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Group ations a equivorant ways-

call aleft (resp.right) action ofa hin group
G

on a
smooth mfldMa he groupation when the

O
action map

GYM -M Cresp. Mx G-M I
(q,x)++gx (x,y) xxxg

is smooth.

Pp8gg:xis
adiffer Fgzl

ofsmooth inverse g":M -M.
gi- Eg

May identify him action with ham G-> Auf(M)
-

-

differs M-M under o



Aton · Gix =(gx)g=G) =M orbit of x

· Gx =(g +G)gx =x) th isotroty qp/stabilizer ofx
· GM or MOG ·

Og =g.:M
-M

E.g.
6*G by left translation;also by conjugation-

g*
hi =

·trivial action g.x
=

x gEG, xEM glg
· GLuROR by matrixmult'n

IS Whatarm the orbitsofGLuR&R"?
of
SLB&Rn?000Ear=e

for AG....
f So (n)bRY?

Here SO(n)=SAt SLR)AAT= InG



·GLuRR: R"c0,90]

S2, R=[13: singletons in IR

sm:A (0) =(Y I
take A= (y b) st. xd-by= 1

· SLR: R40,90)

· s0(n):IS" for x 30



Suppose G&M,N smoothly. Call FiM -N Gequint
when F(g.x) =g. F(x) YgEG, xeM, i.

M E, N commutes FgEG.
Og1 ↓g
M -N

E.g. r
" is almequivariant

x -xx

Equariant rackt GM, N smoothly, Fi- N
smooth a equivariant. If GoM transitive, thenIhas constant rank.

Isame as "hie gphors have constant rank"butwith



F

M-N L rank F is constant on orbits-

-

ogt ↓Yg IfGOM transitive, then orbitis M.
M-w
F

Application x EM. Define EM:G-M, the obitmap.
gr gx

Note 0*(G) =Gx,(a*)"(x) =(gz6/g.x =x) =Gx-

Prop &is smooth of constantrank. Thus Gx is a

properly embedded his subp. If2xie, then
&is an injective smooth immersion, so Gix is an

immersed submfld ofM. (Ch.21:Gx =M immersed always.)
qx

=h x gk x
=

X

EGx



IfSince G =Gx3x3<> GxM commutes, Q is smooth.
-

to
Further, Ais equivariant (not left transin on G, 0 on M):

-"(g(g) =(gg).x =g.(g.x) =g.c4(g).
Since 20G transitively, a has constantrank.

Tonalgroup
O(n)

O(u) :=(AER** (ATA= InS
· Let's show O(u) is a hin

up



Define :Glu -> R"* so that 0(u) =I" (In).
A-ATA

LetGLRGL, R"*GLuR by M.B:BTMB.mult's

These are smooth actions wrt which Iis equivariant:
(AB) =(AB)T(AB) =BATAB =BTITA) B =I(A). B.

Thus ofhas constantrank, so Ocul is a properly embedded
Lie subsp ofGL.R.

· Note O(m) is

compact
as itis closed bounded in RR**.

· dim O(n)=1):compute rank ofat In



For BeTInGLuR:RYY, define V: (-5, a) -- GluR
t ->In+tB

Then dE=(B) =

1.FoUCH =l.. *- ++B)(In ++3)

=BT +B.

This is a symmetric matrix (MT =m) and for any B Symm,

dI(t) =B, so in denSymm matrices in Ruxn
↓

-
dimnen-1)+..a =n

·
Finallyinit"(AT)dtA:Che



so dt A == 1 vAe0 (n).

lorthogonal group SO(n)

SO(n) = =O(n)nSLR is the open subsp of O(n) with detA=1.

solz)= s' I cost sitin
SO(3) = RIP"

initarygroup U(n) z.w
=[ zir;preserved

U(h):SA=CMxn/ A*A=In] is a properly emb
/

adjoint A*:AT, satisfies (AB)*=B*A*



Subsp of GLDofdim n2. U(I=S'

unitarygroup
SU(n)

SM(n) =U(n) nSLDproperly emb(n2-1)-diml

subgp ofU(n)
HH =R&IR: @Rj &Rh

su(z) = S"
12 =jz

=h =

- 1
~
i
I

I* =H1 20 25" k - j
112 h iso as Lie

michangroup E(n) SU(z) groups

T Si(z)
O(u) OR" so we

may
form E(n) =R"x0(u)

↓with macht'n (x, A)(y, B) =(x +Ay,AB)
S023)



This is the isometry group ofRi In (A1)
distance preserving

:=R: jk

peS EH*
9: EIn)
--GLn 38 Im (B)

(x,A) (i) p.g
=pqp*

p:In (K)
-> Im(AD

=so (Im (All)


