MATH 546: MANIFOLDS
FINAL EXAM PRACTICE PROBLEMS

Use these problems to prepare for your final oral exam. You are welcome to collaborate on them.
I will ask you about at least one of these problems during your oral exam. These problems are
focused on material covered since the midterm exam, but content from the entire course is fair
game for the final.

Problem 1. Let M be a smooth manifold with or without boundary and p be a point of M. Let
Jp denote the subspace of C°°(M) consisting of smooth functions that vanish at p, and let JZQ, be
subspace of J, spanned by functions of the form fg for some f, g € J,. [Note: J,, is an ideal of the
commutative R-algebra C°(M) and J2 is its square in the ideal-theoretic sense.]

(a) Show that f € J2 if and only if in any smooth local coordinates, its first-order Taylor polyno-

mial at p is zero.
(b) Define a map

®: 9, — Ty M
[ dfp.

Prove that ® descends to a vector space isomorphism J,,/J2 = T* M.
(See the remark on p.300 of ISM for additional commentary on this result.)
Problem 2. Let M and N be smooth manifolds, and suppose 7: M — N is a surjective smooth
submersion with connected fibers. We say that a tangent vector v € T,,M is vertical when dmp(v) =

0. Suppose w € QF(M). Show that there exists € Q¥(N) such that w = 7*7 if and only if for
every p € M and every vertical v € T),M,

vawp,=0 and  wv.odw,=0.

[Hint: First do the case in which 7: R"*™ — R" is projection onto the first n coordinates.]

Problem 3. Let M be a smooth n-manifold and suppose w,n € Q"(M) are compactly supported.

MxM M M

where m;: M x M — M is the projection map onto the i-th factor.

Problem 4. Let M C R3be a compact, 3-dimensional smooth manifold with boundary, and assume
that the origin is in the interior of M. Give the boundary 0 M of M the induced (Stokes) orientation.
Compute [, w, where w is the form

xdy Ndz+ydz Ndx + zdz A dy

($2 + y2 + 22)3/2

Problem 5. Suppose M is a connected smooth manifold and ¢ € M. Use the de Rham theorem and
the Hurewicz theorem for singular homology to prove that

Hp (M) = Hom(m; (M, q), R).

Problem 6. Let T?> = S x S! be the 2-torus. Consider the two maps f,g: T? — T? given by
f(z,w) = (z,w) and g(z,w) = (w, z). Use Hjy to show that f and g have the same degree, but are
not homotopic. (Use the de Rham theorem to prove that )

w =

1



