Counting Matchstick Games on Modular Lattices
Caollainn Kirkpatrick  Amelie el Mahmoud Dale Schandelmeler-Lynch  Riley Shahar

Matchstick Games

Consider the following grid, where lines can be drawn between adjacent vertices in the cardinal direc-
tions.

A matchstick game on [5] x [3].

Let m| := {0,1,...,m}and [n] := {0, 1, ..., n}. A matchstick game on an [m| x [n| grid is subject to the
following rules:

1. If a vertical “matchstick” (line) 1s present, every matchstick directly to the left must be present.
2. If a horizontal matchstick 1s present, every matchstick directly below must be present.
3. No |1] x [1] square can have exactly 3 matchsticks.
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All possible [1] x [1] games .

To generalize the rules to grids of arbitrary dimension, we just require every plane to be a matchstick
game.

Matchstick Games in 2D

Let s(m, n) denote the number of matchstick games on an |m] x |n] grid. By [HMOQO22], we have

flass m+ 1!
s(m,n) = —1)"J — "
mon) = 3 (- {7
1=2
where {Z} 1s the number of ways to partition a set of  elements into s nonempty subsets.

A max-closed relation R on a 2D grid 1s a relation where 1 R y; and x9 R yo implies
max(x1,r2) R max(yi,y2).

Let B(m,n) denote the (m, n)-th poly-Bernoulli (pB) number. The pB numbers count max-closed re-
lations, and, as written in [Knu24], a closed formula for the (m, n)-th pB number is given by
min{rm,n) m + 1 n+ 1
B(m,n) = ];O k!{k+1}k!{k+1}.
We have that {
s(m,n) = §B(m +1,n+1).

While pB numbers do not have a nice higher dimensional generalization, max-closed relations, like
matchstick games, generalize to higher dimensions.
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Correspondence between a matchstick game and a max-closed relation
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Generating Functions and Recurrence

|

Possible pole arrangements given two faces.

~ 1.

Consider the [1] x [1] x |[n] matchstick game. Order the 7 possible matchstick games on [1] x [1], then
let A be the matrix where

A; ; = |[{Match-stick games with left face 7 and right face j}|.
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2 220300
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Example: facing matrix for 1] x |[1]

We have that

Z A; j = the number of match-stick games on 1)°

1<i,j<T7

Notice that matchstick games on the grid [1] x [1] x |n] can be constructed by stacking [1] x [1] x [1]
cubes that share a face.

[ ] [ [ J
Constructing a matchstick game on [1] x [1] x [2] from two cubes.

Since multiplying A by itself corresponds to this stacking, we get that (A"); ; is the number of matchstick
games on |1] x [1] x [n] with left face ¢ and right face j. Generally we have that

Z(An)z‘,j = the number of match-stick games on [1| x [1] x [n].
i,

This matrix can be constructed for [¢| x [m/| for all £, m > 0.

Theorem (Diagonalizability)}
The facing matrix A is diagonalizable.

Proof. Because the set of matchstick games forms a lattice, there exists an ordering s.t. A is lower
triangular and the diagonal entries are monotone decreasing. These diagonal entries \; are exactly the
eigenvalues. The blocks surrounding each distinct eigenvalue must be 0 off the diagonal because the

ordered faces with the same eigenvalues cannot be subsets of each other. [ ]
k
As a corollary, if A has eigenvalues A1, ..., Ag, then s({, m,n) = Z c;\;' for some rational numbers
1=1
c¢; depending only on £, m. For example, the closed form for matchstick games on [1] x [1] x [n] is

30 1
3(1,1,n):5-6”—12-4’”+3’”+§~2”.
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~ Theorem (Recurrence) |

Let Fy ,,,() be the ordinary generating function for s(¢, m, n) with £, m fixed. Then by the diagonal-
1zation theorem we have

g P(x)

k
Fym(x) = Z s(,m,n)x" = Z Zci)\?xn = Z T 0 )

n n =1 1=1

Let a; = [2"] [](1 — M\;z), then for n > k we have the recurrence

s(l,m,n)+ais(l,mn—1)+---+ars(l,m,n—k)=0.

Let G be the exponential generating function for 2s(¢ — 1,m — 1, n — 1) in three variables z, y, z. Based
on 1nitial conditions, we have
T+Y

oG e
0z |,_g €5+e¥—etty
Based on the closed formula given by the facing matrix, we get

0G(x,y, 2) A
6:Claym = ; bie Z

G(z,y,0) = "™

z,y=0

~ Conjecture |

The closed form of the exponential generating function GG 1s a rational function on the variables

et ey e”.

If the conjecture is true, then G(z,y, z) = (e¥ — 1)(e¥ — 1)(e* — 1)&(e¥, €Y, ¢?) for polynomials P, Q.
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Connections

For a finite Abelian group G, matchstick games on Sub(G) are in bijection with saturated transfer
systems of (. Saturated transfer systems are important in enumerative equivariant homotopy theory
[BHO " 24], which is the motivation for counting matchstick games.

Matchstick games on finite modular lattices P are in bijection with

. submonoids of (P, V),
. Interior operators on P,
. comonads on P,

. cofibrant model structures on P, and
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. coreflective factorization systems for P.
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