torsionfree
Abelian groups: (Yn > 1)(Vz)(nz=0 = z=0).)

The A-regular closure regf(A) of a subalgebra A of an algebra B in A is called
the dominion of A in B, and its elements are characterized by Isbell’s [1966]

LEMMA (Domination Lemma) With the coproduct injections k,! : B — B * B,
the following conditions are equivalent for an elementd € B:

(i) d € regh(A);

(ii) there ezists a finite sequence wo = k(d),...,wn = I(d) in B * B such that for
each 0 < i < n, the element (w;,w;4,) belongs to the subalgebra of (B + B) x
(B#*B) generated by all elements of three forms, (z,z), (k(a),l(a)), (I(a), k(a)),
with a € A;

(iit) (k(d),l(d)) belongs to the congruence of BB generated by the pairs (k(a),l(a)),
a€A.

Proof  The dominion regf(A) is the equalizer of the cokernelpair of A < Bin A.
But since the coproduct B * B exists in .4, and since A is closed under homomorphic
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images, the cokernelpair can be constructed as
E
B?B*B—»B*B/~,

with ~ the least congruence relation on B * B which contains R := {(k(a),l(a)) :a €
A}. Therefore, (i) and (iii) are equivalent. Condition (ii) is just an elaboration of
how to reach ~ from R: first enforce reflexivity and symmetry, then the congruence
property, and finally transitivity. D

The real work starts when one considers

EXAMPLES Of the many published results concerning the characterization of
epimorphisms in varieties of universal algebras, we mention only two non-trivial
characterization theorems. For proofs of these, we refer to the literature:

(1) Isbell’s [1966] Zig-Zag Theorem for the category A = SGrp of semigroups
characterizes the elements d € regA(A) \ 4 as those which have two factorizations
d = apy; = T, a2, connected by 2m relations

ag = I148)1, Q1Y) = G2Y2,T182 = T203,...,82m-1Ym = G2m,
for some m > 1, and with all q; in A.

(2) In the category A = Rng of rings (with unit element) the elements d €
regf(A) \ A are characterized as those d € B with d® 1 = 1®d in B®4 B or,
equivalently, those which can be written as

m n ;"
d= Zz:c;a,-jyj
i=1 j=1
with z;,y; € B,a;; € Aand Y |2, zia;; € A (1 < j < n), E?:l a;y; EA(1LiL
m) (cf. Storrer [1973)).

The survey article by Kiss, Marki, Prohle and Tholen [1983] contains an extensive
list to the literature on epimorphisms (predominantly, but not exclusively) in algebra,
and on related problems (particularly: amalgamation).

Cowellpoweredness of locally presentable categories and accessible categories

Already in Isbell’s [1966] paper it is noted that, as a consequence of the Domi-
nation Lemma, the calegories of universal algebras satisfying the required hypotheses
for the Lemma, in particular the Birkhoff varieties, are cowellpowered. As far as
varieties are concerned, this statement allows for considerable generalization, to all
locally presentable categories in the sense of Gabriel and Ulmer [1971], and fur-
ther. (For a regular infinite cardinal k, a category A is locally k-presentable if it
is cocomplete and contains a small set G of k-presentable objects such that ev-
ery object is a k-filtered colimit of objects in G; recall that an object A € A is
k-presentable if the hom-functor A(A,-) : A — Set preserves «-filtered colimits.
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A is called locally presentable if it is locally x-presentable for some x.) The ex-
tent to which locally presentable categories generalize varieties becomes clearer by
their characterization as model categories of essentially algebraic theories (a con-
cept due to Freyd [1972], with an equivalence proof given by Addmek and Rosicky
[1994]). The passage from the theories having Birkhoff varieties as their categories
of models to essentially algebraic theories has three features: allow for multi-sorted
signatures (so that algebras may have more than just one “underlying set”), allow
operations to be infinitary, but insist that there is only a small set of them, and
allow operations to be partial, but in an equationally-controlled way: the domains
of definition of partial operations are given by equations involving only total oper-
ations. A typical example is the category Cat of all small categories and functors:
an object C in this category has two underlying sets, obC and mor C; three to-
tally defined operations, domain, codomain : mor C — ob C, and 1 : obC — mor C;
and one partial operation (mor C)? — mor C whose domain of definition is the set
{(z,y) : domain(z) = codomain(y)}.

It is not difficult to show that locally presentable categories are complete, co-
complete and wellpowered. It is much harder to prove:

Every locally presentable category is cowellpowered.

This fact goes back to Gabriel and Ulmer {1971], with a very readable version
of the proof being presented in the book of Addmek and Rosicky [1994]. Conse-
quently, every variety of groups or of R-modules, say, is cowellpowered. What about
quasi-varieties then, in a locally finitely presentable category (x = Ry), say? Such
subcategories are still reflective (in fact: strongly epireflective), so the question is
simply whether the given subcategory is closed under directed colimits; if it is, then
it also locally finitely presentable and therefore cowellpowered. Makkai and Pitts
[1987) proved a remarkable generalization of this fact:

Every full subcategory of a locally finitely presentable category X closed under
limits and directed colimils is reflective in X and therefore locally finitely presentable
and cowellpowered.

In this statement, closedness under limits is trivially a necessary condition while
the role of directed colimits is much more delicate. It was shown by Rosicky, Trnkova
and Adémek [1990] that under a certain large-cardinal principle, called the Vopénka
Principle, every reflective subcategory of a locally presentable category is closed
under «-filtered colimits for some «; hence it is locally presentable in its own right
and therefore cowellpowered. Of course, in concrete examples one would try to avoid
recourse to the Vopénka Principle whenever possible; see for instance Exercise 8.U.

As far as quasi-varieties of groups or of R-modules are concerned, one can easily
prove (without any recourse to the Vopénka Principle or any other set-theoretic
assumption) that they are locally presentable, hence cowellpowered (see Ex.8.V-Y;
for more details and generality, see Dikranjan and Tholen {1995]). The key difference
here is that one does not need to prove that such a quasi-variety is closed under x-
filtered colimits. (In fact, it needn’t be, even for xk = Ry and R = Z, while such a
quasi-variety is surely finitely presentable; see Ex.8.X(d).)

The cowellpoweredness result can be generalized once again, from locally pre-
sentable categories to accessible categories. (k-accessible categories are defined like
locally x-presentable categories, except that the cocompleteness condition is relaxed
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to the existence requirement for x-filtered colimits. A category is accessible if it
is k-accessible for some x.) These categories can be described by certain so-called
sketches, as first formulated by Lair [1981] and (largely independently) by Makkai
and Paré [1989); sketches themselves go back to Ehresman [1968] and are treated in
considerable detail in the book of Barr and Wells [1985). Although accessible cat-
egories still have (certain kinds of) directed colimits, they are in general no longer
complete or cocomplete: an accessible category is complete (or cocomplete) if and
only if it is locally presentable. In the realm of algebra, a typical example of an
accessible but not locally presentable category is the category Fld of fields: (even
finite) products are strikingly absent here; consequently it is impossible to give an
essentially algebraic description (in particular of the domain of definition for the
multiplication of a field). Usually, the categories of general topology, like Top itself,
are not accessible. Makkai and Paré [1989] gave an elegant proof of the remarkable
fact that accessible categories with pushouts are cowellpowered (see also Adamek and
Rosicky [1994]). Under the set-theoretical assumption that there are arbitrarily large
compact cardinals, one can abandon even the ezisience condition for pushouts and
show that every accessible category is cowellpowered.

Is there hope then to find, within the average-mathematicians’s set-theoretic
horizon, a constructively-defined accessible category which fails to be cowellpowered?
The short answer to this question is No: Addmek and Rosicky [1994] have shown
that the statement “Every full subcategory of a locally presentable category is co-
wellpowered” is equivalent to the Vopénka Principle mentioned above; it implies
the existence of measurable cardinals and, on the other hand, the existence of huge
cardinals implies its consistency. Accessible categories are (easily) fully embeddable
into locally presentable categories, and the statement “Every accessible category is
cowellpowered” implies the existence of large measurable cardinals.

Finally then, how does the non-cowellpoweredness result for the category Frm
fare in light of the previous statements (cf. Example 8.2 (1)) ? Well, although equa-
tionally defined, the arities of the operations here (\/,A) are not bounded by a fixed
cardinal, since one permits joins to range over arbitrarily-large indexing sets. The
non-cowellpoweredness result therefore implies that Frm is not locally presentable,
hence there exists no “bounded” equational description for this category.

8.10 The Frobenius closure operator of fields

Every field K of positive characteristic p admits a fundamental en:iomorphism
®x: K - K, arsa?,

the so-called Frobenius morphism of K. If we put ®x := idg in case char K = 0,
then this defines a natural transformation ® : Idgpig — Idpia for the identity functor
of the category Fld and its homomorphisms. Now define the Frobenius closure of
K in an extension field L of K by the formula

{a€L:a” € K} for p = char L > 0,

frop (K) = QZI(K) = { K otherwise
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Recall that every morphism in Fld is monic, and our subobject structure is given
by M = MorFld.

LEMMA fro is a hereditary but non-idempotent closure operator of countable
order w, with fro” < int (the algebraic closure, cf. 3.5(3)). A field extension K < L
is purely inseparable if and only if it is fro”-dense, and it is separable if and only if
it ts int-dense and fro-closed.

Proof  frois obviously a hereditary closure operator of Fld — it is in fact the “mod-
ified modification” of the discrete operator w.r.t. the pointed endofunctor (Idpia, ®),
in the sense of Exercise 5.V. For positive characteristic p, fror(K) contains exactly
the roots of the polynomials z? — 8 € K|[z] in L, hence fror(K) < inty(K). Since
int is idempotent, fro” < int follows. Since

frof(K)={a € L:o?" € K for some n > 1},

we obviously have frog(frof (K)) = fro7 (K)). For the fields

Ko := Zy(z) (=rational functions over the prime field Z,),

Kpn:=Kaa(?z), n2>1

M= Uﬂ21 K,,
one easily shows fro}f ' (Ko) = Kg+! # K§ = fro}y(Ko)- This proves non-idempoten-
cy of fro, with o(fro) = w.

Recall that a field extension K < L is purely inseparable if for every o € L one
has a?” € K for some n > 1, with p = char L, or if K = L. This is the case exactly
if frof (K) = L. The field extension is separable if it is algebraic and has no purely
inseparable intermediate extensions (other than K); in other words, if int (K) = L
and if K < M < L with K < M fro“-dense is possible only in case M = K. The
latter condition certainly holds if K < L, and then also K < M is fro“-closed; on
the other hand, taking for M = fro(K), one sees that it also implies fro-closedness.

m]

THEOREM fro” is the regular closure operator regF'd. Consequently, the epi-
morphisms of Fld are ezactly the purely inseparable field extensions.

Proof  To show frof(K) C regf'd(K), we need to consider only the case char L =
p > 0. But for any morphisms 0,7 : L — M with o|x = 7|g and for every
@ € frof(K) we find n > 1 with o®” € K, hence o(c?") = 7(a®”). This implies
(o(a) = 7(@))?" =0, hence o(a) = ().

For the converse inclusion, it suffices to show that every fro-closed extension
K < L is a regular monomorphism of Fld. In fact, this follows from our claim that
for every a € L\ K we can find a morphism o : L — I of L into its algebraic closure
L with o(c) # a, so that o does not belong to the equalizer of o and incl : L — L.

To prove the claim, first assume a to be transcendental over K. In this case we
can take any automorphism 7 of the field K(a) of rational functions with 7(a) # a
and extend it to an automorphism T of L; now put o = 7|;. If « is algebraic over
K, we can consider the splitting field K, of its minimal polynomial over K. Then
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K < K; is a Galois extension with K, < T. Now we let 7 to be any automorphism
of K, with r(a) # « and extend it as in the first case. o

COROLLARY Let A be a class of fields such that for every field K there is a
morphism K — A € A. Then fro” is the regular closure operator of A.

Proof For a field L, let I be its algebraic closure. Then the proof of the Theorem

shows reg?} (K) < frog(K) for all K < L (in fact: the two closures coincide). With
any (mono)morphism L — A € A, one then has

reg (K) < regi(K) < reglT < frof(K) < regf™(K) < reg(K).

(m]

With the natural transformation ® : Idpa — Idma4, the identity functor becomes
both, pointed and copointed. Its fixed class Fix(Id,¢) = {K : ®k iso} contains
exactly the perfect fields, i.e., those fields K with ®x(K) = K.

ProPosITION

(1) A field K is perfect if and only if K has no proper epimorphic eztension
fields.

(2)  The subcategory PerF1d of perfect fields is both coreflective and reflective in
Fld. It is in fact the least full and replete reflective subcategory of Fld.

Proof (1) By the Theorem, for K not to have any proper epic extension is the
same as to say that K is fro-closed in every extension field L. But this implies that
K = ®k(K) < K is fro-closed. Since always frox(®x(K)) = ®x'(®x(K)) = K,
under the given condition, K = ®k(K) is perfect. Conversely, for any extension
K < L of a perfect filed K, one has

frop(K) = 871 (®k(K)) = 87 (®L(K)) = K.

(2) For coreflectivity, observe that r(K) := ®x(K) < K defines a preradical.
Hence the (mono-) coreflexion of K can be obtained by forming the idempotent core
of r. Asin the case of the idempotent hull of fro, one has r*(K) = r*(K); explicitly,
for char K = p > 0,

r(K)= () "(K)=[) K*".
n21 n21

For reflectivity, one proceeds analogously, by countable iteration of a suitable
epiprereflection (S, ¢) of Fld with Fix(S,c) = Fld : for charK = 0, let SK = K,
and for char K = p > 0, let SK be the splitting field of the polynomials {zf — o :
a € K}. Note that the inclusion ok : K — SK is purely inseparable, hence epic
in Fld. Now the PerFld-reflexion of K is the inclusion map of K into the direct



Epimorphisms and Cowellpoweredness 295

colimit
s“(K) = | S"(K).
n>1
Note that this is an epimorphism of Fld.
Finally, consider any full and replete reflective subcategory A of Fld. Since
A is monoreflective, it must be bireflective, i.e., the A-reflexion of any field X is
epic. But if K is perfect, by (1), there are no proper epic extensions, so that the

A-reflexion is iso and K belongs to A. o
Exercises
8.A (Cowellpoweredness w.r.t. regular epimorphisms)  Show that every con-

crete category A is wellpowered w.r.t. regular monomorphisms and cowellpowered
w.r.t. regular epimorphisms. Hint: With F : A — Set faithful, to every regular
monomorphism m of A, assign the image of Fm, and to every regular epimorphism
e of A, assign the equivalence relation induced by Fe. '

8.B (Cowellpoweredness w.r.t. strong epimorphisms for categories with cogene-
rator) _ Prove: every category X with pushouts and a small cogenerating set A
is cowellpowered w.r.t. strong epimorphisms. Hint: For non-isomorphic strong
epimorphisms e : X =Y, ¢/ : X — Y’, show that the maps X(e, A), X(¢', 4) (as
in the proof of Proposition 8.2) have distinct images, as follows. At least one of the
pushout projections p: Y — P, p’ : Y/ — P must be non-monic. If pf = pg with
f # g, pick h with codomain in A with hf # hg and show that there is no A’ with
h-e=h'-¢.

