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Rimanian meres
i =smooth mild w/or /08.

ARimannian mic g=),) on M is a positive definite

symmetric bilinear form (i.e. inner product) g,: TpM* 5M
-1

which is smooth in p-M.
· I.a., geT(SymTM) and gp(v,r)=Sv,v)p 0 EreTM

It

TM&TM

withSr,-hp=0 iff v
=0. synttnoten

· Locally, g
=[gijdx"adosfor (gij) a symm pas def matria

ofsmooth functions.



SV, s,3) inner prod space
1

symm posslf bilin form
R-VS

Give Va basis e,
., en

sei,ej)=gij

Igij) Gram matrixof3,3 wrta, ..., en

122, Edjej) =(a, ... (n)(8)()



B. The Euclidean matric Ion R is given by

geisEx) =

Si,

so
g
:[dxrodx". Gives standard dotproduct.

i. (Mig), <M,g) Riemannian molds, then

MxM has Riemannian structure Gigog,

Locally, y =(*gij).
top Every smooth mfld (w/orwo2) admits a Riemannian matric.



Let [Ua] be an
open

cover of so that each U, E".

On nach Un, take the stat Eulican metric ga
For Sty) smooth POU sub to[Uc], [taga works.

* Molds often admitdifferentmetrics al wildly different

properties. For instance, embed * GIR in different

ways and pull back Ion 12 to2.

Rem On a Rimmannian mfld (M.g),
· length ofveto is Sirh*:Irlg
· angle by vireToMnO is the unique Oeto, i) s.t.cos&=Ep
·

v,weTM are orus when (y,w)p=0. IwIg



Note
-

Gram-Schmidt can be applied smoothly, and molds admit

local frames, so Riemannian molds admit local orthonormal

frames.

back metrics

If M.N smooth miflds (worro 2), g a Riemannian metric or N,
then F*geT(SynTM). IfF*g is posclf, then
it'sa Riemannian metric on M.

Have (F*g)p(r,w) =

8F(p))dFpr, dFpW).

Thus (g)(r,v) =

2=cps) drpr, dEpv)<,0



and semi-definite iff &Fpinjective by. Thus:

up ** is aRiemannian metric on Miff F is an immersion.

May use this to induce matrics on subenflds, e.g. "with round

Emmetries and flaress matric is (S,*g)
for :SRMM.

(m,g), (m,g) Riemannian wilds

Asmooth
map FiM

->M is an isontry when itis a

differn orphism sit. Fig =

g.

Hm. Isometries preserve length, angle, orthogonality.
Local isometry an also be useful:YptM Jubhe4.tp

&

st. Flue is an isometry -- open ofM.



ARiemannian nimfld (M,g) is fat when (M,g) islocally
Rie surfaceisometric to (RY, I).

scalar
curvature

I

xc S"withround metric is not flat, I kdA
M

Gauss u

formal be Bonnet (t)
=25 x (m)

Previously saw normal bundle ofMERRY - sacretly
used seal metric on IRV.

for ptS
2

Consider (Mig) +submfldS[M. Call veto anal
to S when Ir,w):0 F wetps. The noval space to

Satp is NpS = =( reTpM/sr,r2p =0 kwepS) TM.



This a smooth vector bundle over S via NSCTM

↓
↓
*
-

If dimM=n, dimS=k, then NS is a smooth rank

notsub-vector bundle ofTRIs.

-
....-// 11 .



LetAl:Allare endow with the metric

g
= Adyady:I *g

I

This the half-plane model ofhyperbolic space.

Dance (Mig) Rie mfld, U:Sa, b) -M pwsmooth curve.
E

The Ength of Vis 2g(): =("Wit1gdE.
(.38) Length is independentofparametrization.



The distance blu page (m, g) is tdg(p,g): =inf (g(V) ⑧ IVipq P me

where the infinum is taken over all qu smooth paths p
to g.

connected
Ihm For (m,g) a Riemannian mold, (M,dg) is a

metric space.

#7 pp.
379-340. -

=Every smooth mofld w/orw/o 0 is metrizable.



For Al, ↓

d) (x,y,), (x,y)) =2ausich(Zing*
peU s.t.

Goodesics are curves thatlocally minimize distance? eUnimeq
-

then d<p,q1
In Al, these are semicircles to 21. =Ig(2).)

He Parallel

postulate fails
in H1, bentEuclid's

E -
other axioms hold.



PSL, R & H by isometries PS2, 1R
=

SLR/IIjj S
Ison(N) (.) · I =

az +b
-

22 +d

s":A->A isometriy]

flattices in 1RY/roothy.
T

E
rotation 221,z]

El - I =231, Az3
N/SL2 --

*A*SL2

Slattices in /homothety =uT(H1,224)


