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curves and vicing
JCR an interval (open or closed)
in smooth afld

Acurve in M isa ctsmap I
.5-M

For a smooth curve
0.5-M and to CT, the

velocity of
Vatto is

v(t) =dU(af(+) =Treto) M#
FoefaCOSM), v'Colf =dUf) =dl(foU) =(f00f'It)



Ifto is an endpt
-- I of5, justuser

- If Asided limit to eval

IR 2f0U)' (t).

For (U,Y) a smooth chart of word frs (xi):
ifU(to) <CI, then U(z) =(V"(t), . . .

, 8"(t)) for close toto

-
-Es Lji =x.

v(t0) so this really means
! (() =y" (908) =

#



Thus U'cto) =rict.Wealso
E.0:1 -1 frot r(t),t))

U(0) =2t Exlr +3t Zalo)
Pop Suppose M is a smooth infld w/o w/c and p-M.

Every rTM is the velocityvectorofsome amouth curve
in M.



centured

IfSuppose p- MO,lot14,4) be a smooth soard chartat p,
write v = vixi), in terms ofcoordinate basis. For small 930,

let0=(- a,c) -UbeU(AFiftr, ... ora

i
-1*E

Then U(0) =

p,
V'(0) =vizxilus =0

peSM:p.70



Pop velocity ofa compositecurve) F:MN smooth,
2:5-M smooth curve. F7555,

(F00'(ts) =dF(v'(*).* Q.
Ifchain rule.

M

Cor (computing cliff's via
velocitiesFM - N smooth,

p-M, vETpM then dEp(V)
=(FoV('10) for

any
smooth carve 2.5- M (.7.075,510) =p, 510) =0.



Eg. Take geGlaR< R"*. Leftmultin by g
induces a smooth maplg:GiGhi

h rgh
We
may identify ToGLuRR =TgGUlR =px.

* Whatis dlg:TeGllR-TgGURR as a

linear transformation pnx nan?

AFor X- (RUX, choose V:5 - GAR with
①

U(0) =e, U'(0)
=X. Then 1g (0(t)) =gU(t)

and ddgle:11.eU(t) =gU((0) =2X.
I



Thus dingle:Rus-Ruan linedity ofalto+

X-gX local words differentiation
is also left multiby g (butnow on all man matrices).
-

Group work

(1) For p
=(x,y)</R", define Up:1R -> R

troct-inef)et
compute U,10).

12) Prove thata local maximum ofa smooth fr

f: M-1Ris a critical ptoff (indfp =0

if f(p) is a local maxoff).



HintReduce toIDcase using curves.
-n-

(1) Use componentfunctions

-



⑭

Have

dfp(v) =(foU) (0)
-++ 1 by calc, (708) (0) =0

(f0U(30) is a local

maxof for so

WiS: dfp (v)
=0 V.