8.C (Reflectivity of small limit-closures) Let A be a full subcategory of a
complete and wellpowered category X. Let Ly(A) denote the closure of A under
limits in X (i.e., the intersection of all limit-closed full subcategories of X containing
A). Show:

(a) If A is small, then Ly (A) is the least full and replete reflective subcategory
of X containing A, and A is strongly generating in Ly(A). Hint: .Ly(A) is
contained in Sy (II(A)), with II(A) denoting the full subcategory consisting of
direct products of objects in A. A is strongly generating in Sx(II(A)) and
therefore in L(A). Now apply the Special Adjoint Functor Theorem.

(b) Give an example in which Lx(A) fails to be reflective in X.

8.D (The non-Ty syndrom, etc)  Prove the claims of Remark 8.3. Find test
spaces for SUS. Hint: Let ® be a non-fixed ultrafilter on N and let X = X, & be
the space NU {co} U {®} with all points of N isolated, open neighbourhoods of co
are {co} U A, A C N co-finite, and open neighbourhoods of {®} are {2} UU, U C N
and U € ®. Show that A C SUS for a strongly epireflective A of Top iff A does
not contain a space homeomorphic to X, & for some ultrafilter ®.
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8.E (Staying properly within Haus)  Prove: every full and replete epireflec-
tive subcategory A of Top which is properly contained in Haus, has a strongly
epireflective hull in Top which is properly contained in Haus. Hint: Consider
X € Haus\ A and assume S(A) = Haus. Then the A-reflexion px : X — RX can
be taken as the identity map, i.e., RX and X have the same underlying set, but the
topology of RX is properly coarser than that of X. Now compare reg# = regS(4)
with K for the spaces X and RX, using also Theorem 6.3.

PROBLEM Are there strongly epireflective subcategories of Top other than Haus with
this property ¢

8.F (Housekeeping on projective closure operators)  Verify the claims made
in the Examples 8.4 (2), (3). Show in particular: x is the least proper closure
operator of Top.

8.G (Surjectivity of epis in Haus(P))  For a class P of topological spaces
denote by Dis(P) the class of all topological spaces X such that for every map
h:P — X with P € P the subset f(P) of X is closed and discrete.

(a) Show that Dis(P) is closed under taking subspaces and finite products.

(b) X € Haus(P) belongs to Dis(P) if and only if epi?“’(?) is discrete (if and only
if reg?“s(?) is discrete). Conclude that for Y € Haus(P) every epimorphism
f:X —Y in Haus(P) is surjective if and only if Y € Dis(P).

(c) Show that for 4 = Haus(compact spaces) and Y € A every epimorphism
f:X =Y in A is surjective if and only if the only compact subsets of Y are

finite.

(d) Show that for B = Haus(connected spaces) and Y € B every epimorphism
f:X — Y in B is surjective if and only if T is totally disconnected (i.e., the
only connected subsets of Y are singletons).

8.H (Generalizing projective closure operators)  Taking the definition of the
P-modification PC of a closure operator C as a model (see 7.7) define projective
closure operators in M-complete categories, depending on P and a closure operator
C, and investigate their properties.

8.1 (Projective closure operators and o)

(a) Show proiM=} > o. Hint: Let X = Xo0 4 be the test space of Exercise 8.D.
Now limn = oo, and for M = N C X one has ox(M) = MU{oo}. On the other
hand, for the one-point compactification N, of the naturals N, one can easily
find a surjective map f : Neo — X, so that # € M = f(Noo) "M N f(No) C
proiN=}(M).

(b)  Show that for a topological space X the following are equivalent:

(i) every converging sequence in X has a unique accumulation point;
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(ii) ox = pro?”};

(ii) X € A(proiN=l).

8.J (An essentially sirong but non-strong closure operator of Top)

(a) Show that K® is essentially strong but not strong. Hint: Consider the space
X = NU{oo} with § and [r,00] for n € N the only open sets. Then M =N
is K®-dense and K®-closed. Hence K® is not strong. On the other hand,
K® is essentially strong since every subspace of a space in Top, = A(K®) is
A(K®)-closed, hence strongly K®-closed.

(b)  Show that the inequality b < K® does not hold in Top. Hint: Use the same
example as above; M is b-dense, hence M = k@ (M) C bx(M) = X.

8K (A proper class of non-strong closure operators in Top) Show that for
each infinite cardinal k the closure operator prol*} is not strong. Hint: For each
infinite cardinal k define the space X, with underlying set Sk U {oco} following the
idea of Exercise 7.H. Then the subset M := Bk \ k& C X is prot*}-closed, but
i#(X) — X 4 X is not prot*}-closed.

8.L (A proper class of essentially sirong closure operators in Top)

(a) Let C be an additive and essentially strong closure operator of Top with C* >
K. Then the closure operators C) = CK and C; = KC are essentially strong,
and the following hold for i = 1,2:

(i) T2(C;) C T2(C) and C* = C{;
(i) A(C:)=A(C);
(i)  the T(C;)-closure coincides on T3(C;) with the T5(C)-closure.

(b)  For a topological category X over Set as in 7.9 a C-neighbourhood structure is
a concrete functor C : ¥ — PrTop, i.e., an additive grounded closure operator
C of X (see 5.10).

(i)  An assignment (X,z) ~— VX that gives for every X € X and z € X a filter
VX on X, induces a neighbourhood structure C : ¥ — PrTop — FC via
(F = z& V; CF;cf 3.2)if and only if for every morphism f: X —Y
in X and every z € X one has f~! (U) € VX for every U € Vi
(ii) Show that S(m) : Top — PrTop defined by means of S(n)-neighbourhoods
as in Definition* of 8.6 is a (concrete) functor and therefore defines an
additive grounded closure operator of Top (see Remark 8.6 (2)).
(c) Let n be an arbitrary order-type (i.e., an isomorphism class of totally ordered
sets). For X € Top, M C X and z € X define U to be a S[n]-neighborkood of
z if there is a family of open sets {U, : 7 € n} contained in U and containing
z such that Uy C Uyr, whenever A > X'.
(i) Show that this defines a S[n)-neighbourhood structure as in (b), hence an
additive grounded closure operator ©, of Top.
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(ii) Define S[n] = T2(©,) and show that for 5 = n > 0 finite, S[n] = S(2n—1).
(d) For X € Top and M C X define 6,(M) by z ¢ 6,(M) iff there exists a family
{Ux: X € n} of open subsets of X containing z such that Uy C Uys, whenever
A>XNandU,NM =0 foreach A€ L.
(i) Show that 6, is an additive grounded closure operator of Top coinciding
with 6, as defined in Remark 8.6, when n = n > 0 is finite.
(ii) Show ©,K = ©, < 0, < ©14y. If n = 1+ n, then these inequalities
become equalities. When 5 has no bottom element then ©, = 6,. If 5 has
a bottom element, i. e., if n = 1+ 7/, then ©, = 6, K and ©3° = 637.
(iii) Ifn = ais an infinite ordinal, O, = 0, and T(,) = S[a] = S(a), as given
by Porter and Votaw [1973] (see Remark 8.6);
(iv) (PorterVotaw [1973], Example 2.10) Show that different ordinals o give
different categories S(a), hence different closure operators 8.

(¢) Show that the closure operators 6, and ©,, are essentially strong for every order
type 7. Conclude that the epimorphisms in S[n] and S(n) := T»(6,) are the
67°-dense maps, and that the inclusion S[1+4n] < S() preserves epimorphisms.

(f)  Generalize the construction of 6, and ©, from totally ordered sets to arbitrary
partially ordered sets and closure operators, as follows. Let (L, <) be a partially
ordered set and let C = {C, : A € L} and D = {D, : X € L} be collections of
additive grounded closure operators of Top. Define C = 6(L,C, D) by declaring
that, for X € Top, M C X, and z € X one has z ¢ cx(M) iff there exists a
family {Uy: A € L} of subsets of X containing z such that:

(i) U is a Cy-neighbourhood of z (in the sense of 7.9) for each A € L;
(ii) U is a Cys-neighbourhood of (dx)x(Ux) whenever A > X',
(i) (d\)x(Ur)NM =0 for each A € L.
Show that C = 6(L,C, D) is an additive grounded closure operator of Top. C

is essentially strong whenever each C) is essentially strong and if there exists
Ao € L such that Dy < Gy, for each A € L. Hint: Apply (a).

8.M (The categories S(a) are not cowellpowered)  Let a be an infinite ordinal
and let a* denote the reversed order of a.

(a) Show that the epimorphisms in S(a) and A(f,) are the §°-dense maps (see
Remark 8.6(3) and Exercise 8.L(d)).

(b)  Show that the epimorphisms in S(a*) and A(f,.) are the 852 -dense maps (see
Exercise 8.L (e)).

(c) (Dikranjan and Watson [1994]) Show that the category S(a) is not cowellpowered.
In particular, the category S(w) is not cowellpowered.

(d) (Dikranjan and Watson [1994]) Show that the category S(a*) is cowellpowered
if and only if « is indecomposable (i.e., whenever « is expressed as the ordinal
sum of two ordinals, the latter ordinal equals ). In particular, the category
S(w*) is cowellpowered.
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(e) Let n be the order type of the reals or of the rationals. Prove that S(77) = S{n)
is cowellpowered. Hini: Show that 6, is idempotent (Dikranjan and Watson
{1994]).

8.N (Housekeeping on S;)  Show that 6,0, < 0,4, and hnyq < 02n for each
n,s > 0 and conclude S(2*) C S, for each n > 0.

8.0 (Boundedness and e-compaciness)  Let B be a bounded subset of a
topological space X. Prove:

(a) every subset of B is bounded;

(b) for every continuous map f : X — Y, the subset f(B) of Y is bounded;

(¢) if B is closed, then B is compact; in particular, if B is closed and discrete,
then B is finite. Hint: For an open cover B = | Jg¢; Up of B consider the open
cover X = (X \ B)UlJ,cp Wp, where Wp is an open subset of X such that
WsNB=Up foreach B€I;

(d) e-compactness is preserved under continuous surjective maps in Top.

8.P (“Cowellpowered core” of a subcategory of Top) For a reflective sub-
category A of Top denote the subcategory Ty(reg#) for brevity by A°. Prove the
following properties of A°.

(a) A€ is a strongly epireflective subcategory of Top.
(b) A =%(S(A))* C S(A) = A(reg?). Hint: A° depends only on the A-regular
closure which coincides with the S(A)-regular closure.

() A°=Top iff S(A) = Top. Hint: If S(A) = Top, then the A-closure coincides
with the discrete closure operator, so .A° = Top. The other implication follows

from (b).
(d) reg*’ coincides with reg4 on A°. Hint: see Corollary 7.9.
(e) A=4A"

(f) The inclusion A < A preserves the epimorphisms.
(g) If AC B, then A° C B°.

(h) If the A-closure is additive and grounded, then the restriction reg*|4- : A° —
: Haus of the functor reg” : Top — PrTop preserves epimorphisms.

(1) If the A-regular closure is additive and grounded then .A°¢ is cowellpowered.

(3)  If the A-regular closure is additive and the restriction reg# : A — Haus of the
functor reg# : Top — PrTop to A preserves finite products, then A¢ = S(A),
so that both A and S(A) are cowellpowered. Hint: Follows from (h).

(k) Ifreg*|4 = K|4, then both A and S(A) are cowellpowered.

() Haus® = Haus, FHaus® = FHaus, Top§ = Top,, 0-Top® = S(0-Top),
Reg® = S(Reg).
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The following subcategories of Top are cowellpowered: Hausdorff spaces, re-
gular spaces, functionally Hausdorff spaces, Tychonoff spaces, zero-dimensional
spaces, Tg-spaces.

(Watson [1990}) Show that regFHaus . FHaus — Haus does not preserve
finite products.

Ury® # Ury, and more generally, S(a)¢ # S(a) for each ordinal a > 1. Show
that Ury® contains all spaces which admit a regular topology coarser than the
given topology.

(Open problem) Assume that the A-regular closure is additive. Is A°¢ the biggest
cowellpowered subcategory of A4 ? In particular, does .A® coincide with A in
case the latter is cowellpowered ?

(Preservation of epimorphisms)  Show:

the inclusion SUS < US preserves epimorphisms;

the inclusion Haus(compact spaces) — Haus(compact Hausdorff spaces) pre-
serves epimorphisms;

Haus(compact spaces) «— Haus(e-compact spaces) does not preserve epimor-
phisms. Hint: Let Z = SN = X \ {oc} be the subspace of the space X defined
in Example 7.H. Then Z is Hausdorff and D = N is dense and bounded in
Z. Therefore, for P = {e-compact spaces}, D is pro”-dense in Z, so the in-
clusion ¢ : D «— Z is an epimorphism in Haus(P) by Theorem 8.4. Since
the only compact subsets of Z are finite, X € Dis(Q) (see Exercise 8.G) with
Q = {compact spaces}, so that i is not an epimorphism in Haus(Q).

In particular, the inclusion in (c) is proper. Show that also the inclusions (a) and (b)
are proper. Hint: For (a) it suffices to note that the test-spaces X, ¢ from Exercise
8.D are always in US. For (b) take the Alexandroff one-point compactification of
the rationals Q equipped with the usual topology.

8R
(@)

(b)

(Housekeeping on quasi-uniform spaces)

The functor G : QUnif — Set is topological, while the functor T : QUnif —
Top is not topological. If {¢/;};cr is a family of quasi-uniformities on a set X
inducing the same topology, then also V/; U; induces this topology on X. Hint:
A topological space need not admit a coarsest quasi-uniformity inducing the
given topology.

For (X,U) € QUnif and a subspace M C X, one defines the adjunction
space X +p X in QUnif as follows. The underlying set of X +p X, the
canonical embeddings #,j : X — X +p X and the natural projection map
p: X+ X — X +4p X are defined as in Example 6.5. The quasi-uniform
structure U 4p U of X +p X has as a base the sets (for V € U) Wy :=
(Ex)(V)U G x ) V)U(E X §)(Ray URpiy) UG x i)(Rmy U Ry y ), where
Ruy ={(z, ) e X x X : VY )NV (z) N M # 8} (i.e., y € V(V(z) N M)).
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Then U 45 U is a uniformity whenever U is. If £ & *%kx (M) (with £ as in 8.7),
then #(X \ M) is an open neighbourhood of i(z) in T(X 4 X), so that the
topologies of T(X +u X) and of TX 4 TX coincide at i(z) (hence also at
J(z)). In particular, both topologies coincide on X +3r X when M is closed in
TX. Finally, if X € Unif and z € %kx (M), then i(z) and j(z) have the same
neighbourhoods in the space T(X 4 X). Hint: Use the relations (px p)(Wy) C
V2 and (i x )(V) = (i(X) x i)Wy and (j x3)(V) = ((X) % §(X)) N Wy
for V € U. Note that for a point z € M\ M in TX the following are equivalent:
i)z € V(V(z)NM) for each V € U; ii) (V NV ~!)(z) meets M for each V € U;
i) z e {[VAV-Y(M) : V eld} (i. e, z € Bx(M)). Choose V symmetric
to obtain the final assertion.

