
14.E.23
Vector Bundles

Already seen: · TM tangent bundle with vector space
↓i To over peM
M

· Far MIR", Y normal bandle withvector space

M NpM :=(TM)or peM
↳

orthogonal complement
ofTpM =pRR" =R"

Ineach case, geta family ofrectorspaces smoothly parametrized
by points of M.

This is codified by the notion ofa vectorbundle over M:



Avector bubble (of rank k) over M is a space E along with-

sur; its map it:
E -> M s.t.

(a) For pEM, Ep :=i"Spyis endowed with the structure of a
k-dimt R-vector space.

(b) YpeM JubhdU of p and a homeo :i'll ->UxRh

site · To:i (far in:U**-U project
· YqU, ElEq- (qyxR=ph is a linear iso

Call I a local triation. IfMit are smooth molds and
it is smooth, call it-M a smooth vector bandle.
--

-

-> MxRk
If it admitsa global trinitation it sim

M



call it a crank k) Iral bed.

E.g. Trivial/product bandles ixR* - M.

· Tangent bundle TM -> M.

· For MCR, normal bandle NM +M.

· Mobiusbundle: Equir well on R: (x,y) -(x y')
(x,yintilly) for some nets."U
*

y =+ +-
1i ↓ i

- ·- C
E St

e



For away UES' evenly covered by a, UERcomponent ofa'U
-

ermlycovered, U*= I'll gives local trivia ofit.

Treation Functions a cocytes
Lemma E smooth ub ofrhk, local trivializations
- ↓=

M :-> UNR", :"V- UXIR* with UnVID

There existsa smoothMap 5: Unv-GL s.t.

Go":(Unv) ** -> (UnV) -1RK

(p.r) +(p, t(piv).
-

matrix (p) acting on v



DI MunY-2-(r) sunwIxR" commutes

M *a*
unw

so i, (80) =

i, fox"(p,2) =(p, olpir) (
forsome smooth r: (UnV) xR*-> RK.

For peUnfixud, getR -> 1R" invertiple linear map
->

7T(p) -G(CR) s.t. wIpr)=<Ip)v.

Call:UnV->GLuR the transition fun for U, V.
"Tur

Eg. For the tangentbundle, t:UnV-GUI is the

Jacobian of joy" (smooth charts):



/tre
ef I
⑰#

ForEn r, write run for the transition for Unw -> Gla

M

Note in Tun (pointwise matrixinverse).

what happens on triple intersections UNVW?



Unw Ew-unvow-↳ ->
unVnwxRk

Tun Ev- I -S
Tur

UnVMI xk
↳Tru

Tuw is computed from EwoEn= Ewo"E. In
wene

↓ I

rouzcecondition Tru Tur

Defn A GR-ccycle on a is an open cover [Vn(a4A)
ofM along with lets or smooth) maps To:VaeU

-> GLu

FEAsit. Tav= torTap YapeA.



Get GLuR-cocycle from any-rank bub on M.

Converse: SetE =1 Va **and definaquir rul
xA

(p.)-(pin) when txp(p)r =w

H

CVaRV)* (VanVpl
LetE =E/ and produce E -> E

Hi! fi
M = M

I Why is a a vector bundle?



· · Two GluR-cocycles are equivalent ifI GL-cocycle
in which both are contained.

· SchkubonM)/ Eij(Gla(n) -weychsanM)/_
(wn define islater

· See ISM Lemma 10.6 for a less robust construction
W

of ubs from local trivializing data.-
Constructions Mhism ist
en

· Whitney Sun:
E I'

rds over M
-> E

↓

int, I isaEOE has (**Elp:Ep * Ep has a maples
are

M (



· Tensor product:EXE
with(ERE:EpEp
t

·Pullback:NE- E with NiE = ((n,e)/F(n) =xCel)
F*x1

-

It in ↓
NM

n N

Note (NE)n=EF(n)

IfF:NEM, this is the restrictionofE to N.

·Duals:Ex withE=B-linear dual ofEp.
↓
M =



c or smooth)

Setns Asection of a ub" a

mapEye
site

M

Myjiy;writeIsthe sections ofline bundles

in
ou E are "generalized

functions"

Eg · zero section prOp Ep pEM

· Sections of TM =

vectorfields

Write ICE) for An R-ofglobal sections ofE.



Note STCM) =T/TM). (in fact, CO(M) -module:
(fr)(p) =f(p)r(p)


