
7.E.23
corEvery left int vector field on 6 is smooth.

oIf Xis leftint, then X =(Xe)"
↑

u
smooth

Cr Every his group admitsa left-invariantsmooth global frame.

IIf e,
..., en is a basis ofTec, then el,

...,
em is such a frame.

Examples of his algers of he groups
CO) hie (RY) =R" w/trivial bracket:

Fr beRRY, (p(x) =x+ b and d((b) =idir -"

Thus Tx*:thie() iffall X" are constant.
Since [Pex", %x1) =0 and 1.7 is bilinear, 1,7 =0.



Ata When I,7:0, we call the lie algebra Abdan.

(1) Lin(πY) =I is Abelian.

12) LinIGIn) =oyluR:=RN W) (A,B] =AB-BA:

Recall GLu IRM is an open submfld so admits global
words Xofmatrix entries. Then

TrGLn Es oyIn.

[Aij- (AV)

Given A:(AY) eoydnR, have AleLieGLuR given by

A4x =d((x)e(A) =d((x)e([Aij).



Since LXis the restriction ofthe linear map AL+XA ongla
dLy is rep'd in cords by same map:

CAY=EXainxinlx
In Einstein notation, write this as

A4x =xjAshexinx
Thus iA4Bx=[xYAshinlx, x* Er xerlx]

= Xinih(XB9)xer
- x19B9pr(Xik) xih



=XAhhrxir - XPIBEVArEch

= (X AOB - X" bih Ahr) ir
and TAY,BYe=(Akpror_BikAkefirl

=[A,B]".

Emoriality ofI

The lie:Liep -> LieAlg, is a functor, in

F Lie gphorn F=G-H and X t
o,
I!FX=t F-related

toX, Eric - H is a hin all ham, idaid,



and (GoF)x =GxFr.

IGirne Xtoy define 4=FxX =(dFe(Xe))-1.
Then dF(Xg) =dF)d(y(Xe)) (wis =YFg)(
Sine-Figg,rFig"), getFolg" (kg).
! ->dFodLg=dbFCg)'dF.
-------drg(dF(X))

=d(Frg)(Y)
=

YF(g) so X, Y Frrelated



By naturality of (in brackets,

Fo[X, 7] =[FX, FaY]

so Frog -> H is a lie all hom.

Moral exc: Check the rest (formal).

them with 2G inclusion ofa lie sub. Then

7 =i
=
Lie(H) =(X - c/ Xe =TeH]

orestricted bracketfrom of
Super helpful for describing him algs ofhis subps ofGluR!



Examples of Le Alys of Lin Gps (d)

13) a(n) =(ielO(n)) = (BeoynB
=(**"(B +B =0)
-

skew symmetric

-(3) +a(z)
E:GLnR -R tn bIn) =0(n).

A2- ATA

Thus Te 0():her die;furthermore,

dE:Rxn - Ran

B oBT +B v

↑



14) oyenK
=Lie(GLnK) =kNY n) (A,BT =AB-BA.

cuse above techniques and GLnD ->GLanR. See p. 198.)

15) Let's figure outthe structure ofslur together!

SLR =ber (det:GL,+RY)
-=GL,

R

agl,B
=R

so TeSI.R = ker(ddete:ogMIR ->1) [c,b] =ab - ba
- =

O

I show this map is the trace
function.

Thus adnR=[BEoRuR(trB =0).



ddete (A) =t1,-det(In +A)
-

polynomial in -- what is itslinear term?
-

Itta
· det I

to
d I =Itta + +d +t(ad -b()

· dit (bij)=Es, bins (a



at/dt(In +tA)
e

det t.(In +A) =tr.drt( Fn +A)
=+*A(t)
i ifmla...-

:tr(A)


