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Proposition 13.33 (Homology Effect of Attaching a Cell). Let X be any topolog-
ical space, and let Y be obtained from X by attaching a closed cell D of dimension
n > 2 along the attaching map ¢: 0D — X. Let K and L denote the kernel and
image, respectively, of ¢«: H,—1(0D) — H,_1(X). Then the homology homomor-
phism H,(X) — H,(Y) induced by inclusion is characterized as follows.

(a) If p <n—1o0r p > n, itis an isomorphism.

(b) If p = n —1, it is a surjection whose kernel is L, so there is a short exact
sequence

0—-L—>H,1(X)> H,—1(Y)—0.

(¢) If p = n, it is an injection, and there is a short exact sequence

00— H,(X)—> H,(Y)— K —0.
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