Show that the subset Q of R € QUnif, is QUnif,-dense, while Q is Top;,-
closed in TR. Conclude that “regT™P: does not coincide with regQ@Y2tfi on R.
Hint: Q is Top,-closed in TR since reg™P: is discrete on Top, (cf. Example
6.5(1)). By (b), for every z € R the neighbourhoods of the points i(z) and j(z)
of T(R 4 R) coincide, hence the canonical map R +g R — R is in fact the
QUnif, -reflexion of R +¢ R.

For (X,U) € Unify and a # b in X, there exists a uniformly continuous
function f : X — [0,1] with f(a) # f(b). For the closure operator Z% of Unif
defined in analogy with Z (see Example 6.9(4)), but w.r.t. uniformly continuous
functions f : X — [0,1], show that Z* = *K = ¢Z on Unif,. Hint: Choose
U € U such that (a,b) € U and a sequence of symmetric U, € U, n € N, such
that Up = U and UpoUpoU, C Un—; for n > 1. Define a pseudometric d (i.e., a
function d : X — [0, 1] such that d(z,y) = d(y, z) and d(z,y)+d(y, z) < d(z, z)
for z,y,z € X) with U, C {(z,y) € X x X : d(z,y) < 27"} C Up_, for each
n > 17 Then f(z) = d(z, a) is uniformly continuous and f(a) =0, £(b) > 0.
For n > 1, show that T-!(S(n)) properly contains S(n). Hint: Set X =
N U {00}, and for each n set L,(c0) = {00}, Ln(k) = {k} if ¥ < n, and
L, (k) = X otherwise. Then the sets L = |J,¢x {2} X La(z) generate a quasi-
uniformity & on X whose induced topology is discrete, so that TX € S(n) with
n < w. On the other hand, for each n obviously n+ 1 € L;1(1) N L;(c0), so
that X ¢ S(n) for any n > 1.

Show that 8, is essentially strong for every n and conclude that regg(") coincides
on S(n) with the idempotent hull of §,.

(FEzotic properiies of pretopological spaces)

Let PrTop, be the category of Ty-pretopological spaces. Show that the epi-
morphisms in PrTop, are surjective. Hint: Apply Frolik’s Lemma.

(Cf. Kneis [1986] and Dikranjan, Giuli and Tholen [1988].) Let PrTop, =
T2(K) be the category of T,-pretopological spaces. Show that PrTop, is not co-
wellpowered. Hint: Consider the restriction ¥ of the functor 8 : Top — PrTop
to Ury. Observe that F sends Ury into PrTop, and preserves epimorphisms,
since the epimorphisms in PrTop, are precisely the K *-dense maps according
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to Theorem 7.9. According to Theorem 8.1, PrTop, cannot be cowellpowered
since Ury is not cowellpowered, by Theorem® of 8.6.

8.T (Epimorphisms of topological modules) Let R be a unital ring,
let TopModpy be the category of topological R-modules and continuous module
homomorphisms, let V : TopModgp — Top be the forgetful functor and let Ky be
the initial lifting of K along V (in analogy with Theorem 5.9; see also Theorem 5.8
and Remark 5.8 (4)). Show that Ky coincides with the regular closure operator of
the full subcategory HausModg of Hausdorff topological modules of TopModpg.
Conclude that the epimorphisms in HausModpg are the homomorphisms with dense
image.

8.U (Cowellpoweredness of module categories and hereditariness of preradicals)

(a) Let r be a hereditary preradical of Modg. Then the subcategory A, of r-
torsion-free modules of Modp, is cowellpowered. Hint: Show that if m : M —
X is an epimorphism in A,, then necessarily M is an essential submodule of
X. (If N is a non-zero submodule of X, then the quotient N/(M N N), being
isomorphic to a submodule of the r-torsion quotient X/M, is r-torsion as well,
so that M NN cannot be 0.) Conclude that X is isomorphic to a submodule of
the injective hull E(M) of M, so that cardX is bounded by a cardinal function
depending only on M and R.

(b) Let (my,) be a sequence of natural numbers m, > 1. Define a preradical r in
AbGrp by declaring r(G) to be the intersection of the family of subgroups
{m,,G} for every abelian group G. Then the subcategory A, of r-torsion-free
modules of Modp, is cowellpowered, but r failé to be hereditary. Hint. Consider
the functor T : AbGrp — TopGrp which sends a group G to the topological
group (G,t), where 7 is the group topology on G obtained by taking as a
prebase of neighbourhoods of 0 the family {m,G}. Clearly, T sends a group
G to HausGrp iff G is in A,. Since the epimorphisms in A, are the C*-dense
homomorphisms, the restriction of the functor T sends A, to the category
HausAbGrp of Hausdorff abelian groups and preserves epimorphisms. From
the cowellpoweredness of HausAbGrp (see Exercise 8.T) and Theorem 8.1
we conclude that also A, is cowellpowered. To see that r is not hereditary,
consider the inclusion Z — Q and observe that r(Q) = Q, while r(Z) # Z.

8.V (Local presentability for categories of groups or modules; cf. Adamek and
Rosicky [1994])  Let X be the category of groups or of R-modules (or any variety
of finitary universal algebras). Show:

(a) anobject A € X has less than & generators iff it is k-generated in the following
sense: every morphism f : A — Y, where Y = limY, is a x-filtered colimit
such that all canonical morphisms i, : Y, — Y are mono, factors through some
ia(Ya) -Y;
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(b)  Ais k-presentable iff it has a presentation with less than « generators and less
than & relations in these generators, in the sense that there exists a short exact
sequence 0 - N — F — A — 0 where F is a free object of X of less than «
generators and N is x-generated.

Extend (a) and (b) to any epireflective subcategory A of X, replacing & by A
everywhere (cf. Dikranjan and Tholen [1995), the free object F is now “free in A”,
hence obtained by applying the reflector to a free object of X').

8.W (Epireflective subcategories of Grp)  Show that every epireflective sub-
category A of Grp is locally R;-presentable. Hint: Prove first that every count-
able group G € A is R;-presentable: since G has countably many (i.e., < ;)
generators {Z,}nen, it suffices to note that there exists a short exact sequence
1—- N —= F — A — 1 where F is a free group of A of Ro generators, hence
both F and N are countable. Now note that every group of A is a R;-directed col-
imit of ®,-generated (hence R,-presentable in A) subgroups, of which there are at
most 2%, Finally observe that reflective subcategories of Grp are cocomplete.

8.X (Epireflective subcategories of Modpg)

(a) Let R be a right noetherian ring. Show that every finitely generated right
R-module is Ro-presentable. Show furthermore that the hypothesis on R is
essential for the previous statement. Extend the result to any epireflective
subcategory of Modpg. Hint: It suffices to argue as in 8.W, replacing countable
by finitely generated, and using the fact that submodules of finitely generated
modules are finitely generated. A counterexample for general R can be found
in Bourbaki [1961).

(b) Let « be a regular cardinal with cardR < «. Show that every «-generated
module is also k-presentable. Hint: Let M be a k-generated module. Then
there exists a set of generators {z;}ie; of M with card] < k. Let F be a
free R-module of I generators. Then cardF < « and there exists a surjective
homomorphism f : F — A. Since obviously card(ker f) < « and since the
relations between the generators {z;} of A are given by the elements of ker f,
it follows that M is k-presentable. ’

(c) Show that every epireflective subcategory of Modg is locally x-presentable if
cardR < k. Hint: Argue as in 8. W replacing couniable by x-generated and
R, -directed colimit by k-directed colimi.

(d) Show that the strongly epireflective subcategory R of AbGrp of reduced groups
is locally Ro-presentable, but not closed under directed (hence Ro-filtered) col-
imits in AbGrp. Hint: The first part follows from (a), for the counterexample
observe that Q € R is a (directed) union of cyclic subgroups.

8.Y (Couwellpoweredness of quasi-varieties of groups or modules)  Let A be
as in 8.V. Show that every reflective subcategory of X is cowellpowered. Hint: For
such a subcategory A the strongly epireflective hull Sx(A) is locally presentable by



304 Chapter 8

8.W and 8.X (c). Then Sx(A) is cowellpowered by Gabriel and Ulmer’s theorem.
Finally, Theorem 8.2 permits to conclude that A is cowellpowered.

8.Z (Non-additivity of Frobenius closure and algebraic closure)

(a) Consider the field of rational functions Z»(z,y) in two variables over the prime
field of characteristic 2 and its algebraic extension L = Zy(z,y)(z) with z =
VZ+7y. Show that K, = Zy(z) and K2 = Z(y) are fro-closed in L. Since
z € fror(Z,(z,y)), conclude that fro is not additive.

(b)  Use the same example as in (a) to show that also the algebraic closure is not
additive.

Notes

The surjectivity of epimorphisms in Top, was noted by Burgess [1965] who also
described the epimorphisms in Haus, while Baron [1968] characterized the epimor-
phisms in Top,.

The closure operators ipro” and iesp” were defined in Dikranjan and Giuli [1987),
while esp” appears in Dikranjan and Giuli [1986] and in Giuli and Husek [1986], in
two particular cases.

The axioms S(n) were introduced by Viglino [1969], and the axioms S(a), for
infinite ordinals , by Porter and Votaw [1973], while S, appears in Arens [1978].
The axioms S(n) and S[n] depending on an arbitrary order type 5 (with S(n) =
S[n] = S(a) when n = a is an ordinal) were introduced by Dikranjan and Watson
[1994].

The first example of a non-cowellpowered subcategory of Top (see Example
8.2(2)) was given by Herrlich [1975]. Schroder [1983] proved that Ury and S,,n > 1,
are not cowellpowered. Giuli and Hu3ek [1986] established non-cowellpoweredness
of Haus(compact spaces). This was extended to the smaller subcategory Haus(e-
compact spaces) by Giuli and Simon [1990]; the proof of Theorem 8.6 follows es-
sentially the proof given there. Tozzi [1986] proved that the category SUS is co-
wellpowered. Non-cowellpoweredness of Haus(compact Hausdorff spaces), as well
as cowellpoweredness of certain subcategories of Top (see Example 8.5), was esta-
blished in Dikranjan and Giuli [1986]. Cowellpoweredness of S(n) and of sUry was
shown by Dikranjan, Giuli and Tholen [1989]. The proof of Theorem 8.6*, isolated
essentially from Dikranjan and Watson [1994], is substantially s1mpler than all its
predecessors given for Ury and S(n). Cowellpoweredness of S[n] can be character-
ized in terms of properties of the order type 7 (see Dikranjan and Watson [1994]
and Exercise 8.M). The epimorphisms in QUnif, were described by Holgate [1992],
while Theorem and Corollary 8.7 come from Dikranjan and Kiinzi [1995]. The proof
of Theorem 8.8 is taken from Uspenskij [1994], where a compact connected manifold
without boundary (either finite-dimensional or a Hilbert cube manifold) is consid-
ered instead of T.

The description of the epimorphisms of Fld belongs to general categorical knowl-
edge but seems hard to track down in the literature. Theorem 8.9 appears to be
new, and so do the assertions of Exercises 8.W, X, Y.
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In this chapter we briefly discuss a particular type of closure operator, called
Lawvere-Tierney topology, which generalizes the notion of Grothendieck topology
and is a fundamental tool in Sheaf- and Topos Theory: Lawvere-Tierney topologies
are simply idempotent and weakly hereditary closure operators (with respect to
the class of monomorphisms) such that dense subobjects are stable under pullback.
Localizations (=reflective subcategories with finite-limit preserving reflector) give
rise to such closure operators. A Lawvere-Tierney topology allows for an effective
construction of the reflector into its Delta-subcategory, which we describe in detail.

9.1 Hereditariness revisited

In an M-complete category X with M a class of monomorphisms closed under
composition and for a closure operator C, every morphism f: X —Y in X gives a
“lax-commutative” diagram

My £20)  myx

cy > cx (9-1)

My L0 L pmyx

due to the C-continuity of f. In this chapter we consider situations when (9.1) or
its restriction to certain subsets of M/Y commutes up to isomorphism, i.e., when

F ey(n)) = ex(f7(n))

holds true for certain morphisms f and ceriain subobjects n € M/Y; we say that
f~! preserves the C-closure of n in this situation. In this terminology we can
rephrase the results of 2.5, as follows:

ProPoOSITION

(1) C is weakly hereditary if and only if for every m € M and with f = ¢(m),
f~! preserves the C-closure of every n < m;

(2) An idempotent closure operator C is weakly hereditary if and only if for every
f € MC, f~! preserves the C-closure of every n < f;

(3)  For C weakly hereditary, £ A M is left cancellable w.r.t. MC, so that f-m
C-dense with f € M€ and m € M implies m C-dense.

(4)  The following are equivalent:
(i) C is hereditary;
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(ii)  for every f € M, f~! preserves the C-closure of every n < f;
(iii)  C is weakly hereditary and, for every f € ESNM, f~! preserves the C-closure
of everyn < f;
(iv) C is weakly hereditary and £ N M is left cancellable w.r.t. M.
(5) C is hereditary and idempotent if and only if C is weakly hereditary and
E€ N M is closed under composition and left cancellable w.r.t. M.

Proof These are reformulations or minor ramifications of the statements proved
in detail in 2.5. The reader must keep in mind that

-1 .
m f-m (9.2)
f
is a pullback diagram whenever f is monic. o

Next we want to show that to some extent, idempotency and hereditariness are
competing properties, at least in categories of topology. Briefly, we shall show that
for a non-idempotent closure operator C (of Top, say), hereditariness can never be
achieved by passing to its idempotent hull, regardless of whether C' was hereditary
or not.

For the remainder of this section, we let P be the class of V-prime elements in
M (cf. 6.5) and assume that

(A) p < q implies p = ¢ for all p,g € P,
B)ym=\V{peP/X :p< m}foreveryme M/X.

LEMMA For C,D € CL(X, M), the composite CD is hereditary only if CD =
CvD.

