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Tensor bundles, tessor fields
-

44 TM = =(T*M)* =m/tpm)*

I tensor bundlesTTM = =(TM)
*

=UCTpM*h
peM

Thil) TM = =(TM)*hx(T4m) *

sections of tensor bundles = tensor fields

special case:Th(M) =
=1 (T"TM)

Note 4h(M) is a COCM) -module:

At Trim), fFC0CM), (fA):f(p)Ap.



Now for ACTRM), X1, . . .

,
X,eS(M) vectorfields,

we have ACX,
..., Xn):M- IR

prAp(X,Ip, . . . , Yul
a smooth function. (Excl

Thus A:Ct(M)**- 903M) which is(8(M) -multilinear

Lemma The assignment (h(M) ->((0(h) -multilinear maps
-

stin)" -> <<M) S
is bijective.
88

pp. 318-319. N**hs multific ase



pullback of tensor fields
Fim -N smooth

aeTh T,N I

(TM)* (Trmar)*

Define dF,* eTCTM) via

dFp" a (V., ..., (n) =a(dF,(v,), ...,dFp(r)).
for
any is.Une Tpi.

For AEThIN, define F*A +YSM) by

(F*A), =dFe(ArcsD



Ifv...., Une TPM, we have

(FA) p(V,, --,4) =A
=(p)(dFp(v), . . . ,dFq(Vall.

Rop MISNPsmooth, A,B covariant tensor fields

on N, fFCOCN) then

(a) Fe(fB)
=(foF) F*B

(b) F(A&B) =F*A * **

(c) F*(A +B) =F*A + F*B

d) * B is smooth ifBis smooth

(a) (G0F)*B =F(G* BS

If) idnoB =B



Now back to linear algebra....
Tensor ~ Eerior Alge-

The tensor algebra ofa Frrector Space
V is

T(V):= F &U* 2 * VQ3 * ---
~ -- I 2 -

= von

n],0

with multi induced by (v,*...qV,) (vs+, *...gV1)
i
=V,x...VI

-T(F) =F(x]

T(FL) = "noncommenting polynomials in a variables"



fold
H T(V/(ran-new) =SymIV) with Symb(V) =bith

graded piece ofSyn(V), Sym(V) = F(x, ..., Ydimr).

Refu LetI =(ravIreV) =T(v) be the ideal ofTIV)

gan'd by elts ofthe form war. The exterior algebra
ofWis MV== T(V/I. For r,..., VEV,

setvie.... V2 :=v,e.ovtIe Mr. Els ofIV
are linear combos ofsuch terms.
--

Observer vir =0 so

I V,y
=0 if
any

- viis repeated
or the vi...., u are in dep.



0 =(r, +v)n(r,+vi)

=Yer, +v,+vn, Yek
=v. -+ keV, - V,nVz=-V2nV,

AteMPV=digree terms ofNV= old MPV.
I better defn!

alternating multilinear
Universal property (** ->U

E show

↓-near map As..., r,.,were

14 V = - A(.r-w, .,V,r)



=>A(rr, v, r, V,n)
Pop If e, ..., en is a basis for V, then char=0

Sei nenein/insing a basis ofMPV.

Thus dim AV=(n) (in particular, dim MV=1, and
MV =0 for k >n).

E. For 13, NR =R913

1R =rSe,,en,erE(r)= 2
↑RR* =Reiner, eines, enney.
1PRR* =Re, newer,



PEtrop Spanning follows from universal property:
wordering wedge factors changes sign atworst.

For linear independence, we seek an alternating
↳multilinear map

vm ->F taking the value
1 on a given ein... neip and 8 on all others.

Observe thatTP(V) has basis (eg,a-eeja/jis ..., ja=m)
so we

may
define V"* -> F (gn(r) if

Ir +6, with

iso or
ej,-rej!=e; amein

ej, a
. . -

xejn



* Check that the composite
vi -> E is alternating.

IPS For we MU, yeMV, which sign appears
in Wry= Iynew?

Hint Start with kil and think about vew... we
is win...wear

=(-1)"vew..... we

Yn.Y win.... We

way:hiynw-graded
commutative



Functoriality th, Synh, and I are functorial in-

limar transformations:

yiv -w

I
T"(9):v, x...aw- Y(r,) a... a f(val

I 2

Sym*(Y) M(y)

These assemble togive graded F-algebrahomomorphisms



T(Y):TV -TW

SynC4):syn IV) -> Sym (W)

14:Ar -> 1W

Suppose dimV =

re and 4:V-> V is a linear endomorphism.
Then M4(e,n...nen)=4(e.) -... .Y(en) - V

=D(D) e, ... nen

for some D(Y)cF. Now End(V)=U" so this induces
I

D:V" -F. matrixrepin of
endos



Thin D is alternating, multilinear, and D (e, ..., en) = D(id)=1.

By unit property of terminant, D:det of

top For Y as above, M4(r) =det(4)wWweMV.

Interior min

For reV, in : M*(Y) ->- (*) is called

4, n...n4x-y, (v) Y...-n4.

interior multiplicin byr. For weMV), write
-

vow =
=inw - read" into w,"



Lama For V finite dirt,

(a) coir =0

(b) wel"V", yedPro them

:_(Wry) =(iw) ry+ c-1"wr(iry).

4 pp.
358- 359


