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Differential Forms onMolds
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Twisting by go, f, results
in ThE = =Eq. (Rich
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In particular, get1*TM with fibers

(TM), =14TpR.

Adifferential form (or justform) is a section ofTM:

-"(M) = =5(1" +M).
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Have a mult'n M1 *R(M) -(M) wea(w,y)- win



given by pointwise wedge:Janylp= Wpnyp.
Then ri(M) = =e"(M) is an associative graded comm

R-algebra.

Ne. In smooth cords (x"),
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We have theexpected functoriality:
FiM -> N smooth us F*:MY) -YM/

WasFW

a graded R-alg hom

(IR-linear +

F(way) =(F) (F2)).↳itis... are suit
In local words,

F*([wI dy"..dyin)=[(IF) dly"F) -rd(yinF).

Eg. F:R"-
Y w =ydz +xdyndt t(IR).

su,2) (n,v,22 - v2)

Then FW =vdurdline) +udundlu-v]
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Prop (Pullback of top-degree forms (
Fir -> N smooth map ofnimflds,(xi),yil smooth words
on UEM, VEN. Then for us (IV), on UNF"V we have



F*(udy' ..dy2) =(u0F) (det JF) dxnwndx"

If Have Flu dy'...cyr):(noF) dF'...ndF

forF =(F'
. .., FU) on UMEV. Now

dFinndEr=([de)... ([dxi)

neFs(xy -I) dxren...da-E1 -(5)
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so we are done,

& If(4, (xi)) and (5,(xi)) are overlapping
word charts, them on Un,

din ....dr = dit (i) dx'n .... da

Exterior derivatives
--

Recall d=((M) -(tYM)
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dir"(M) ->"(M) th>,0



via the rule d)[WIdx) =9dW=ndx(*)
ze

WIis a smooth function.

so we know how to do this

Was Apriori, this onlymakes sense locally oncord patches.
How do we ensure itextends to M?

Lemma On R2, d:(IRU) - *CRM) is
-

(a) R-linear

(b) If we "(12), ye (R2) then

d(wny) =dr ry +(1/kwrdy
(c) dod =0

(d) UE R" or " open,
VEIR" or IM open,



Fixe ->V smooth, we "(V), them

F*(w) =d) F*w).

of (a), (b),():Computations from defins (p. 364-345)

(c):First chock on P-form uESIRY) =(*(RR2):

didu) =d)idxi)
:xsdxindes
-(iii) axindxi
=0. v



For the general case,

dIdw) =d)2dr, vdxin....dxi II

-Aw,dan ... dain

- sy"dusmaxima... den
-0.

Thm (Existence & uniqueness of exterior differentiation)
is smooth mfld w/ orwioC. There are unique operators



die(M) ->"(M), bxo, called exterior differentiation,
-

satisfying the following properties:
(i) d is IR-linear

(ii) if we ah(m),y = 14m) then

d(we) =dwmy+si) wide

(iii) dod =0

(iv) if feri(m)=c83M), of is the differential off.
Furthermore, in

any
smooth chart, at is given by (*).



If Idea Eience:Forsmooth chart(4, 4), we "(M),

setdr =4*d(4
*w). Use naturality of local) of not

pullback to prove well-defr.

Uniqueness:p.364-bumpfus. I

Note The Global) exterior chrivative is also natural wrt pullback:

FiM-N smooth thin F*(dr) =d(F*w), i.e.

-"(m) sar)
commutes.
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Examplesin
W =Pdx + Qdy +Rdzcr(R), P,a,R -co(M]

dw =d(PdX) +d(ady) +d(Rdz)

=(*dx+dyfedz) -dx+) (dy")(dz

=(-)dandy(E) dande
+( -) dynt



y
=ndxrdy + vdxrdz +wdyndz e (IR)

dy=( 5 --) dardy -dz

Upshot (PCM) 29 (t(RY) *Ct(RY) Air, aRY) commutes

:I =Ib =I*
~(RY) I(IR) IIR) (R