Proof One always has CV D < CD. Now suppose that for some m : M — X,
the morphism k : cx (M) V dx (M) — cx(dx(M)) is not iso, so that by (B) there
must exist p € P/X with p < cx(dx(m)) but p £ ex(m)Vdx(m). Fory:=mvVp:
Y — X, in the notation of 2.5, one has y - cy(my) < c¢x(m) < cx(m) V dx(m),
hence p £ y - cy(my). But this implies my = cy(my). In fact, for every ¢ € P/X
with ¢ < y-cy(my) one has ¢ < y, so that ¢ < m or ¢ < p follows, with the second
case impossible by property (A) and by the choice of p; consequently, from (B) one
has y - cy(my) < m = y . my, hence cy(my) = my. Similarly, dy(my) & my,
hence cy(dy(my)) = my. On the other hand, trivially y < cx(dx(m)), hence
vy~ Y(cx(dx(m))) = 1y, while my 2 1y. Therefore, CD cannot be hereditary. O
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THEOREM For a non-idempotent closure operator C, no proper power C* (2 <
a < 00) is hereditary.

Proof In case C = D, since C?2 > CV C = C, the proof of the Lemma provides
subobjects m < y : Y — X with my C?-closed in Y but y < c%(m). Since
MEC = MC* = MC™ (see the proof of Theorem 4.6), my is in fact C*-closed in Y
but y < c¢%(m), which implies non-hereditariness of C*. ]

COROLLARY Let C be weakly hereditary but not idempotent. Then for every
a € OrdU {oo}, a > 2, the class of C*-dense morphisms in M is lefi-cancellable
w.r.t. MC, but not w.r.t. M. ’

Proof  C° is weakly hereditary (by the proof of Theorem 4.6), but not hereditary
(by the Theorem). Hence the assertion of the Corollary follows from the Proposition.
m]

REMARKS

(1) The general assumptions for the Theorem are certainly satisfied when there
is a monofibration U : X — Set such that M is the class of U-embeddings. Hence
in such a category, the idempotent hull of a non-idempotent closure operator is
never hereditary. Phrased differently, this means that a hereditary operator is not
presentable 3s the idempotent hull (or any proper power) of a non-idempotent closure
operator. For example, the Kuratowski closure operator K in Top cannot be a power
of a non-idempotent operator; consequently, the idempotent hull of the sequential
closure o must be properly smaller than K

(2) The general assumptions for the Theorem are essential for its validity. In fact,
in the category Modpg, the situation is completely different: the idempotent hull of
a maximal hereditary closure operator is always hereditary; see Exercise 9.A.

9.2 Initial and open morphisms
In this section we discus two topologically important notions for morphisms and
study their behaviour under composition, cancellation and pullback. We work in an

M-complete category X with M closed under composition and consider a closure
operator C.

DEFINITION A morphism f: X — Y is C-initial if

cx(m) = £~ ey (f(m)))
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for all m € M/X. f is C-open if f~! preserves the C-closure of every n € M/Y,
ie., if
fHev (n) & ex (£ (n))

for all n € M/Y.

Note that the closure operator C is initial in the sense of 7.5 if and only if each
A(C)-reflexion px-reflexion is a C-initial morphism.

There is the following immediate connection between the notions of C-initiality
and C-openness:
LEMMA
(1) EBvery C-open morphism in M is C-initial.
(2) EBvery C-initial morphism in & is C-open, provided £ is stable under pullback.

Proof (1) Le¢e m: M — X, f: X - Y both be in M, with f C-open. Then

M er (F(m))) = ex (£ (f(m))) = ex(m)

(see Exercise 1.K (c)).
(2) If f € £ is C-initial and if £ is stable under pullback, then f(f~!(n)) = n for
all n € M/Y (see Exercise 1.K(d)), hence

fH ey (n) = fH ey (FUF7H () = ex (F71(m)). o

EXAMPLES

(1) In Top, with C = K the Kuratowski closure operator, the C-open morphisms
are exactly the open maps, i.e., those continuous maps f : X — Y with f(U)CY
open whenever U C X is open. The map f is C-initial if and only if X carries
the coarsest topology making f continuous; hence f is C-initial if and only if it is
U-initial, with U : Top — Set the forgetful functor (cf. Exercise 5.P).

(2) If X has equalizers contained in M, then for every full and replete reflective
subcategory A of X, each A-reflexion is reg*-initial (see Theorem 6.3 (1)), hence
it is also reg#-open is case A is E-reflective.

(3) IfC is the trivial closure operator of X, then every morphism is C-initial and
C-open. If C is the discrete closure operator, every morphism is C-open and every
morphism in M is C-initial.

PROPOSITION

(1)  The classes of C-initial morphisms and of C-open morphisms are closed under
composition.



Dense Maps and Pullback Stability 309

(2) C-initial morphisms are lefi-cancellable, while C-open morphisms are left-
cancellable w.r.t. M.

(83)  Both C-initial morphisms and C-open morphisms are right-cancellable w.r.1.
E, provided £ is stable under pullback.

Proof (1) Consider morphisms f : X - Y andg:Y — Z in X. If f and g are
C-initial for all m € M/X, then one has

cx(m) = f ey (f(m)))
FH 9™ (ez(9(f(m)))))
(9- ) ez((g - H)(m))).

114

R

The statement for C-open morphisms is trivial.
(2) Since cx(m) < f~Y(ey(f(m))) bolds just by C-continuity, the following
proves the claim for C-initial morphisms:

ex(m) = f71(g™ (cz(9(f(m))))) 2 £~ (cy (f(m))).

Now assume g - f to be C-open with ¢ € M. Then
F ewdn)) < £ (g7 (ez(9(n))) Zex (f (97 (9(n)))) = ex(F7" (n))

holds for all n € M/Y; this proves C-openness of g - f since “>” is always true.
(3) If the composite (X -+ Y - Z) is C-initial with f € M, then

ey (n) 2 flex(f7 () = F(F (g™ (cz(a(F (S () = g7 (c2(9(n)))
for all n € M/Y. The relevant computation for C-initiality is:
g7 (ez(k) = F(F7 (97 (ez(k))) = fex (7 (971 () S ex (g™ (K))
for all k € M/Z. . 0

We now turn to pullback stability for C-open morphisms. First observe that any
commutative diagram

f (9.3)
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defines two functors
v(e7'C)), fTHA(E)) : M/Z — MUX,
and they are connected by a natural transformation since
V(™ (k) < £ (h(k)) for all k € M/Z.

We say that the commutative diagram (9.3) satisfies the Beck-Chevalley Property
(BCP) if this transformation is an isomorphism.

For pullback diagrams, the status of (BCP) is clarified by the first assertion of
the following Theorem.

THEOREM

(1)  The Beck-Chevalley Property holds for every pullback diagram in X if and
only if the class £ is siable under pullback.

(2) Let the commutative diagram (9.3) saiisfy (BCP), and let ¢ be C-initial.
Then, if f is C-open, also ¢ is C-open.

Proof (1) Let € be stable under pullback and consider the commutative diagram

w "’/x
w’(ﬁ FEE)) |f
4 ) (9.4)
zZ Y
Yoo
K e (K]

The front face is a pullback diagram since all the back, left, and right face
are pullback diagrams. Consequently, since b’ € &, also h" € 8 which implies

(o™ (¥)) = £ 1(A(E).
Conversely, consider the pullback diagram (9.3) with & € £ and Iet k€1z. Then
h(k) = 1y and ¢~1(k) = 1w, hence
V(lw) = fH(h(K)) = f7(1y) 2 1x.

Consequently, ¥ € £ (see Exercise 2.K(b)).
(2) Under the given assumptions, C-continuity of k, C-openness of f, and C-
initiality of ¥ give for every n € Mz

vl ez(n) < @7 (h7M(ey (h(n)))



Dense Maps and Pullback Stability 311

R

P71 (er (R(n))))
¥~ ex(F7 (h(n))))
™ (ex (9™ (n))))
ew (e~ (n)) -

IR

R

m}

REMARK In Top, with C = K, where C-open maps are characterized by preser-
vation of open sets, C-open maps are stable under pullback, i.e., the assumption of
C-initiality of ¢ in Theorem (2) is not needed in this case. In fact, due to BCP,
for a basic open set = }(U) N¢~1(V) in the pullback W, with U,V open in Z, X,
respectively, one has

e~ (U)NY™H(V)) = Une(y~!(V)) = U Nk (f(V)),

with f(V) open by hypothesis on f.

9.3 Modal closure operators

Let X be finitely M-complete with M C Mono(X) closed under composition, and
let C be a closure operator of X w.r.t. M.

DEFINITION ¢ C is called modal if every morphism in X is C-open, that is, if
f Y ey(n)) = cx(f~*(n)) holds forall f : X - Y in X and all n € M/Y. An
idempotent modal closure operator is called Lawvere-Tierney topology (LT-topology,
for short) of X w.r.t. M.

PROPOSITION
(1)  Every modal closure operator is hereditary.

(2) C is modal if and only if C is weakly hereditary and E€ N M is stable under
pullback.

(3) Witk C ealso C*® is modal (if it ezists), provided that f~!(-) preserves joins
(of ascending chains) for every f in X.

Proof (1) is trivial (cf. Proposition 9.1(4)). (2) If C is modal, then C is weakly
hereditary (by (1)) and f~!(-) preserves the C-closure of every n € M/Y, for each
f:X =Y in X; consequently, if n is C-dense, also f~!(n) is C-dense. Conversely,
assume C to be weakly hereditary and £ N M to be stable under pullback. In
diagram (9.5), the upper square is a pullback diagram since the lower square and
the outer diagram are pullbacks.
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FY Y N
d in
FH (e (N)) i ey (N) (9.5)
k cy(n)
X f Y

By hypothesis, with j, also d = (f')~!(j,) is C-dense, and the following diagram
commutes

f7(n) — 4+ f(cy(N))
Y er(n)) (9.6)

ex(FiN)) EUTIM) | 5

With the Diagonalization Property, f~(cy(n)) < cx(f~*(n)) follows.

(3) Inductively, one shows that the (existing) powers C* (& € Ord U {o0}) are
modal if C is modal. Indeed, the composite of‘two modal closure operators is
obviously modal; and if every inverse-image functor preserves joins (of ascending
chains), then the join of (an ascending chain of) modal closure operators is modal.

a

Modal closure operators are rare in topology but quite common in algebra, as
the following two observations indicate.

EXAMPLES

(1) The only modal closure operators of Top are the discrete and the trivial
operator. Since the trivial operator is the only non-grounded closure operator of
Top (cf. Exercise 2.H), this follows from the following more general fact: if X
admits a faithful monofibration U : X — Set with M = My, then the only grounded
and modal closure operator of X is the discrete operator.

In fact, if cx(M) # M for some X € X and subobject M, then (without distin-
guishing between X-objects and their underlying sets) for the inclusion morphism
f:{z} = X of some z € cx(M)\ M, groundedness and modality of C lead to the
contradictory statement

0=cie3(f7H (M) = £~ (ex (M) = {=}.
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(2) In Modg, maximal closure operators are often modal. More precisely, for a
preradical r, the following statements are equivalent:

i) C* is modal,

i) C* s hereditary,

iii) r is hereditary.

Consequently, C* is an LT-topology if and only if r is a hereditary radical.

Since (ii)<>(iil) was shown in Theorem 3.4(4), in light of the Proposition it suffices
to show that for r hereditary, C*-density is stable under pullback. Hencelet N <Y
be C*-dense, i.e., let r(Y/N) = Y/N be r-torsion. Since for every f : X — Y one
has

X/ (N) % F(X)/N < Y/N,
hereditariness of r yields that also X/f~! (N) is r-torsion. This means that f~! (N)
is C*-dense in X.

Minimal closure operators can be modal only if they are maximal: see Exercise 9.E
and Remark 5.12.

The most important examples of modal closure operators arise as follows. Let
(T,n) be a pointed endofunctor of X such that T preserves subobjects (so that
Tm € M for all m € M) and T preserves inverse images (T'(f =1 (n)) = (Tf)~'(Tn)
forall f: X =Y and n € M/Y; cf. Lemma 5.7). One can then define the (T, 7)-
pullback ciosun of me M/X by

pby(m) = nz}(Tm).
It is elementary to show that pb is a closure operator of X; in fact, pb =7 S is the

“modified modification” of the discrete closure operator S of X, as introduced in
Exercise 5.V. Obviously, an AM-subobject m is pb-closed if and only if

M- . X

|

™ _TIm _ 7x

nx 0.7)

is a pullback diagram, and it is pb-dense if and only if the commutative square (9.7)
admits a diagonal, i.e., there is a morphism ¢t : X — TM with Tm -t = nx and
(necessarily) ¢t - m = nps. Furthermore:

THEOREM The pullback closure of a pointed endofunctor (T,n) with T preserving
subobjects and inverse images is modal. It is idempotent if (T, n) is idempotent, i.e.,
if (T, n) is given by the reflector of a full reflective subcategory of X. In this case
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the C-dense subobjects M are precisely those with Tm iso, t.e.,
E°NM =T "(Iso(X)) N M.
Proof Modality follows from

£~ (pby(n) = 71 (071 (Tn)) = 0x' (TF) ™! (Tn)) = nx" (T(F 7' (n)))-

If (T, n) is idempotent, so that nT(= Tn) is iso, then T'm is obviously pb-closed,
hence also its pullback nx'(T'm). Therefore, pb is idempotent. Furthermore, if m is
C-dense, so that there is a morphism ¢ with T'm - ¢ = nx, hence TTm - Tt = nrx,
one has

Tm-npa Tt =gy -TTm -Tt=1.

As a monomorphism T'm is therefore iso. Conversely, if T'm is iso, m is trivially
pb-dense. o

In the particular case M = Mono(&X’) we can conclude:

COROLLARY The pullback closure induced by a localization of X (that is: by a
Jull reflective subcategory of X whose reflector preserves finite limits) is a Lawvere-
Tierney topology on X w.r.t. the class of all monomorphisms. When restricted to
regular monomorphisms (which are equalizers), the pullback closure is simply the
regular closure of the localization. (]

Proof  The reflector of a localization preserves in particular monomorphisms and
equalizers as well as pullbacks of such subobjects. Regularity of the pullback closure
follows with the formula given in Theorem 6.3(2). o

9.4 Barr’s reflector

For an LT-topology C on X we give an explicit description of the reflector S : X —
A(C) (cf. 7.1) and prove (in partial conversion of Theorem 9.3) that it preserves
subobjects. We assume X to be finitely M-complete with Reg(X) C M C Mono(X)
and M closed under composition, and we let X have finite products and coequalizers
of equivalence relations (as defined below). Furthermore, the companion £ of M is
assumed to be stable under pullback throughout this section.

