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Maps ofconstantrank

Ida smooth Differentials Geometric
-> mas ->

Maps
linear on Tangent rank Properties
approximation spaces

F:M-N
dFp:TpM

+TF | rank (dF,)

Forgood local models, need
constant rank dip, peM

· dFp serjective Up:submersion-
· dFpinjective Up: immersion &
-

i
· immersion +homes ontoimage embrodding&1 -

Fis a



Given linear transformation (iv-W, rah) idim im(L)

For Somooth FM- N and pEM, rank(i =ranh dFp
If posranlptis constant, say I has constant rank and
rank Fi= wankp5 (for some(any pe M).-

Eg.F:-> RY

#t- (t;t3)

dFp:R -R
tr (2pt,3p

- t)

\ -notofconstant rank.rankpF=ifpt



Motor rankFemindiesdidnot at when real
smooth submersion rank F =dim N

smooth immersion:rank F =dim M

Pop Suppose F:M-> N smooth, pCM. Ifdip is subjective
cinjective) then Japhet ofposit. Els is a submersions

mxn

Cimmersion) IfSketch (ulranh)<Ris open

② Examples of immersions, submersions, embeddings?



1)d:/R ->5' imm sub embedding
C 5' 6
X

(2) sixs
->s' submersion

Pl
(z,w)+-z

(3) An < IR"embedding
5'x5' < R

⑫ "N9/

4 x4

(4) (RP" <>/phr1
[x]r(x,0] &Emtm.ng?



IS limmersion) · (immersion) immersion,
what aboutsubmersions.Maps ofconstant rank?X

R
2R-> RY IR -> S'2/R2

(x,y) -loy) -> ht,
205

(x,y)r+(,0) not constrk
IR

Enurse Function Thin M. Nanooth mflds, FiM-N smooth.

IfpeM hasa invertiblor, then I couldabhels 4 ofp
v ofF(p) 5.6. Fluo:4o-V. is

a differ



Fin-N smoothisa local diffeomorph when
UpeM Jubha Hofp st. FUEN open and FIGMFU

is a diffeomorphism.

#rop (a) Fis a local differ iffsmoothimm a smooth sub.

(b) Ifsom m =dimNFisa smooth imm or sub

then Fisa local differ

If(a) =>:Given p-M, havenbhat U w/ FluiU FU
=>dTp a lineariso => rank F =dim M =dim N

=>I smooth imme sub.

E-:dFpiso tp . Apply inverser fr thm



(b) Since dim M =dim N. inj or sarjofdip dIpiso.
ThusFanimm> a sub.

Sconstantrank na canonical form
Rank Thm00

M. N smoothiflds ofdimn m, n
FM - smoothofconstant rank r

Then Upm Esmooth charts (4,4) for M centered at p
(V,4) for N centered atF(p)

sit. FUIV in which Ihas word rapin
#

0 -0 F(x,..., X,y-
+1...,xm) =(x,..., X-,0,0,..., 0).

1
3 ↓4

↑ F- y -1
⑥ ⑧



Note For Fa smooth sub this becomes

F(X,,.., x) =(x,...,x2)(m>n]
ForFa smooth imm,

# (x,
...,

xm) =(x,..., xm,0,... ,0).

H WL0Z UIV. Since rank Fir, JFG) has
&

21

I'm R

var submatrixof detfo. Reordering words, may
take this

tobe upper left corner ofJF(p).
Make coords (x,y):(x, ..., ar,y, ..., ju-v) for a

(v,W) =(v]..., v0,0,..., wn-r) for W.



Furthermore, translate so p=10,0), F(p) =(0,0).

Then F(x,y) =(Q(x,y),R(x,y)) for Q:u+1
R :4 --(n-r

and (20010c0(ijz, is monsingular. (202(0,0)
!

C I
Define4:4-DM with 50000):often(x,y) he (G(xy),y)

monsingular b/cdet =detc.

By inverse forthm, Icoundoblets no of10,01, N of4100

St. 7:0o-it diffe



Restrictso thatit isa cube. Write

y -(x,y) =(A(x,y),B(x,y)) for A.-R, B:U-RRmor
smooth. Then

(x,y)
=f(A(x,y),B(xy))
=

(Q(A(x,y), B(x,y)),s(x,y))
Thus BCazy) =y s y

=

(x,y) =(A(x,y),y).
Since90%": id, getQ(A(x,y), y) =

x

=>Foy"(x,y) =(x, E(x,y))
for 1: To-pi

given by R(x,y):R(A(x,y),y).



Thus 5(Foyy) (ay):(oilgasledI
& &

~ lin ind => a0has rank r: cols

rank (Fo diffeol:rank #
I independent of y, ..., you

LetS(x) =F (x,0). Then

Foy"(x,y) =(x,S(x))

Finally, need smooth chart in abled (0,0) eV.



Define Vo =S(r,v(<V/(08) 953. Then Fog"sco) =0.
=>F(c) =Vo. Define N.V. R

(r,w)m(v,w-Sc))

differ w/inverse 4"(s, t)=(s,t+s(s)).

Now get to Foy"(x,y)=H(x,S(x) =(x,s(x) -S(x)
=(x,0).

For Fim-N smooth, M card. Then TFAE:

(a) UptM J smooth chartscontaining p and F(p) in which

the word repin ofFis linear

(3) Fhas constantrank


