
19. E.23

Recall T*M=(TM)
*is the rotangentbandle

-

(*(M) =corector fields:sections ofT*M

d:(*(M) -> (- *(M)

f1> T* ofp:TpM -> R
↓___of vi- of IM

q

In local cords (xi), df =[Eidx"

↳asaftM
x'

/u
y2, ..., x



Pop Forf =20(M), df
=0 iff f is locallyconstant-

i.e. constant on coun'd components
#=W

=>WLOG, assume Mcoun'd and df =0. WTS f constant.

For pEM, let 2
=SqGMIf()=f(p)]. If qoC, let 4 be

a smooth coordinate ball centeredatg. Then i =0 on UFi.

By calculus, of constant on U. Thus I is open. Bycontinuity
c =f())off, C is closed. pe2 **, Mcoun'd =>C=M.

closed

Prop U:J
-> M smooth curve, fiM-IR smooth then

E2R
soU)(t):dfrct (81).-e



If compute dfrt (V(E):U'Ctlf

-dUts (It
-(ful
=(foUl(to).

Pullback of coctor finds
FiM -N smooth, peM
dFp: TpM -> TEcpIN has dual dEp*: TFN -> T,M

the back by I at1/ tangent map ofE.



We getthe following commutative diagram:
dF*

T*M5 T*N

F*W ↳1 1w
M EIN

Given a correctorfield we (f*(N) define Fe(t*(m) by

(F*w), =dFp*(wF(y)).
Thus (F*v), (v) =W=cp) (dtp (r)).

&Ct*is functorialDiffos -> Vecto
↳

M + (t*(M)

Fr-IF*

Nat *N)



Prop F: M -> N smooth, ne CON), WESt*(N) then

F*(uw) =(uoF) FY and F*du=dlurE).

Ifcompute.
In particular, F** =F*([widys) =[(wjoF) [*dy'

=[(wjor) d(yoF)
gives a coordinate expression for the F pullback of W.

E.g. F:RY
-R"

I

w
=udv +vdu. then

(x,y,z)r(n,)
=(xy,ysinz)

F*=(u0F(d(voF)+(roF)dIuoF)
=(xy)d(ysinz) +(ysinz)d(xy)



=xy(sinz dy+ycosz dz) +ysinz(2xydx +xdy)

=zxysinz dx+ 2xysinz dy
+xy"coszdz

Line Integrals
(a,b] =R,we(-*y(a,b)) sow =f(t)dt, fita,b) -R smooth

The integral of isover Ja, b) is T*[a,b) Wt

Sca,b)* =If(tot. ↓ E
[a,b]

top we (t*((a,b]), 4: tc, d) ->la,b) increasing differ, then

S.Say



Itakes word for [c,d], t for Ta,b]. Then 140),:f(Y(s)) Y(slds.

Thus I,r:), "f(42s1) 4(s) ds
·

Hulkaton=(f(t)dt =(ja,b) .
S

Defa by picture:Apiecewise smooth curve segment is

I'?" S
-itren"a

Note M coun'd smooth mild then

by apiecewise smooth serve
anyof

M can be joined



For Vila,b) -M a smooth curve segment, we (*(M), define

Sw = =Sa
If W is piecewise smooth,

s ==[is
Erop. J:(*(m) -> Iis a linear transformation

· IfU is constant, then 1 =0.

· If U. =Vlia, and Un:Vic, by for some acceb, then
So:So, Ju



· IfFim-N is smooth, yeCt*(N), then -

S.FM:SFr7

. M =1R2.0, 2:xyydX=(t*(M), W:10,257 -> M

x
2
+y2 t (cost, sint)

The SW
=Se-sintsintdt).**dt =

2x.
sin"t + cust

Prop I a reparametrization ofU (i.e. =VOY for 4:1e,d]=s(a,b])
·ewest*(M) then forward"if 4inc,

SW =

rend
us backward repara

"backward"ifI des



Nte JW:1"wests(Y'(t)) dt
-

=**w

Ihm (Fundamental The for Line Integrals) feCO(M),
Vita,b] -M pincewise smooth curve segment. Then

S,df =f(r(b)) - f(8(a)).

ofJdf=J" dfrin (UCtl) dt =1" (for1 l) dt
so reduces toFTC.