An M-subobject r : R — X x X is called an M-relation of X € X. It is an
equivalence relation if it is

o reflezive: §x < r, with §x : X — X x X the diagonal of X;

o symmetric: r* < r, with r* =<p, - r,p; - r> the converse of r, where p1,p; :
X x X — X are product projections;

e transitive: r or < r, with the composite r o r given by the AM-part of an
(€, M)-factorization of <py -r-my,ps - - 72>, where 7y, 7, are defined by the
pullback diagram
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o« ™" . p
m n-r (9.8)

The equivalence relation r is called effective if (p) -, p2 - 1) is the kernel pair of some
morphism f: X — Y. (Note that the kernelpair (r), ;) of a morphism f: X =Y
always defines an equivalence relation <ry,r2> on X.) In the category Set, equiva-
lence relations are always effective, and the same is true in every variety of universal
algebras (since, as subalgebras, equivalence relations are actually congruence rela-
tions).

In order to construct the reflector into the Delta-subcategory of an LT-topology
C on X, one considers for every X € X the closure

rx =cxxx(fx):RX =X x X
of the diagonal 6x in X x X.

PROPOSITION For every X € X, rx is an equivalence relation on X.

Proof It is a categorical routine exercise to show that an M-relation r : R —
X x X is an equivalence relation in X if and only if , for every Z € X, the relation
k1

X(X,r): X(Z,R) = X(2,X x X) = X(2,X) x X(2,X)

is an equivalence relation in Set (cf. Exercise 9.F). Hence we must show that, for
all X,Z € X, the relation

u~v & (<u,v>:Z — X x X factors through rx)
is an equivalence relation on the hom-set X(Z, X). We first show:

u~v & e:= equalizer(u,v) is C-dense in X. (*)

In fact, e is a pullback of the diagonal 6;{:

E £ Z
<u,v> 9.9)

X % . xxx

Modality of C gives the pullback diagrams
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¢z(E) c(e) z

X RX rx XxX

Hence, if < u,v > factors through rx, the pullback property of the right half of
(9.10) gives an inverse of c(e), so that e is C-dense. Conversely, C-density of e leads
trivially to a factorization of <u,v> through rx.

Right-cancellability of C-dense morphisms gives with (*):

u~v & BmeM/Z)misC-dense and u-m =v-m. (++)

From (**) we now see that the relation ~ is trivially reflexive and symmetric, but
also transitive since for C-dense subobjects m,n of Z also m A n is C-dense in Z
(due to pullback stability and closedness of composition of C-dense subobjects). O

We can now proceed with the construction of the reflector into A(C), by forming
the coequalizer ¢x of the projections p,, p2 restricted by rx:

RX ™% X x X=X 25X

Our main difficulty is to show that SX belongs to A(C). Let us first observe that
the Diagonalization Lemma 2.4 makes R functorial, hence S is a functor as well,
pointed by ¢. We now show:

LEMMA If the equivalence relation rx is effective, then there is a pullback dia-
gram
RX 2 SX
X bsx (9.11)

XxX IXXIX, sxxSX
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Proof Let us observe that the diagonal morphism Rgx of

X ax SX
Jx Jsx
RX Rex RSX (9.12)
rx Tsx

XxX__9XX4X _ox xSX

factors through e := ¢x - py - rx = gx - p2 - rx. In fact, with the projections
5i:SX xSX — SX (i =1,2) one has

s;-&sx-e:e:s;-(qxqu)-rx,

hence
rsx -jsx -e=08sx -e=(gx X gx)-rx = rsx - Rex,
with rsx monic. Consequently, (9.11) commutes and we have

rx < (gx X ¢x)"'(6x)=:d: D= X x X.

In order to;show d < rx one uses the fact that (p1 - rx,p2 - rx) is a kernelpair,
actually: the kernelpair of its coequalizer ¢x. In fact, with the pullback projection
h:D — SX one has

gx pi-d==s; -(gx xqx)-d=s;-8sx -h=h (i=1,2),

so that the universal property of (p;rx, p2-7x ) gives the desired morphism D — RX.

[w]
REMARKS
(1) In a (reasonably interpreted) commutative diagram
U — x P P=X/U
Uy
g f h (9.13)
n q
174 fr— Y Q=Y/V
b2

in Set where the rows are coequalizers, if f and g are monic, h may fail to be monic
(cf. Exercise 1.M). However, if u =< uj,u; > and v =< v;,v, > are equivalence
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relations with u & (f x f)~(v), then f (and therefore necessarily g) being monic
implies that also h is a monomorphism.

(2) In our abstract category X, we say that M is stable under coequalizers of
equivalence relations if for every commutative diagram (9.13) with equivalence re-
lations v =< uj,u2 >, v =< v;,v2 > such that v = (f x f)~!(v), and with
p = coequalizer(uy, %), ¢ = coequalizer(vy,v2), from f € M follows h € M.

(3) For M = Mono(X), if equivalence relations are effective in X, then M is
always stable under coequalizers of equivalence relations. In fact, in the notation
(9-13), if we let (wy,ws : W — P), (21,22 : Z — X)) be the kernelpairs of A and
h - p respectively, then there is a unique morphisme : Z — W with w; e = p - 2;
(i = 1,2). We can think of e as the diagonal morphism in

z Az X
14

A — W L2 P (9.14)
wa h
x —2 . P h Q

where each square is a pullback diagram; as the composite of two pullbacks of p, it
therefore belongs to £ and is epic.

Since (v1, v2) is the kernelpair of ¢, there is a morphism k : Z — V with v;-k = f-z;;
obviously, v-k = (f x f)-z. Since u & (fx f)~1(v), there is also a morphism ! : Z — U
with u-l = z and ¢g-1 = k. The first identity leads to p-z; = p-z2, hence wy-e = ws-e.
Since e is epic, w; = w, follows and A must be a monomorphism.

THEOREM Let C be an LT-topology of the category X in whick equivalence
relations are effective. Then S as constructed above is the reflector of the strongly
epireflective subcategory A(C) of X, and it preserves subobjects whenever M is
stable under coequalizers of equivalence relations; the latter condition always holds

for M = Mono(X).

Proof Since (9.11) is a pullback diagram, modality of C shows that also the
lower part of (9.12) is a pullback diagram. Consequently, Rgx is a pullback of the
morphism

ax x ax = (gx x Lsx)(1x x g¢x),

with each factor being a pullback of the regular epimorphism ¢x. Since £ contains
gx and is stable under pullback and closed under composition, also Rgx belongs
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to €. Consequently, as a second factor of an £-morphism, also jsx belongs to £,
hence it must be iso, and SX € A(C) follows.

For an arbitatry morphism f : X — A € A(C), the Diagonalization Lemma
2.4 gives a morphism w : RX — A with § -w = (f x f) - rx. Therefore, with the
projections ¢; : A x A — A, one obtains

fopiorx=t-(fxf)rx=t-64-w=w (:=12).

Consequently, by the preservation property, f factors uniquely through ¢x.
Concerning the preservation by S of an M-subobject m, first note that

M m X

oM 8x (.15)

MxM BXM_ xxX

is a pullback diagram since m is monic. Modality of C gives then the pullback
diagram

RM Rm RX

™ X (9.16)
MxM -MBXM_ xyx

Since M is stable under coequalizers of equivalence relations, the constructlon of S
gives immediately that Sm must belong to M. o

In the case M = Reg(X), such that every regular monomorphism is an equalizer
(which holds true in particular when X has cokernelpairs), one obtains:

COROLLARY Under the hypothesis of the Theorem, a morphism in X is A(C)-
epic if and only if il is C-dense. Hence C is the A(C)-epi-closure of X. Conse-
quently, for ¥ M-complete, C is the A(C)-regular closure of X if and only if the
A(C)-regular closure is weakly hereditary. u]

Proof By definition of A(C), every C-dense subobject is A(C)-epic. Conversely,
let m = eqializer(u, v) with u,v : X — Y be A(C)-epic. Then

Su-gx m=Su-Sm-qy=Sv-Sm-qq =Sv-gx-m

implies Su = Sv since ¢x is a reflexion. Therefore, the diagram
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X ‘5.4 SX Su SY
<u,v> bsy (9.17)

YxY Ix X4X __.SY x SY

commutes. Consequently, <, v> factors through the pullback of ésx along ¢x x¢x,
which is rx (according to the Lemma). But this means that the equalizer m of u,v
is C-dense (see the proof of the Proposition).

The additional statements follow with Theorem 6.2. o

9.5 Total density

Rather than asking whether the inverse image for a given morphism preserves the
closure of certain subobjects, one may also investigate the problem whether the
closure of a given subobject is preserved by the inverse image of certain morphisms.
In this section we discuss one particular instance of this problem which has its origins
in topological group theory (see Example below). We assume our category X’ to be
M-complete, with M closed under composition, and consider a closure operator C.
The notion of total C-density as in Example 5.4 for ¥ = Top can be given for an
arbitrary category X, as follows.

DEFINITION An M-subobject m : M — X is called tolally C-dense if
k~Y(m): K AM — K is C-dense for every C-closed M-subobject k : K — X.

As usual, £ denotes the factorization companion of M. Under suitable hypothe-
ses on (£, M), total C-density can be described as density w.r.t. a closure operator:

PROPOSITION If € is stable under pullback along M-morphisms, and if every
subobject lattice M/X, X € X, has the structure of a frame, then there is a weakly
hereditary closure operator C*** of X, unigquely determined (up to isomorphism) by
the property that the C***-dense subobjects are precisely the totally C-dense subob-
jects. Moreover, C*°* is idempotent whenever C is idempotent.

Proof It suffices to show that the class D of totally C-dense subobjects satisfies
the conditions (a)-(c) of Theorem* of 5.4, and that D is closed under composi-
tion whenever C is idempotent. But the latter property follows immediately from
the Definition and the fact that £C is closed under composition for C idempotent
(Proposition 2.4). Similarly, right cancellability of D w.r.t. M follows from the
corrsponding property of £€ (Corollary* of 2.3).

In order to check the A-V-preservation property (b) for D, we consider the pull-
back diagram 5.13 with n € M/X and f(1x) Vn = 1y and assume f~1(n) € D.
For every k € M€ /X, one then has the cube
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f"( )——-‘
f"(
‘('*) k"(n) (9.18)
f
l(’C) k
UK

with L = K AN, and all faces given by pullback. Since f~!(k) is C-closed, j must be
C-dense, by hypothesis on n. Since £ is stable under pullback along M-morphisms,
the &-images of all horizontal arrows of (9.18) are given by the horizontal arrows of
(9.19):

1) —f(X)AN

1(/
(9.19)

f(X)

l(’C)
l( )—-—-f(X)AK

Since e € £, one obtains i -d = e j € £C (see Exercise 2.F(b)), hence i € £€. With
the distributivity of AM/X the morphism f~ l(l:) is easily recognized as the join of
the C-dense morphisms i and 1; as in Exercise 2.F(d) and is therefore C-dense, as
desired.

For (c), it suffices to consider AM-subobjects m; : M; — X (i € I) with

Vx‘e ;mi = 1x,and l : L — X with I < m; such that the resulting morphism
l; : L — M; belongs to D, for all i € I. But in the pullback diagrams
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KAL L
I I
KAM; ki M; (9.20)
m} m;
K k X

every k; is C-closed, hence ¥} is C-dense. Frame distributivity gives

\/k/\m;'z-‘:k/\Vm;&‘k,
iel i€l

hence V/;¢; mi & 1k, and this implies that also k=!(I) : K AL — K is C-dense. O

Distributivity of the subobject lattices is an essential hypothesis of the Proposi-
tion; without it, total C-density may in fact not be describable as density w.r.t. a
closure operator, as the following example shows. It gives the context in which the
notion of total density was investigated first.

EXAMPLE (Tonolo [1995a]) In the category TopAbGrp of abelian topological
groups, a subgroup M < X is called totally dense if it is totally K-dense, with K the
Kuratowski closure operator lifted from Top (see 5.9). Totally dense subgroups fail
to satisfy the A-V-preservation property, so that by Theorem* 5.4 there is no closure
operator C whose C-dense subgroups are precisely the totally dense subgroups. In
fact, with Z, the group of p-adic integers endowed with the p-adic topology and
Z the subgroup of rational integers of Z,, M = Z x Z fails to be totally dense in
X =TI, x Z, while its pullback Z x 0 — Z, x 0 along the embedding K =7, x0 — X
is totally dense (note that K + M = X holds). In order to verify that M is not
totally dense in X, pick £ € Z,, such that k€ € Z for each 0 # k € Z. Then the cyclic
subgroup L of Y generated by (£,1) is closed and L # 0, while LN N 0, so that
LN N cannot be dense in L.

In case of its existence it would be desirable to have a handier description of the
total closure C*°* than that given by the proof of Theorem* of 5.4. If “subobjects
are given by points”, as in Section 4.9, such a description is available, as we want
to show next. Hence we consider a subclass P C M of \/-prime elements which is
left-cancellable w.r.t. M and satisfies the following conditions:

(A) Ff(p) €P/Y forevery f: X —Y and peP/X,
(B) m=V{peP/X:p<m} forevery me M/X ,
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(C) p=q whenever p<gq in P/X .

According to Remark 4.9(1), conditions (A), (B) give each subobject lattice the
structure of a frame. Furthermore, using the left cancellability of P wr.t. M
and Exercise 1.K(b), these conditions also guarantee stability of £ under pullback
along M-morphisms. Hence we are assured of the existence of C"“t for every closure
operator C in this setting, by the Proposition.

For every p: P — X in P, let : P — X be the “point closure” éx (p), with C
the idempotent hull of C, and put

I(p,m,X) :=p-cp(p~'(m)) : L(p,m, X) — X.
Quite similarly to the .A-comodification of C as defined in 7.7, we now define
¢x(m) = \{p € P :p< llp,m, X)}
for every m € M/X, X € X, and prove:

THEOREM C* is a closure operator with C* < C such that the C*-dense subob-
jects are precisely the totally C-dense subobjects. Hence C*°* is the weakly hereditary
core of C*. If C is hereditary and if cx(p) is C-closed for allp € P/X, X € X,
then C* is weakly heredilary, and one has C* = C**.

