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Topological Hochschild Homology
• For a ring spectrum R ,

THHCR) : = R n R
.

RnROP

- If A is a classical commutative ring , THHCA)
:= THHLHA )

in

Eilenberg- Maclane
spectrum

. When R is En
,
we have

THHCR) = S ' ☒ R
w

spectra are tenscored
over simplicial sets

arising from
S
'
= colin (

• → *

) .±



Computations.
Since THHC A) = HA ^ HA and "

*
HA = A ( in deg 0 ) ,HA^ HA

we have a Tor - spectral sequence
** HAHA

(A.A) ⇒ THHh+t (A)EI,t = Tor hit

and dʳ :-[ I,t → EI- r
,
1- +r - l

'

For A = Fz
,
% HFz^HFz = d-

*
= % I} , , },, }} , . . - ] , 1%1--2

"
-1

is the mod -2 dual Steenrod algebra .

Thus EZ ± (µ , ,µ,µ , , . . . ) with /Mi 1=11,2
"
- 1)

.

Pictorially . . •



Computations. let 'd)
EZ ± (µ , ,µ,µ , , . . . ) with /µ; / = ( 1,2

"
- 1)

h

In - malt

•

-•IÉ• •÷•?→TÉ •FI
InukÉʰᵗᵗ
Note ① One class in each even degree .

② Differentials go 1 left & down
,
so Eʰ=E•

.

Tact By a power operations argument, µ ? =Mi+ , ETHH* (Fz) .

Thin /Biikstedt) THH
* (Fp) = Fp [µ] , In / = 2 for all primes p .



<new> Motivic Hochschild Homology
Now move from spectra to motivic spectra and replace HA with MA ,
the motivic Eilenberg - Mac Lane spectrum .

Morel - Voevodsky :

✗ +&
'
→ y

[ Smh↑ HIP ,Set ] ] + Nisnevich & 1A' - localize = motivic
spaces

Spck
↳ cons€( smh Eat

,
Set] ) { invert P' ^ -

tr

motivic spectra Spk



Motivic Hochschild Homology let 'd)

simplicial circle1A
'

-0 → = * ✓ geometric circle

↓ '
-

t ⇒ P' = } ' n (Ano) .

* ≈ ☒ → P '

Upshot Bigraded spheres § = (5)
^" "

n KA
'
-0)"

total weight
degree

Thus we have bigraded homotopy groups
Tim.nl/:= [5mm , × ]

for ✗ €9k -

Note Need homotopy shy to detect weak equiv .



Motivic Hochschild Homology let 'd)

Important Kol homology theories are representable in Spa :

• MA = motivic cohomology with coefficients in A
• KGL = (homotopy ) algebraic K-theory
• KQ = Hermitian K-theory
• MGL = algebraic cobordism

we define the motivic Hochschild homology of a commutative
ring A to be the motivic spectrum

MHH (A) := MA n MA = si ☒ µa
◦
◦
°
◦ {A'-01 ☒MA

MAMMA

with coefficients MHH
*
,
* (A) = ⊕ Timm MHH (A) .

min C-&



Computations over 1C ◦
o

° THE /Flp )
Fix k algebraically closed , A- = ftp.p-tchar/k).E(=Fpbu]

'
finite support



Computations over 1C let 'd)
Fix k algebraically closed , A = ftp.p-t char (k) .

Yikes ! Gods ① Shape of the computation when p=2 .

③ Consequences in motivic homotopy .



Computation strategy
Epd ✗

** ME = Fz [T]
,
I -4=10

,

- 1)

A
* *

= IT
*• MTH ^ME I % [ Is} is}2) - r- s to > -41 - --%

,

?- t} ; + , / i≥0)
I } ; / = ( 2

" '

-2
,
Zi - 1)

,
I & ; / = (zit

"
- 1

,
Zi - 1)

Step-1 Calculate étale motivic Hochschild homology
MHH** (A) IT

" ] ≤ Fit"
>MM >

. - - Hai - Tai+ , / i≥0)
I THH

* (F) [É ' ]
.

Step 2 Calculate mod - t MHH

MHH * (E)t ≤¥,Giri . . . . )
☒ 1%15,52 , - - -1 .

divided powers algebra



Computation strategy
step-3 e- torsion in MHH

** (A) injects into MHHn.lt?1/- with

image that of the e- Bechstein .

