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Ihm (Mayer-Victoris) Foreach
p Ihomom*CiHp (x) ->Hp.scav)

S.nur
nOHpSUSOApO E*ApLX) Mayer-Vitr

#p. lunV) -.... is exact. sequence
j0jp

Here a sequence ofhomomorphisms A BEC is exac f
-

catB) when im(f) =ber(g).

ge long exactsequence two-thirds ofterms m>
allterms.
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Ate Shortexactsequence -Al,Bc+ 0

says ofinjective
·

g subjective
· c

=B/A

Lemona LetO-C.D. -E. to be a SES of chain opxs.
-

Then thereare connecting horns Os:Hp (E.) ->Hp-, (c.) s.t.

...
, Hp(C) E*Hp(Do) Ap(E.) Hpri (?)E...

is exact.



If
0 -cp +, E,(p +

1-EpH +0-

o! ofs-1

"
2k·-ccoo.Eciritoan· ↓ ·I

]

=0 since Finjection
squares commute, rows exact

[e] (p(E.)- (c) +Hp., (c.)
=Ep-/Bp-2a

will-defined how:chick read p.357



Exactness atAp(C.): Suppose (c) :2. (e], e<Eps
Then ZdEDp1 (.t. Fc

=Gd =Fp(c) =(Fc] =((d] =0.

Thus imeulkerFo. Now if FTc] =[FcJ =0, then

Fc =Gd) for some deDpts, whence 8Gd =G8d = G Fc =0.

Thus (Gd]<Hpri(E.) and Ur[Gd):[:] sober FocimGr.

0 -cp +, E,bp + 1

->
c

Fp++0
de

8 Io! ↓ 81(- Fc=ydGF, =0
0 -( =zDp ->Ep +0

Exactness atother spots:church/reed p.358



Cutial) IofMayer-Voris unv -a
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*

Ik
v ->X
l

We would like toapply the lemona to chain spas
4. (Unv), C.CulSC.NV), C.(X).

We dohave an exactsequence uv

kA-l
o ->Cp(Unv) 0jC,(u)P(p(V) ->Cp(x):⑨

· The meaning of(i1*jA)(c):0 is thatcis0 on U and OoV

hence O
on Usr, so C:0 and iJA is injective.

· If (kA - 1H) (c,d) =kAS-lAd =0 then kAC:dAd in.

,d agree
on X. Their restriction to cent then maps to*7



-(d) under iojt Don'tescape④
cer by cartoon

· ButKALA is notsubjective:a singular p-simplexwith image
notall inor all in V is notin im(KA-NA).

sterfuge. For2 =S4,v3 open cover,
let(u(x):abgp of

(p(x) gen'd by singular simplices of image all in U or all in V.
iHGj# kA-l u

Get SES o -> Cp(UnV) +G(ul*(p(V) ->Cp(x) +0

and, by lemma, induced IES in homology ofdesired

shape butwith Hp(("(X)) in place ofHp(X).

WIS (M(X)4C(x) induces a homology isomorphism.
i..



Foron an arbitrary open cover ofX, call a singular chain a

Usmall ifall its singular simplises have images in one ofthe

cuts of M. Define C,U(x) =(p(X) as all U-small chains

show thatC.M(X)4C(x) induces homology is via

subdivision:break up Apintosmaller & smaller pieces until⑤

each piece is a small.

1-.-...

For the diligent:pp. 360-304



Let's use M-V: =-s
sn =uvv =(5" - v) u (s(s) o
2 -

=An =k =RU I k ·

UeV =5" - (N,s) =k" -0 =sn
- 1

... -tpuioiri-Hp(s) =Hp.. cunv -> rnioupi-
Hp- , (sn

-

1)

Already know HoSVIfor who (peth countd AEB-and H.S =92
im =1

· if n>(simply coun'd.
Also for ph),Hp(S) =Hp., (5)

=0 since so discrete.

Now know HS1 =22 0 0 0 ...

0 (i."ich, ay



3, i,i.
For 5 have 20 ???...

butHpS" =tp.is' for p21 so the pattern is

20 20 0 ....

Let's fill in the table fortp (5):

Hp ⑥ 1234567

① 22 0 .. . . . .

1 2 0 0 0 0 0 0

2 2 0 2 0 00 0 0

>20020008

420.2000



Thm Fernz), Hp(s) =
2) ifp

=0

O o<p<n
& p

=

n10p > n

IPS Use MrU tocompute Hp(S'us').
WhataboutHp (X -Y)?

DegreeTheory forspheres 2 2)

fistscontinuous induces for:He"isv)-H. "ir)
FactHom (4,4) = 2.

(n),1)

->

(nrkn)+k

inn



Def. The digree ofacts map fist
-5" (n>1) is

-

the unique integer dogif) s.t.fo:mdngif)

By functoriality & htpy invariance,
· deglfog) =dig(f).dig(g)
· f =g
= deg (f)

=dig(g)

computations
· deglid:sh+ s") =1

· dg) const1 =0

deg(reflection:5"+sM) = -1 (refin through plane
~ deg (antipodal:s"- sn)=(-1(n

+1 through0)



· For reflection, use R,:(x, ..., Xnx) (ox, x, ..., Xpx).

Homotopic to any
other reflection by rotating plane

reflected through.
Now HulSig PsHn.1S""I so, by induction, suffices

R,r! ↓
R,x to checkdeg (R,2)

= - (

1 HulS2) C Hm(SM)
on 51:

naturalityof 2x; On8 v

see textp.367

· Antipodal:R,0R.0..oRnx for

Rii(x,..., **t.) (,un,xisme xxx).



Drop The antipodal map isn-si
is hitpin to id offa is odd.

IfIfn=2k - 1 is odd, the Hiid =a is given by
H(x,t) =((cos nt) x, +(sin xt(x2, (10) at)x- (sinxt)x,

... (05 it) X2h-1 +(sin xt) xck, 100 itxeh - (sin
+7)xzu-)

If u=0, swapping 2pts is not htpic toid.

Ifno is even, dgc = - 1 while digid=).

Avectorfield on S is a ctmap Vish-pintsit.

UXCSY,(x).x =0 (s Vx is targentto shat x) ⑰**
#hm There exists a nowhere vanishing vectorfield on sh
-

1 ffn is odd. Vx=0Vx



L
"hairy ball"or "hedgehog" theorem

IfSuppose V is a nowhere vanishing
vector field on S.Who (N/1v1) may
assume (vxl=)Ux. Define
HiSh xI-sM

(x,t)1 (cs +t)x +(sn it) Vx .

IS Check H(x,E) eSM

Have H(x,0) =x,H(x,1) = -xcHiid = a-Et
↑

Bythe prophe, a mustbe odd. 1
-
-

Ifn=2k-1,V(x,... *2h) =(x2, -5,,X4, -xe,..., Nih.
-xzhs)

works.