Proof Form € M/X, pe€ P/X with p < m one has
*
p=p-pH(m) < p-H'(m) < p-cp(p7'(m)) = I(p,m, X),

hence C* is extensive. If m < m/, one sees immediately I(p,m, X) < I(p,m’, X), so
that C* is monotone. For a morphism f : X — Y, from p < I(p, m, X) one obtains

f() < f((p,m, X)) < U(f(p), f(m),Y),

due to C- and C-continuity of f. Since f(—) preserves arbitrary joins, this implies
C*-continuity of f. Hence C* is a closure operator which, due to

I(p,m, X) < cx (-5~ (m)) < ex(m),

satisfies C* < C.
Let now m € M/X be totally C-dense. Then, for every p € P/X, p~!(m) is
C-dense in P, hence
llpmX)=p-1p=p2p.
Consequently, c% (m) = 1x. Conversely, for m C*-dense and every k € MC /X, we
must show that k~1(m) is C-dense. But for every p € P/X with p < k one has
P < k and therefore

I(p,m,X) = p-cp(p™'(m)) < k- cx (k™' (m));
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furthermore, since ¢ (m) = 1x, from the \/-primeness of p and conditions (B), (C)
one has p < I(p,m, X), hence p < k- cx(k~!(m)). This gives

ke \/{p :p <k} < k-cx (k™ (m))
and then 1g & cx(k~!(m)), as desired.
Finally, let C be hereditary and let cx(p) be C-closed for all p € P/X, so that
P = cx(p). For me M/X, let
y=ck(m): Y = k(M) = X;

we must show that the morphism my : M — Y with y-my = m is C*-dense, i.e.,
¢k (my) = ly. For that it will be enough to show the implication

Py = py SI(pY1mY!Y))
with py : P — Y given by y - py = p, for all p € P/X, since then one has
ly = \/{py :p <9} < \/{py :pv <l(py,my,Y)} < i (my).

Hence assume p < y which, under conditions (B), (C), means p < I(p,m, X), and
consider the following diagram:

(9.21)

Here the left and right faces are pullback by definition, and the bottom face is
trivially a pullback. The back face is one by hereditariness of C:

By = cy(py) =y~ (cx(p)) = vy~ (9)-

Hence also the front face is a pullback, with the induced morphism ¢ being iso.
Consequently, the top face of (9.21) is a pullback diagram. Applying hereditariness
of C again we obtain

cp, (By' (my)) = (') (cp (7" (m)).

This means that also the top part of the following diagram is a pullback:
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L(py,my,Y) L(p,m, X)
Py P (9.22)
Py P
Y Y X

Since the vertical composites are I(py,my,Y) and I(p, m, X), the implication
PS I(p’mix) = py S '(pY)vaY)

is now immediate, and this finishes the proof. a

REMARKS

(1)  For ‘applications of the Theorem to the category Top, see the Examples of
54, i.e., C = K, b, or o, all of which satisfy the assumption of the Theorem: note
that, although o is not idempotent, o-closures of points are o-closed.

(2) Idempotency of C does not guarantee weak hereditariness of C*, even in Top,
as the idempotent hull of the f-closure shows. For that topologize the set X =
RU{co} by taking R to be open and basic neighbourhoods of oo to be of the form
{00} U U, where U is an open dense subset of R. Then for M = {1/n: n € N}U {0}
one can easily show 0x({o0}) = X; consequently 0% (M) = M U {oo}. But the last
space is a topological sum of M and {oo}, so that M is f-closed in 6% (M), hence
not-8®-dense in 6% (M).

(3)  The notion of total density given in the Example can be extended to the cat-
egory TopGrp of all topological groups, as total K-density, with K the Kuratowski
closure operator lifted from Top (see 5.9). However, another extension turns out
to be equally (if not more) relevant here: a subgroup M < G € TopGrp is called
weakly totally dense if for every closed normal subgroup N of G the intersection
M QN is (K-) dense in N (see Exercise 9.M for the connection with the open
mapping theorem for topolgical groups). It is natural to ask whether weak total
density can be presented as total C-density w.r.t. some closure operator C. Since
the C-closed subgroups must be the (K-) closed normal subgroups, the most natural
candidates seem to be the closure operators K Vv < vK < Kv which give as closed
subgroups precisely the (K-) closed normal subgroups. It can be shown that none
of these three closure operators does the job (see Exercise 9.M).

PROBLEM Does there ezist a closure operator C of the category TopGrp such
that weak total density coincides with total C-density?
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Exercises

9.A (Hereditariness of idempotent hulls) For a hereditary preradical r of
Modg, show that all its copowers ro (@ € Ord) are hereditary (cf. Exercise 4.G).
Conclude that the idempotent hull of the maximal closure operator C* is heredi-
tary whenever C™ is hereditary itself. Does a corresponding statement hold for the
minimal operator Cp?

9.B (Fully hereditary closure operators) Call a closure operator C of an M-

complete category X (with M closed under composition) fully hereditary if every
morphism in & is C-initial. Show that fully hereditary closure operators are hered-
itary, but not viceversa. Then show that every fully hereditary closure operator C
has an fully hereditary hull C™ which, if X has pushouts, can be constructed as

F(m) = \/{h™ (cz(h(m))) : h: X — 2}

(cf. the construction of C"¢ in 4.10).

9.C (C-open maps in Top) Let C be a closure operator of Top. Prove for
every f: X =Y.

(a) f is C-open if and only if f maps a C-neighbourhood of z € X to a C-
neighbourhood of f(z) (cf. 7.9).

(b) If f is C-open, then f is also C*-open for every e € Ord U {oo}; in particular,
f 1s C*-open.

(c) If f is bijective and ™-open, then f is also s-open. Hint: f is 0®-open if and
only if f:sX — sY is open (with sX the sequential modification of X, i.e.,
with s the coreflector into the category of sequential spaces). Hence X and Y
have the “same” converging sequences.

9.D (Openness w.r.t. minimal and mazimal closure operators)  For a pre-
radical r of Modg, every surjective module homomorphism f : X — Y is C*-open;
it is-Cy-open if and only if f(xr(X)) =x(Y).

9.E (Modality of minimal closure operators)  Show that for a preradical r of
Modg, the following conditions are equivalent:

(i) C: is modal,
(i) forall f: X =Y, f~!(x(Y))=r(X),
(ili) r is hereditary and cohereditary (cf. Remark 5.12).
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9.F (Equivalence relations)  Check that an M-relation r: R = X x X is
an equivalence relation in the finitely M-complete category & with finite products
if and only if for every Z € X

X(X,r): X(Z,R) = X(Z,X x X) 2 X(Z,X) x X(Z,X)

is an equivalence relation in Set.

9.G (A(C)-reflection via prereflection)  Let C be any closure operator of the
finitely M-complete category X with finite products and coequalizers, and construct
the pointed endofunctor (S,¢) as in 9.4.

(a) Show Fix(S,q) = A(C) (cf. 5.1).

(b) Conclude form (a) that A(C) is strongly epireflective in X whenever X is co-
wellpowered w.r.t. regular epimorphisms and has colimits of chains of regular
epimorphisms. Hint: Iterate S.

(c) Describe the Haus-reflector of Top.

9.H (C-initial sources and the finite structure property for products) Call a
source ¢ = (f; : X — Yi)ies in X C-initial if cx(m) & A;c; 7 (cvi(fi(m))) for all
m € M/X. If ; = (gi5 : Yi = Z;j)jes, ave further sources (i € I), the composite
(7i - @)ier is the source (gi; - fi : X — Yi)jey; ier. Show:
(a) I all 7; are C-initial, then (7; - ¢);ies is C-initial if and only if o is C-initial.
(b) C = T (the trivial closure operator of X) if and only if every object of X
(considered as an empty source) is C-initial.

(c) For any non-trivial closure operator C of Top, the only C-initial object is @.

(d) In Top, a source (p; : Hje 1 X; = Xi)ier of product projections generally fails
to be K-initial. What about PrTop and CS (cf. 5.10)7

(¢) For X with direct products, the inverse-limit source

(pr: HXi - H Xi)i'gl finite
i€l i€F

is C-initial if and only if C satisfies the finite structure property for products
(cf. 4.11).

9.1 (Openness of product projections)  Call a closure operator C of a finitely
M-complete category X’ with finite products semi-productive if

exxy(mx ly) Zcx(m) x 1y (%)
holds for all X,Y € X, m € M/X. Show:

(a) C is semi-productive if and only if every projection of a (finite) direct product
is C-open.
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(b) If C is idempotent, semi-productivity implies finite productivity of C.

(¢) Every closure operator of a topological category over Set is semi-productive.
Hint: For spaces X,Y and subspaces M C X and N CY, in order to prove
the non-trivial inclusion in the formula (*) note that for every z € cx (M) and
every y €Y, one has (z,¥) € cxx(y)(M x {y}) C cxxy(M xY).

(d) Find an example of a category X with a non-semi-productive closure operator.

9.J (K-open morphisms in TopGrp) Prove that K-open morphisms in
TopGrp, unlike in Top, need not be open as maps between topological spaces.
Conclude that the forgetful functor V : TopGrp — Top does not preserve K-
openness of morphisms. (Here, for brevity, we denote each time by K the usual
Kuratowski closure operator K of Top and its lifting from Top along V as in 5.9.)
Hint: Note that if o > 7 are two distinct topologies on a group G, then the identity
1¢ : (G,0) — (G,7) (as a morphism in TopGrp) is K-open if and only if both
topologies have the same (K-) closed subgroups, while 1 is K-open in Top if and
only if both topologies coincide. We propose now two examples of a group G' and
two distinct topologies ¢ > 7 on G with 1¢ : (G,0) — (G, T) K-open. For the first
one take G = Z, o the discrete topology of Z and 7 the topology on G defined as
in Exercise 8.U(b) with m, = n for each n € N. For the second one fix a prime p
and take G to be the Priifer group Z(p™) := ¢,(T), with o the discrete topology of
Z(p™) and 7 the topology induced by T. In both cases all subgroups of G are (K-)
closed for both topologies.

9.K (Total density vs essentiallity) Call an M-subobject m : M — X of
a finitely M-complete category X essential if for every morphism f : X — Y
with f - m monic is a monomorphism. Call m E&-essential if the M-part of the
(€, M)-factorization of e - m is essential for every e € £. Show that:

(a) A subgroup inclusion M — G in HausGrp is essential if and only if every
proper closed normal subgroup of G non-trivially meets M.

(b) A (K-) dense subgroup M of an abelian group G € HausGrp is totally dense
if and only if M is E-essential.

9.L (Weak total densily and the open mapping theorem) -(cf. Dikranjan
and Prodanov [1974]) A group G € HausGrp is said to satisfly the open mapping
theorem if every morphism G — H in HausGrp is open. Prove that for a dense
subgroup M of a group G € HausGrp the following two conditions are equivalent:

(a) M satisfies the open mapping theorem,

(b) G satisfies the open mapping theorem and M is weakly totally dense in G (cf.
Remark 9.5(3)).

9.M (Weak total density as total C-density)  Let C be one of the following
three closure operators of TopGrp: vV K, vK and Kv. Show:
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(a)  Weak total density implies total C-density in TopGrp.

(b)  For the topological group G defined in Example 5.9 (4) total C-density does
not imply weak total density. Hint: Note that G has no proper closed normal
subgroups, so that a subgroup M of G is totally C-dense if and only if G is
C-dense. Conclude that the stabilizer subgroup M = stab(l) of G is totally
C-dense. Since M is a proper (K-) closed subgroup of G, it is not weakly
totally dense.

Notes

The notion of initial morphism (with respect to a closure operator) appears in
Dikranjan [1992] while the notion of openness is intrinsic to the notion of Lawvere-
Tierney topology (see Johnstone [1977]) which assumes every morphism to be open.
Modal closure operators were investigated by Castellini, Koslowski and Strecker
[1992b]; Theorem 9.3 is very much related to the work of Cassidy, Hébert and
Kelly [1985]. The construction of Barr’s reflector appears in Barr [1988] and has
been used by various authors; see, for example, Carboni and Mantovani [1994]. The
notion of total density appears for the first time in Soundararajan [1968] for abelian
groups. The term weak total density was used in Dikranjan and Shakhmatov [1992],
although the notion appeared much earlier (under the name total density) in Dikran-
jan and Prodanov [1974] (see Dikranjan, Prodanov and Stoyanov [1989] for further
information). Total closure operators operators were constructed by Tonolo [1995b]
for applications to topological groups.
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adjoint functors 5.13, 158

Alexandroff pretopological space 3.6, 61
Alexandroff topological space 2.6, 35
algebraic closure 3.5, 57

amnestic functor Ex.5.M, 178

b-closure 3.3, 47
Beck-Chevalley Property 9.3, 310

bicoreflective subcategory 3.6, 59; Ex.3.L, 68

F-closure (w.r.t. a functor F') 5.7, 140
front - 3.3, 47 :
integral - 3.5, 55

£-3.3,47
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- operation (of a poset) Ex.2.E, 40
pullback - 9.3, 313

Scott - 3.7, 63

sequential - 3.3, 47

- space 5.10, 147

0- 3.3, 47
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up- 3.6, 57

up-directed down - 3.7, 62

bireflective subcategory 3.1, 45; Ex.6.H, 221 closure operator 2.1, 25; 5.2, 114

bounded
- closure operator 4.6, 82
- set 8.6, 275

U-cartesian morphism 5.8, 140
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abelian - 6.7, 202

accessible - 8.9, 291

additive - 6.7, 201

closure-structured - 5.11, 151

E-cowellpowered - 2.8, 39; 8.1, 258
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topological - Ex.5.P, 174
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centre (of a group) Ex. 3.N, 70
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C-closed M-subobject 2.3, 26
closed under (co)limits

- (subclass of morphisms) 1.7, 9; 1.8, 14
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closed under extensions 6.8, 208
closed under M-subobjects 2.8, 38
closure

algebraic - 3.5, 57

b-33, 47
C-22,26
convex - 3.6, 57
down - 3.6, 57

epi- (of a subcategory) 7.6, 239

additive - 2.6, 34
bounded - 4.6, 82
Cech - 3.1, 44
cobounded - 4.6, 82
directedly additive - 2.6, 34
discrete - Ex. 2.A, 39
A-epi - 6.2, 181
essentially

- equivalent - 7.3, 281

- strong - 7.4, 232
external - 5.14, 164
final - (induced by a functor) 5.7, 139
finitely productive 2.7, 37
Frobenius - 8.10, 292
fully additive - 2.6, 34
grounded - 2.6, 34
hereditary - 2.5, 31
idempotent - 2.4, 28, Ex. 2.C, 40
initial - 7.5, 235

- induced by a functor - 5.7, 139
indiscrete - 4.7, 85
inverse Kuratowski - 4.2, 75
Katétov - 3.2, 47
Kuratowski - 2.2, 26
maximal - 3.4, §1; 5.5, 125
minimal - 2.5, 36; 3.4, 51; 5.5, 125
modal - 9.3, 311
pointedly radical - 6.10, 215
productive - 2.7, 36
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radical - 6.7, 198

A-regular - 6.2, 181

Scott - 3.7, 63

strong - 6.6, 196

symmetric - 6.10, 217

trivial - Ex. 2.A, 39

unbounded - 4.6, 83

uncobounded - 4.6, 83

weakly hereditary - 2.4, 28; Ex. 2.C, {0
closure space 5.10, 147
cobounded closure operator 4.6, 83
cocomposite