Step 4- Give a presentation of e- torsion in MHH
**
(Fz ) in terms

of generators ✗
s,f

where f : IN → IN has finite support
and s ≤ supp f .

Step5- Combine étale and T - torsion computations via
a pullback square .

-



Eat Étale MHH
*
**
ME a MF

,
[I ' ] = Ez I} is}2) - r- s to > -41 - --%

,

?- t} ; + , / i≥o)
E E [¥ '

,
To

, -4 , . . . ] ,
I t.it = (É

"
- 1
,
zi - l )

so the Tor - spectral sequence takes the form
Fili"

> to, -4 , _ _ .
]
( E, [z±i ] , Fit

" ] )= Tor
*
,
*
,
*

= (Moon , , . . .
) [I± ' ] ⇒ MHH

** (A) [-1+-1]

with /µ ; / = ( I , É
"
- I
,
É - l )

.

• Degree considerations ⇒ Eh = EN
.

• Power operations ⇒ µ ? = Thin .



slept Étale MHH cat 'd )

Upshot MHH
**
(E) Fi ' ] ± At"

>Move , i - i -%? - zµi+ , / i≥of

= Fili"
,µ. ]

im (MHH
** (Fz)

→ MHH
**(E) ti

'] )



Stef 2- Mod
- I MHH

A
** le ± # [} , , }z , - . . ] ☒ A To

,
-4
,
. . .
) so the

Tor - spectral sequence takes the form

EZ = Tor **" (Att )*
, *, *

~
divided

powers algebra
± ( Iiia

, . . . ) ☒ Ft
,

trio
,Ju , , - . - ) ⇒ MHH

**
(E)fi .

Advanced degree yoga ⇒ E=E• with no hidden ext 'ns
.

a-phot
MHH

** (E) 1, = ( Iii" . _ . ) ☒ Ft
,

/Ño
,-µ , , - - - )

.

( see arXiv : 2204.0041 for steps 3- 5 .
)



④ Consequences
since THH (Fp) is an HEP - module

,
we get the splitting

THH (Flp ) = ✓ [
"

HFP .

i≥ o

The T - torsion in MHH
** ( Fp) implies that this fails wildly in Spe :

MHH(Fp ) is not a free MFP -module .

In Sp ,
the following are true :

① HE is a Thom spectrum of an E,- map with target SES
'

② THH(Thom
,
) = Thom

,
=

, nj-p.fm ,
^ B ( base

,) + .

③ 131253 = V1spheres ) stably .



Consequences at 'd ) Behrens -Wilson : true

potential motivic analogues : Cz - equivariant ly
r

① ME is a Thom spectrum over &
" 53 ' '

.

③ MHH (Thom ,
) = Thom

,
^ BC base

,
)
+ .

③ BR" 's" ' is a wedge of spheres stably ,
i. e. [%" [

' " S
" satisfies

"

Gm - James splitting:

Thin /Dundas , Hill, 0 , Oskar ) At most two of these are true !



Consequences at 'd ) Behrens -Wilson : true

potential motivic analogues : G- equivariant ly

① ME is a Thom spectrum over &
"É

.

③ MHH (Thom ,
) = Thom

,
^ BC base

,
)
+ .

③ BR" 's" ' is a wedge of spheres stably ,
i. e. [%" [

' " S
" satisfies

"

Gm - James splitting:

Thin /Dundas , Hill, 0 , Oskar ) At most two of these are true !

Pod Rank from most to least likely FALSE at
app.sk .

do
,
code #Motivic Hochschild .



Thank You !

Questions welcome
.



Bonus content !
- -

Power operations and µ↑ = É 'M ;+ , :

' Mimic classical Dyer - laslnof operations via Ea - structure .

• Show Qsr = rQˢ i There Mttp ^Mfp → MHH
* + ltzscp- 1) , p*

(Fp)

along classical lines . (Here Mi = r * i. )
• Rigidity + Betti realization/e imply the result, with TP

"

compensating for weights .

Definition of ✗
s,f for f. IN

→ IN
,

Se
supp (f) , / supp (f) / < N :

'

Xs ,f
= c- - Bockstein of Xs,f where

'

Xs,f
= ( IT imtitpfcmj -plim ) / IT tpfln)Ñn ) .

MES nets


