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Boundary operator 2:Cp(M) -> pr(M) <extended

~ -[CD"roFip linearly).
i =0

We have 207 =0 so C. (M):(... Cp(M)Cpr, (M)-..-)
is a chain upx, and the pith singular homogygroup ofi
is Hp(M): =Zp(M)/Bp(M) = her (8:Cp (n) -- (p -,(m(y2:(p+,(n) +(p(R).
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Singular cohomology
Fix an Abelian group

Aand define

<"(M;A) = =Ham,(p(m),A)
singular p-cochains of in
~/coefficients in A homomorphisms of(Abelian) groups

Them d= =Hom(2, A):CPCM,A) -> cP*(m;Al e( -,x)

C,(m) Cp+(m),
d(dy) =d/4) =pe 41 - dYd G(M)

A My
A

satisfies dod =0 and makes (*(MiA) a cochain complex.
The degree p singular cosmologyof M withcoefficients



in Ais HPCM, A): =berMA)-CPM,AS(

im (d:CP(M;A) -> 2PZM;Al)

For fiM ->N cts, we get a chain map

C.IN;A) 1,cim;Al
C,(N) Cp(M) fis
4t - +*41 Cp(N)
A i
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and thus HPF;A): TopY-> Ab is a functor.
MrHP(M; Al

f1 - ↑f
NoHP(N; A)



By the universal coefficient them (homological algebra),
-SES

0+Exty(Hp-,(m) ;A) =HY(m;A) -Homp(Hp(M);A) - 0
-

=0 for A afield,
e.g. A

=R

free rh(Hp(m))
So HICM; IR) =Hom, (H, (m), R1.=R

Pop · H*Tp+;R) =R concentrated in degree 0

· Hi(HM;;) =I HYTM,;(R)

·HYC;1R) is homotopy invariant.



Mayer-Victoris for CoologyFor U,VEM open
with HUV=M,

there is a LES

inwhileeHOURS OHPCVIGHoUnvieie
it2 Uk

28 Mayer-Victoris for singular homology
+v -> M

l

HomL, R) is ext:takes exactsequences toexactsequences.

Why colonology? H*(M;A):=* HYCM;A) carries a product
430

- making it a graded ring! Two spaces withicomorphicwhen A is a commering



homology groups mightnot have isomorphic cohomology
rings, so cohomology is a more refined invariant.

Eg. SYSH and RGI have isomorphic (olhomology groups
butnonisomorphic cohomology rings. ** =8080

· H*(52154;4) =4(x,y)/(x,x,xxa) **OOO
~www

· Hi(KP;7) =2(x2)/x2)

Ring structure on HYM,A) is given by the up promet:
~: H*(m,A) +H8(m;A) -> H* (M;A)
I smile



defined on cochains casm) amby
A A

<piq(m) r:Aptq -> M

--! I
Aalwois,sp).(woip,pre, ..,p +q)
- -

whip-thfront face""lighth backface"
Eat d(au) =dxv +(- 1)<vd and this is what

is needed for todescend to cohomology.



Etv is gradedcommutative on I* (cup=f1)"va(

butthis is only true up to cochain homotopy
on
c. m> Steenrod squares!
-ne

How can we relate deRham and singular (r)IR roeffs) cohomology?

- ?);R) x(i); R)

B I I
H* =H1,1) = H); R)dR

I smooth singular cohomology



Smith singular homology
Asoth pimpleis a smooth

map 5:4p-M,
M asmooth mold.

<P(M)
=23w:Ap+ M smooth 3

2ksmooth):smooth so geta sub-chain upsC."(M) =) (M) with-.

honology groups
the smooth singular homologyof
HE(m).

Ih c.(m) =C.(M) induces H*(m) =Hx(m).
W

If Technical. pp. 474-480 Main idea:Whitney approximation. F
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Cauchy - Riemann

fil -> Kholomorphic:cx diff'l

fi(z) = =
lim f(f(z) exists FzED
n=0

u

in K

f(z) =u(z) +iv(z), u,v: K -i

=u(x,y) +iv(x,y) x
=Re(z), y=ImCA).

can considered as a function (us):IR" -R2

nice things happen!



f:R* -R2 is "I-linear"

k =((at) =Rx*(a,be(R)

I =5f =(ox oni
:-holo iff

Cite equins holds

u,v =C