- of closure operators 4.3, 75

- of preradicals 5.5, 128; Ex. 5.G, 171
cofibration Ex. 5.P, 178
cogenerating (class of objects) 8.2, 261
cohereditary preradical 3.4, 53; 5.12, 157
cokernel 5.6, 130
cokernelpair 6.1, 178
commutator subgroup 3.5, 55
S-comodification 5.12, 156; 7.7, 244
e-compact space 8.6, 275
M-complete (category) 1.10, 18

finitely - 1.6, 8
composite

- of closure operators 4.2, 78

- of pointed endofunctors Ex. 5.A, 168

- of M-preradicals 5.5, 127
continuity (of a morphism w.r.t. a closure
operator) 2.2, 25
C-continuous function 5.11, 151
(C, D)-continuous functor 5.7, 136
(D, C)-continuous morphism 5.12, 155
convex closure 3.6, 48
co-order (of a closure operator) 4.6, 82
copointed endfunctor 5.2, 115
copower

- (of a closure operator) 4.6, 82

- (of a preradical) 5.5, 129
core

additive - 4.8, 88

directedly additive - 4.9, 94

fully additive - 4.9, 90

minimal - 4.10, 94

Index of Definitions

weakly hereditary - 4.6, 81
coreflective subcategory Ex.3.L, 69
counit (of an adjunction) 5.13, 158
E-cowellpowered (category) 2.8, 39; 8.1, 259
Cech closure operator 3.1, 45

p-defect 6.8, 204
Delta-subcategory 7.1, 226
dense (map of topological spaces) 1.8, 13
C-dense

- subobject 2.3, 26

- morphism 2.3, 27
diagonalization

- Lemma 2.4, 28

- property 1.5, 7, 1.8, 14; 5.3, 116

simultaneous - 1.10, 17

Diagonal Theorem

- additive 7.5, 236

- generating 7.2, 229

- pointed 7.2, 228
directed-complete poset (dcpo) 3.7, 61
directedly additive closure operator 2.6, 34
directed graph, see graph
disconnectedness Ex.6.T, 233
discrete closure operator, Ex. 2.A, 39
divisible abelian group 3.4, 53
domain 3.7, 64
dominion 6.2, 184
down-closure 3.6, 57

edge (of a graph) 3.6, 57
effective equivalence relation 9.4, 315
U-embeddings 5.8, 141

-(of pretopological spaces) 3.1, 44

-(of topological spaces) 1.1, 2
enough M-injectives 4.10, 95
A-epimorphism 6.1, 177
epi-closure (of a subcategory) 7.6, 239
A-epi-closure operator 6.2, 177
equivalence relation 9.4, 314
essentially strong closure operator 7.4, 232
extension (of a closure operator) 2.9, 38
extremal closure operator 5.14, 164
extremal monomorphism Ex. 1.D, 20; 6.2, 18

factorization
(E,M)-18, 14
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right M- (of a morphism) 1.5, 7
right M- (of a sink) 1.10, 16

- system (as a functor) 5.3, 117, Ex.5.C, 170

M-fibration 5.8, 140
fibre-small functor 8.1, 260
filter convergence space 3.2, 45

final closure operator (w.r.t. a functor) 5.7,

139
U-final sink Ex.5.P, 173
finite structure property 4.11, 101
finitely M-complete (category) 1.6, 8
finitely productive closure operator 2.7, 37
frame 4.10, 95; Ex.5.B, 169
Frattini subgroup 3.5, 54; Ex.3.N, 68
Fréchet-Urysohn space 3.3, 48
Frolik Lemma 6.5, 192
front closure 3.3, 47
fully additive
- closure operator 2.6, 34
- core 4.9, 90
functor
adjoint - 5.12, 158
amnestic - Ex. 5.M, 178
(C, D)-continuous 5.7, 136
- pregervmg subobjects 5.7, 135
C-structured - 5.9, 151
fibre-small - 8.1, 260
topological - Ex.5.P, 174
transportable - 8.1, 260

generated by V-prime elements 6.5, 192
&-generator (of a category) Ex. 2.1, {1
(directed) graph 3.6, 56

vertex of a - 3.6, 56

edge of a - 3.6, 56

loop of a - 3.6, 56

opposite - 3.6, 59

spatial - 3.6, 57
grounded closure operator 2.6, 34
grounding of a closure operator 4.8, 86

hereditary
- closure operator 2.5, 81
- hull, 4.10, 95
- preradical 3.4, 52
hull
hereditary - 4.10, 94
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idempotent - 4.6, 10
productive - Ex. 4.Q, 108
regular - 7.4, 232

idempotent

- closure operator 2.4, 28

- hull 4.6, 81

- pointed endofunctor 5.1, 109

- preradical 3.4, 52; 5.5, 128
image (of a subobject) 1.4, 5; 8.1, 258
indiscrete closure operator 4.7, 85
initial closure operator - 7.5, 235; (w.r.t.
functor) 5.7, 139;
initial

- morphism 5.8, 140; 9.2, 307

- source Ex.5.P, 173; Ex.9.H, 827
M-injective object 4.10, 95
integral closure 3.5, 55
F-interior (w.r.t. a functor) 5.7, 140
intersection

M- (of morphisms) 1.9, 15

finite M- (of morphisms) 1.9, 15
inverse image (of a subobject) 1.2, 8
isomorphic

- subobjects 1.1, 1

- factorization systems 5.3, 118

- morphisms 8.1, 259

Jansenian preradical 3.4, 5.{
join 1.3, 4

Katétov closure operator 3.2, 46
kernel 5.6, 130

k-space 3.3, 48

Kuratowski closure operator 2.2, 6

lattice

large-complete - 1.9, 15; 4.1, 72

modular - Ex. 4.N, 107
Lawvere-Tierney topology 9.3, 311
left-adjoint

- monotone map 1.3, 4

- functor 5.13, 158
left £-factorization (of a morphism) 1.5, 7
left factorization class 5.3, 117
left factorization system 5.3, 117
left cancellable (class of morphisms)
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Ex.1.D, 21; 2.5, 82, 5.4, 120 - (of a closure operator) 4.6, §2
U-lifting - (of a M-preradical) 5.5, 129
-(of a morphism) 5.8, 140 precoreflection 5.2 115
-(of a sink) Ex.5.P, 178 preordered
loop 3.6, 56 - class 1.1, 1
. - set 3.6, 57
Magic Cube Theorem 6.4, 189 preradical 3.4, 51
maximal closure operator 3.4, 51; 5.5, 125 M- 55, 125
meet 1.3, 4 idempotent - 3.4, 52, 5.5, 128
minimal Jansenian - 3.4, 53
- core 4.10, 94 hereditary - 3.4, 52; 5.6, 138
- closure operator 2.5, 34; 3.4, 51, 5.5, 125 (ohereditary - 3.4, 53; 5.12, 157
modal closure operator 9.3, 311 prereflection 5.1, 109
T-modification 5.12, 156 A.V.preservation property 54 , 121
modular lattice Ex.4.N, 104 preserves
monofibration 5.8, 140 - subobjects 5.7, 135
monomorphism - inverse images 5.7, 1385
A-regular - 6.1, 177 - (direct) images 5.7, 135
extremal - Ex. 1.D, 20 (C, D)-preserving functor 5.7, 136
A-normal - 6.7, 202 preterminal object Ex.7.B, 253
strong - Ex. 1.E, 21 pretopolgical space 3.1, 44
morphism \/-prime subobject 4.9, 91
C-dense - 2.3, 27 productive closure operator 2.7, 86
C-initial - 9.2, 307 projective object Ex.1.L, 22
U-initial - 5.8, 140 property
C-open - 9.2, 308 Beck-Chevalley - 9.3, 310
Frobenius - 8.10, 292 diagonalization - 1.5, 7; 1.8, 14; 5.3, 116
multiple pullback 1.9, 15 (€, M)-factorization - 1.8, 18

finite structure - 4.11, 101
A-V-preservation - 5.4, 121
A-V-reflection - 5.4, 121

simultaneous diagonalization - 1.10, 17
- stable under meet or join 4.5, 79

C-neighbourhood 7.9, 250
normal closure 3.5, 55
normalizer (in a group) Ex.3.N, 68

C-open morphism - 9.2, 308 M-transferability - 4.10, 95
opposite : M-pullback 1.2, 8 .
- category 1.5, 7 pullback closure 9.3, 313
- graph 3.6, 59 .
order (of a closure operator) 4.6, 83 Mrelation 9.4, 312
orthogonal quasi-uniform space 8.7, 280
(morphism to morphism) 1.8, 13 quasicomponent 4.7, 87

(morphism to object) Ex.5.B, 169 .
- factorization system 5.3, 117, Ex.5.E,17gr2dical 3.4, 52

- subcategory Ex.5.B, 169 M-radical 5.5, 128
&-reflection 6.7, 199
pointed endfunctor 5.1, 109 A-V-reflection property 5.4, 121

power reflective (subcategory) 2.8, 38; 5.1, 110
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reflexion (of an object) 2.8, 38 subcategory
A-regular bireflective - 3.1, 45; Ex.6.H, 221
- closure operator 6.2, 181 coreflective - Ex.3.L, 69
- monomorphism 6.1, 177 Delta - 7.1, 226
- preradical 6.7, 199 Nabla - 7.8, 247
regular hull (of a closure operator) 7.4, 282  orthgonal - Ex. 5.B, 169
regular space 3.3, 48 reflective - 2.8, 38
replete subcategory 2.8, 88; 5.1, 109 replete - 2.8, 38
restriction (of a closure operator) 2.8, 38 subnormal subgroup Ex. 5.1, 172
retraction Ex.1.C, 20 M-subobject 1.1, 1
right-adjoint A-closed - 6.2, 182
- monotone map 1.3, 4 C-closed - 2.3, 26
- functor 5.13, 158 V-prime 4.9, 91
right cancellable (class of morphisms) 2.5, 83; V-prime - 6.5, 192
5.4, 120 A-regular - 6.1, 177
right M-factorization (of a morphism) 1.5, 7  extremal - Ex.1.D, 20
right M-factorization (of a sink) 1.10, 16 A-normal - 6.7, 202
right factorization class 5.3, 117 regular - 6.1, 177
right factorization system 5.3, 117 strongly A-closed - 6.4, 187
strongly C-closed - 6.6, 196
Scott-closed subset 3.7, 63 totally C-dense - 9.5, 320
section Ex.2.1, 42, 6.1, 179 trivial - 1.11, 19
section condition 4.11, 99 surjectivity class 6.8, 204
semisimple class of a radical 6.7, 23 symmetric closure operator 6.10, 217

separable (field extension) 8.10, 293
sequentfa! closure 3.3, 47
sequential modification 5.10, 149

topological
- category Ex. 5P, 174
- functor Ex. 5P, 1%

sink 1.10, 16
skeleton 1.1, 76 -‘gl'Ol;p 5.91, 1427 200
socle 4.3, 77, 4.6, 84 torsion free class 6.7,

torsion theory 6.8, 207
torsion subgroup 3.4, 53
total closure 9.5, 322
totally C-dense
- subobject 9.5, 320
- subspace 5.4, 124
totally continuous function 5.11, 151
M-transferability property 4.10, 95
trivial
- closure operator Ex. 2.A, 39

specialization order Ex. 3.P, 70
spatial graph 3.6, 57
splitting field 3.5, 56
stable under
- join 4.5, 79
- meet 4.5, 79
- multiple pullback 1.7, 10
- pullback 1.7, 10
- pushout Ex.1.J, 22

- M-unions 5.4, 122 _ object l.ll, 19

s‘f°nt]% stor 6.6. 106 - subobject 1.11, 19
- closure operator 6.6, honoff Ex4.0, 107
- modification 6.6, 196 Tychonofl space Ex.4.0, 10
- monomorphism Ex.1.E, 21 uniform space 5.11, 152

strongly closed subobject 6.4, 187; 6.6, 196 M-union 1.9, 16
structured category 5.11, 121 finite - 1.9, 16
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epic - 6.2, 180
U-universal arrow 6.13, 158
unit (of an adjunction) 5.13, 158
up-closure 3.6, 57
up-directed down-closure 3.7, 61
Urysohn space 7.1, 227

variety
Birkhoff - 8.9, 289
quasi- 6.7, 203; 8.9, 289
vertex (of a graph) 3.6, 56

weakly hereditary closure operator 2.4, 28
wellpointed endofunctor Ex. 5.8, 168
M-wellpowered 1.1, 1

zero closure operator 6.9, 213
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Special categories

AbGrp - abelian groups 3.4, 54

Alex - Alexandroff topological spaces 2.6, 85; 3.6, 61

Cat - small categories Ex. 1.G, 22

CBoo - complete Boolean algebras Ex. 5.B, 169; 8.2, 264
CompGrp - compact Hausdorff topological groups 6.1, 180
CompHaus - compact Hausdorff spaces

CompTop - compact topological spaces (not necessarily Hausdorff) 7.7, 246
CRng - commutative rings 3.5, 56; 1.11, 20

CS - closure spaces 5.10, 147

CTop - connected topological spaces 1.6 , 9

DCPO - directed-complete partially ordered sets 3.7, 62
DHaus - totally disconnected Hausdorff spaces Ex. 6.8, 222
FC - filter convergence spaces 3.2, 46

FHaus - functionally Hausdorff spaces 6.9, 212; 7.6, 287
FId - fileds 3.5, 56

Frm - frames Ex. 5.B, 169; 8.2, 264

Gph - graphs 3.6, 58

Grp - groups 3.5, §6; 1.1, 2

Ho - Hoffmann’s category 6.9, 218

Haus -¢Hausdorff topological spaces 6.3, 194

HausGrp - Hausdorff topological groups 8.8, 284
Haus(P), Haus;(P) - P-Hausdorfl topological spaces 8.4, 268, 269
IrrTop - irreducible spaces 7.8, 247,

Met - metric spaces Ex. 3.U, 70

Modpg - R-modules 3.4, §2; Ex. 2.G, 4!

