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de Rham comomology

Rell Exterior derivative

d
=(m) -2
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satisfies dod=0.

Thus every
exact form (w= dy for some y) is closed (dw =0).

Butclosed forms are notnecessarily exact:
w =xxyydec r(R -d.

x
+

y2

de Rham cohomology measures the extentto which
closed forms can fail tobe exact.



DFor Ma smooth mfldw/orwo 0 and peIN,
set zP(M) = =ber (dim"(M) ->-2*(M)) =[cedp-forms on MS

WI

B*(M) =im(d:-(M) -rP(m)) = (exact p-forms on MS

where MPCM) =0 for p<0 orp>n=dim M.

The deamcomologyof Min degreep isthe R-vs

HEm(M) = =4(m)/BPM) -

I.e. we have a cochain complex
~i(M) =((m) =r(m) =r(m)--...)

and HER(m)=H* (-(MI).



e. H(m) is concentrated in degrees 0 [pC dimM,

i.e. Hap(M):0 outside this range.

· Him" -) FO.

Weshow. Her is a functor -> differ inst.

· In fact, HR is homotopy invariant.

· Her satisfies Mayer-Victoris

· de Rham Thm:Hp(m)=Hng(M; (R).
u

singular cohomology with cofficients in IR



Notation ForwezP(M), let[w] = =w
+BY 2M) -Ham(m).

-

When (w):(w'], call w,w cmlogons.

Functoriality
-

FiM-N smoothinduces a map ofchain complexes
F:YN)-M):

-iCN (N) (N)...

** F1 =* 1
iM) 'N miN ...

and thus



"(m) induces a well-defined linear map
Wi UI

EPM) s-...... zPIN)
F*:Hn(N) -H(m)

UI VI [W] +iFow].

BPCM) ------ BP(N)

Furthermore, if ME.N*4 then (GoFl*=F*0G" and

id=idHanin): so Has is a functor

DiffOr -> Vecti
Men Hr(M)

F1 res 4F*
No-> Ham(N).



Drop If M =Hm;for [M,) a countable collection ofsmooth
mflds worwhow, then the inclusion maps 4:Mj2M induce

HR(m) HER(Mj).
IfIn fact, rim) Triems is already, an iso.

wa(w(n;)
(*(M)
-

Har(M) =ber(d:ri(M) --rsM)) is the R-vs of

locally constant functions on M, so

HRM) =R14o(M)1.

Pop Hep(1 pt) =R" concentrated indegree is in countable).



Crtan's Magic Fla yp.372
- 373

To
prove homotopy invariance, we'll need a fact about (in

derivatives that we skipped.

Take Ve(t(M) generating flow 0. For We P(M),
the lie derivative ofwhatV is Eva =MP(M) given by

ala:hstula
Cop 2. (we) =22rwry +we(r) rism)ofa
of Exercise.



Ihm (Cartan's magic formula) [VeCt(M), w = -(M),

2w =V +(dw) +d(V-w).

Recall v-we-(M) is determined by-

IV., ..., Vp-1) a+w[V, V, ..., Y-e) -

ifthe Proceed by induction on p.
If fe (M) =c8/M1,

then V -(df) +d(V+f) =V+df =df(v) =vf =2rf.2
2
-4m) =0

Now letp1 and assume the magic fula holds for forms ofdegree
<p. For WERPM), we have



e =[w
=dx"...dxp

in local coordinates. Each term is ofthe form dur for

mixi, =u,dxrnndxin. We haveru)
=d(Vn), so IOU

2.(dur)=(2udur) +dur(2u)
=d(u) v +dun(X+dp +d[V-))
-
induction hypothesis

Meanwhile,
V+ dIdu) +d(V-(dun)) Leibnizfor -

=V+( -du-d) +tue-))



=Ids+du-(V-dp) +drd
+da)

=d(Vn) -p
+dun(V - +d(V+p))

=Zv(dur).

Co22v(dw) =d(2vw).

Ifby magic,

2-(dw) =V -adw) +d(V-dw) =d(V-dw),

d(2vw) =d(V+dw) +d+w1) =d(V -dw).



Htopy inve
Given F,G:M->N smooth maps, a

collection oflinear maps
h:(N) -- (m) st.d(hr) +h(dw) =Gw - FYe Fw

is called a chain homeopybetween F and G

Rop If5 cochain htpy b/w F" and 24, than F =2*: Hp()-HpM)
for all

p

IIfwe zP(M), then Gi-Fow =d(hw) +h(dw)
=>14"w] =[F*w].


