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Q
o Abstract
o We perform Hochschild homology calculations in the algebro-geometric setting of motives.
- & The motivie Hochschild homology cocfficient ring contains torsion classes which arisc from the
) mod-p motivic Stecnrod algebra and from generating fimetions on the natural nmbers with
-4 (/ G vv\ D < finite non-emply support. Under the Betti reslization, we recover Bokstedt's ealeulation of the
vy LA 27 = topological Hochschild homology of fuite prime fields.

1 Introduction

Let 4 be a motivic ring spectrum such as algebraic cobordism, homotopy algebraic K-theory, or
‘motivic cohomology [31]. Working in the stable motivic homotopy category #7(F) of a field F,
we define the motivic Tlochschild homology MHH(#) of # as the derived tensor product

& Notnson B, 1)

The concepts of Hochschild homology for associative algebras and topological Hochschild homology
for structured ring spectra inspire our In the event 7 is one may
equivalently to (1) form the tensor product in the category of commutative motivic ring spectra
with the simplicial circle

s'ewx. ()
The primary purpose of this paper is to calenlate the homotopy groups of motivie Hochschild
‘homology of MF,, over algebraically closed fields — the Suslin-Voevodsky mod-p motivie cohomol-
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F ogy ring spectrum for p any prime number. When the base field F admits an embedding into the

—— Bikstedt's pioncering work on topological Tochschild homology of the corresponding topological

a Eilenberg-Mac Lane spectrum HF,, In fact, our calenlation for MHH specializes to the one for

q "J a ( i q \QJ THH in [, Additively, THH(F,) splits as a restricted product of Eilenberg-MacLane spectra in
> the stable homotopy category. This is not the case, however, for MHH(E,), MF,, and .#.#'(F).

The source of this cxtra layer of complexity s the abundance of 7-torsion clements in the cocffi-
cients. Here 7 is a canonical class in the mod-p motivie cohomology of . which maps to the unit
clement in singular cohomology under Betti realization.
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We express the coefficient ring MHH, (E,) in terms of algebra generators 7, j;, xs ; arising
from the mod-p motivic Steenrod algebra. [17], [34], and gencrating endofunctions 7 N < with
finite non-empty support. containing some subsel. S C inity of 7-Lorsion classes x
not witnessed in THF, (F,). For example, Kronecker dcla unctions give is 0 Such csees (in
this case, & is either emply or  singlelon set)
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Theorem 1.1. Over an algebraically closed field of exponential characteristic e(F') # p, there is
an algebra isomorphism

MHH* (]Fp) = ]Fp[Ta Hi, xS,f}iEN, (SCsupp f,f: NO)/I (3)
with the ideal of relations \{_‘; ke hrr{.‘,
w— P i,
T ‘r”‘lx,g,f,
XS,f " XT,g — S €u " XSUTU{u},f+g

u€supp(f+g)—SUT

Here the support of f is a finite non-empty subset of the natural numbers and S C suppf C N
does not contain the minimal element of suppf. The coefficient €, € F, is given explicitly in
Definition 2.12. The algebra generators have bidegrees given by |7| = (0,-1), |ui| = (2p%,p° — 1),
and

xssl= (S| + D(-L,p—1)+p > fG)E2P,p —1).
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Theorem 1.1. Over an algebraically closed field of ezponential characteristic e(F) # p, there is
an algebra isomorphism

MHH, (F,) & Fp[7, i, Xs,flien, (scsupp 1.5+ No) /T (3)

with the ideal of relations

o= i,
T ™ X p B
XS,f " XT,g = o €u " XSUTU{u},f+9

u€supp(f+g)-SUT
Here the support of f is a finite non-empty subset of the natural numbers and S C suppf C N
does not contain the minimal element of suppf. The coefficient €, € F, is given explicitly in
Definition 2.12. The algebra generators have bidegrees given by |7| = (0,—1), |us| = (2p,p' — 1),
and
ksl =(SI+ D(-Lp-1+p 3 FG)@P ~1).
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Definition 2.12. For functions f,g: N () with finite support and non-empty finite sets S,7 C N
define Kgr ¢4 € Fp by

Kezpg = (H (fsf—sl_ +1 gs)) (H (ft Hi 1>> (C}S-{T (fc i gc))

seS teT

if (S, f),(T,g) € J and SNT = 0, and set Kg 1,54 = 0 otherwise. Moreover, we define

€u,S,T.f,9 = Ksufu},Tu{t 4.}, f+9 T Ksufts, o} TUlu}, f+e-
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