PerFId - perfect fields 6.3, 187

PoSet - partially ordered sets 3.6, 57

PrAlex - Alexandroff pretopological spaces 3.6, 61

PrSet - preordered sets 3.6, §7

PrTop - pretopological spaces 3.1, 45

QUnif - quasi-uniform spaces 8.7, 279

Reg - regular spaces Ex. 6.5, 222

Rng - rings (unital, not necessarily commutative) 8.9, 290
Set - sets 1.1, 2

Set, - pointed sets 5.6, 192

SGph - spatial graphs 3.6, 58

SGrp - semigroups Ex. 6.C, 220

S(n), S, - generalized Urysohn spaces 8.6, 278, 280

SUS - spaces in which convergent sequences have unique cluster point 8.4, 272
Top - topological spaces 1.1, 2

Topg, Top, - To-, T1-spaces 6.5, 193, 194; 6.9, 212
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Top. - pointed topological spaces 6.10, 213

0-Top - zero-dimensional (w.r.t. ind) spaces 6.9, 212

2Top - bitopological spaces Ex. 4.E, 104

TopAbGrp - topological abelian groups 9.5, 22

TopGrp - topological groups (not necessarily Hausdorff) 5.9, 144

Tych - Tychonoff spaces 6.9, 212

Unif - uniform spaces 5.11, 152

Ury - Urysohn spaces 7.1, 227, 7.3, 231

US - spaces in which convergent sequences have unique limits 7.6, 241; Ex. 7.J, 255
A(C) - Delta-subcategory of a closure operator C 7.1, 226

V(C) - Nabla-subcategory of a closure operator C 7.8, 247

D(A) = Dx(A) - maximal epi-preserving extension of A4 in X 7.7, 242

E(A) = Ex(A) - epi-closure of a subcategory A in X 7.6, 239

S(A) = Sx(A) - strongly epireflective hull of A in X 7.1, 225

S(A) = Sx.A - epireflective hull of A in X Ex. 7.M, 255

Sepy (D) - D-separated objects in X (w.r.t. a class of morphisms D) 7.6, 238
T (C), T2(C) - companions of A(C) 7.9, 250

General notation on categories and their classes of morphisms

X, Y, A, S, ... - category, also its class of objects

X°P - the opposite category of &
M - class of morphisms of X providing the subobject structure 1.1, 1; 2.3, 24;

also considered a category 5.2, 112
£ - factorization companion of M 1.8, 12, 2.1, 24

MLE=£6 =M18, 18

M/X - M-subobjects of an object X 1.1, 1,

X \ £ - morphisms in £ with domain X 8.1, 259,

ME - C-closed morphisms in M (for a closure operator C) 2.3, 26
£C - C-dense morphisms (for a closure operator C) 2.3, 27

M|y - restriction of M to a subcategory Y 2.9, 38

My = UM N ity - U-embeddings (w.r.t. a functor U) 5.8, 141
Regy(A) - A-regular (= A-closed) monomorphisms of X 6.1, 177 .
Reg(X) = Regy(X) - regular monomorphisms of X 6.1, 178
Epiy(A) - A-epimorphisms ( A-dense morphisms) of X 6.1, 177
Epi(X) = Epiy(X) - epimorphisms of X 6.1, 178

Inity - U-initial morphisms 5.8, 141

Iso(X) - isomorphisms of X

Mono(X) - monomorphisms of X

MorX - class of morphisms of X

MOR(X) - all subclasses of MorX 7.6, 238

SUB(X) - all full subcategories of X 7.1, 228
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Notation concerning subobjects

m:M—X,n:N—=Y - typical M-subobjects 1.1, 1

f(m): f(M)—=Y -imageof munder f: X - Y 14, 5;1.6, 8

FY(n): f~Y(N) — X - inverse image of n under f: X —Y 1.2, 3

1x : X — X - identity morphism, largest M-subobject of X 1.11, 19

ox : Ox — X - least M-subobject of X 1.11, 19

0 - zero object, zero morphism in a pointed category 5.6, 180

A mi : \; Mi — X - meet, intersection of M-subobjects m; : M; — X 14, 4; 1.9,
15

V;m: : V; M; — X - join, union of M-subobjects m; : M; — X 1.4, 4; 1.9, 16

my : M =Y - frequent notation for the morphism given by
(m:M->X)<(y:Y—>X)25, 31

i,7: X — X +p X - frequent notation for the cokernelpair of m 6.1, 178

M cx (M) ex(m) X - typical notation for the C-closure of m : M — X 2.2, 25

ker(f) : Ker(f) — X - kernelof f: X - Y 5.6, 130

coker(f) : Y — Coker(f) - cokernel of f: X — Y 5.6, 130

rx : r(X) — X - typical notation for the preradical (r,r) at X 5.5, 125

General notation on closure operators

C = (ex)xex - closure operator of a category X w.r.t. M 2.2, 25

C : M - M - functorial presentation of a closure operator 5.2, 114

C: X — CS (PrTop; Top) - the concrete functor induced by a closure operator C
of a concrete category X 5.10, 148

A Ci - meet of closure operators C; 4.1, 72

V C: - join of closure operators C; 4.1, 72

DC - composite of (first) C with D 4.2, 73

D+ C, (d *c)x - cocomposite of (first) C with D 4.3, 75

C“ - a-th power of C 4.6, 82

Cq - a-th copower of C 4.6, 82

C, C* - idempotent hull 4.6, 81, 82

Q’, Co - weakly hereditary core 4.6, 81, 82

C - strong modification of C 6.6, 196

C, Ct - additive core 4.8, 88, 89

C® - fully additive core 4.9, 91

ct- directedly additive core 4.9, 94

C¢ - grounding 4.7, 86

C**t - externalization of C, 5.14, 165

C't _ internalization of C, 5.14, 166

C"e _ hereditary hull of C 4.10, 95

C™ - minimal core of C 4.10, 94

C™8 - regular hull of C 7.4, 232
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Ctot - total C-closure 5.4, 124; 9.5, 322

C() _ final closure operator of C (w.r.t. a functor F) 5.7, 139

C(r) - initial closure operator of C (w.r.t. a functor F) 5.7, 139

Cly - restriction of C to a subcategory )Y 2.9, 38

Cy - lifting of C along an M-fibration U 5.8,

AC - A-comodification of C (w.r.t. a full subcategory A) 7.7

5C - S-comodification of C (w.r.t. a copointed endofunctor (S, ¢)) 5.12, 156
7C - modification of C (w.r.t. a pointed endofunctor (T, 7)) 5.12, 155

C", ¢C - closure operators induced by adjoint functors (with unit 5, counit ¢) 5.13,
159, 160

A(C) - Delta-subcategory of a closure operator C 7.1, 226

V(C) - Nabla-subcategory of a closure operator C 7.8, 247

T1(C), T2(C) - companions of A(C) 7.9, 250

#(C) - the preradical induced by C 5.5, 125

Special closure operators

b - front- or b-closure of Top 3.3, {8
C: - minimal closure operator induced by r 3.4, §2; 5.5, 125
C* - maximal closure operator induced by r 3.4, 52; 5.5, 125
conv - convex closure of SGrp 3.6, 58
dir | - up-directed down-closure of DCPO 3.7, 62
24 - A-comodification of the A-epi closure, 7.7, 244

i - A-epi closure, 6.2, 181
esp® - essentially strong modification of pro” 8.4, 269
fro Frobenius closure operator of Fld 8.10, 292

(gx) - indiscrete closure operator 4.7, 85

1esp - essentially strong modification of ipro” 8.4, 269
int - integral closure of CRng 3 5, 56

lpl’OP - image restriction of pro” in Top 8.4, 267
= (kx) - Kuratowski closure operator of Top, Unif and TopGrp 2.2, 26;

5.10, 153; 5.9, 146

- Cech closure operator of PrTop and CS 3.1, 45; 5.10, 148

- Katétov closure operator of FC, 3.2, 46
K* = (k%) - inverse Kuratowski closure operator of Top 4.2, 75
€ - compact or E-closure of Top 3.3, 48
v - normal closure in Grp, TopGrp 3.5, 56; 5.9, 146
pro? - P-projective closure operator in Top 8.4, 267
Q (¢x) - quasicomponent in Top 4.7, 87

= (¢%) - uniform quasicomponent in Unif 5.11, 154
reg“ A-regular closure operator 6.2, 181
= (sx) - discrete closure operator Ex 2.A, 39

o - sequential closure of Top 3.3, 48
sat - saturation in Top, 6.10, 216
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scott - Scott closure of DCPO 3.7, 64

T = (tx) - trivial closure operator Ex. 2.4, 39

6 - 6-closure of Top 3.3, 48

Z = (zx) - zero operator of Top 6.9, 213; 7.6, 287
1, 1 - down-closure, up-closure of SGrp 3.6, 58

Preradicals

a - annihilator in Modg, 8.9, 288

d - maximal divisible subgroup in AbGrp 3.4, 54

d, - maximal p-divisible subgroup in AbGrp 46, 84

f - Frattini subgroup in AbGrp 3.4, 54

k - commutator subgroup in Grp 3.5, 56

n, p - subgroup of n-multiples, p-multiples in AbGrp 4.6, 84; 6.7, 203
s, (r : s) - composite, cocomposite of two preradicals r, s 5.5, 127, 128
r%, ro, - a-th power, a-th copower of the preradical r 5.5, 129

r# - the A-regular preradical (w.r.t. a full subcategory .A) 6.7, 199
rhe _ hereditary hull of the preradical r 4.10, 98

soc - socle in AbGrp 4.3, 77

sp - p-socle in AbGrp 4.6, 84

t - torsion subgroup in AbGrp 3.4, 54

t, - p-torsion subgroup in AbGrp 4.6, 84

0 - least preradical 5.5, 125

1- largegt preradical 5.5, 125

Other notation

card X = |X| - cardinal number of a set X
Card - class of all cardinal numbers

cod - codomain functor 5.2, 112

dom - domain functor 5.2, 112

Fix (C,7) - the fixed subcategory of a pointed endofunctor (C,¥) 5.1, 109
Ord - class of all ordinals numbers

N natural numbers 1,2,3,...

Q rational numbers

R real numbers

Z integers

T circle group 8.8, 285

Z, group, ring of p elements

I, p-adic integers 4.6, 85

ACL(X, M) - additive closure operators of X w.r.t. M 4.8, 90
CL(X, M) - closure operators of X w.r.t. M 4.1, 72
FACL(X, M) - fully additive closure operators of X w.r.t. M 4.8, ?
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GCL(X, M) - grounded closure operators on X w.r.t. M 4.7, 85

IDCL(X, M) - idempotent closure operators of X w.r.t. M 7.6, 240
RAD(X, M) - M-radicals of X 6.7, 199

RCL(X, M) - radical closure operators on X w. r. t. M 6.7, 199
REF(X,E) - E-reflections of X 6.7, 199

PRAD(X, M) - M-preradicals of X 5.6, 125

PREF(X,E) - E-prereflections of X 5.6, 132

WHCL(X, M) - weakly hereditary closure operators of X w.r.t. M 7.6, 240

F G, ¢ -9 - adjoint functors, adjoint maps 5.13, 158; 1.3, 4
2 g- A-epiimplication 6.1, 177

F ¥ z - convergence in a filter convergence space 3.2, 46

z — y - edge in a graph 3.5, 57

Conditions and relations between them

continuity condition 2.2, 25

extension condition 2.2, 25

monotonicity condition 2.2, 25

(ID) idempotency 2.4, 27

(WH) weak hereditariness 2.4, 27

(CC) composites of closed subobjects are closed 2.4, 27
(CD) composites of dense subobjects are dense 2.4, 27,
(HE) hereditariness 2.5, 31

(LD) left cancellation for dense subobjects 2.5, 32
(RC) right cancellation for closed subobjects 2.5, 33
(MI) minimality 2.5, 33

(GR) groundedness 2.6, 34

(AD) additivity 2.6, 34

(FA) full additivity 2.6, 35

(DA) directed additivity 2.6, 35

Logical connections (see 2.4 - 2.7 and Exercises 3.M, 4.H):

(ID)&(CC) = (WH) => (CC) and  (WH)&(CD) = (ID) => (CD)
(CC)&(CD) &> (ID) and  (CC)&(CD) #=> (WH)
(HE) <= (WH)&(LD) and  (MI) <= (ID)&(RC)
(MI) = (FA) <= (AD) & (DA)
(MI) &> (GR) and (DA) #> (AD).



Tables of Results

Table 1
rmeervaﬁon of properties of closure operators under composition & cocomposition |
Operation
Property comp.| cocomp. Comments
Idempotency - + Ex. 4.2(3); Prop. 4.3
Hereditariness - + Ex. 4.B; Prop. 4.3
Productivity + + Prop. 4.2; Prop. 4.3
Finite productivity + + Prop. 4.2; Prop. 4.3
Regularity ? - + for Modg; consider reghaus
Weak hereditariness + - Prop. 4.2; Ex. 4.3
Additivity + ik Prop. 4.2;
Directed additivity + ? Prop. 4.2;
Full additivity || + 7T | Prop. 4.2;
Minimality + i Prop. 4.2;
Groundedness + + Prop. 4.2; Prop. 4.3

1. We conjecture that for Modg “~” holds for minimality, in which case one example

would work for all three cases (see Ex. 3.M(b)).

Table 2

Preservation of properties of closure operators under arbitrary meet & join

Operation
Property meet| join Comments
Idempotency || + - Prop. 4.5; Ex. 4.2(3)
Hereditariness || + +/ | Prop. 4.5; Ex. 4.D(b) (with M/X distributive)
Productivity | + -7/ | Prop. 4.5; Ex. 4.U, Ex. 4.6(1)
Finite productivity || + -/ | Prop. 4.5; Ex. 4.U
Regularity + ? | easy; + for Modpg
Weak hereditariness || -7 + | Ex. 4.K; Prop. 45
Additivity || -+ | Ex. 4.3(2); Prop. 4.5
Directed additivity + + { (meets distribute over dir. joins in M/X); Prop. 4.5
Full additivity - + | Ex. 5.5; Prop. 4.5
Minimality + | Ex. 5.5; easy
Groundedness {| + + | Prop. 4.7 (non-empty A); Prop. 4.5

“4 /" means that the answer is positive for finite meet or join.
“- J” means that the answer is negative even for binary meet or join.




Table 3

[ Preservation of properties of closure operators by hulls and cores |

[ [ o= |

Idempotency + + Th.4.6 + Led.8 - _
Finite productivity || +' + Th.46 | + 74 77 74 74 77 | + Ex6.E
Productivity -Ex46 |+ Thd46 |+ 74 77 78 74 77 | +Ex6.E
Hereditariness || ~Ex4B | + Thd6 | + +?Ex4N [+°Th48 | + Th49 [+ Cord7 |- o[~ K8
Weak hereditariness || + Th.4.6 | + + + 77 +° -v=T°1- g|- K8
Additivity + Thd6 | - Ex5.5 | + Th4.10(b) | + + + 73 -5 1-°%
Directed additivity || + Th.4.6 | - Ex.5.5 | + Th.4.10(b) | + + + 74 - -

Full additivity + Th.4.6 | -Ex.5.5 | + Th.4.10(b) | + + + 74 - -9
Minimality + Th.*25 | -Ex55 | +2 + + +Rem26 |- T -5 ]-%
Groundedness + Thd4.6 |+ Th4.6 | + + + Led8 | +Thd49 |+ + -9

1 In the presence of “points” (cf. 4.9) which are prime w.r.t. directed joins; this condition is satisfied for both, topological
categories over Set and for Modkg.

For M/X modular.

For M /X distributive.

+ for topological categories over Set and for Modg.

Consider the minimal closure operator Cq of AbGrp and Ex. 5.5.

G = G™8 = T is not grounded in Top.

+ for Modpg (Theorem 3.4).

+ for topological categories over Set.

Under the conditions (A), (B) of 4.9.
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