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Hemotopy Inariance ofHomology-
Thin If foef,:X-7 are homotopic, then Upc. 8, the maps

foa, f,x:Ap(x) -> Ap(Y) are equal.

I.. Hp:Top - A factors through Hot.
car Iffix=y is a htpy equivalence, the fa:Hp(x1 -> Hp (4)

is an isomorphism.
bef&The claim Itsuffices to show idxo,idxlix-1 xI

induce the same maps on Ap x40

Ifcan suppos H:foof. Then x xI Y

x,



Ifola=cHoCaroI:HooCiao equaleCid
We
prove

that(idx0)a =(id x1)aby proving that

(idx0)I, (idx))H :(y)X) -(a(x +I)

arm chainhomotopic.
....

Homological Algebra
Inter Inde

I 2

...... -Cp +
- schain complexes <p <-------

①..... iDp x=Dp vDp.,y---

Chain
maps F,G: -D arechain homotoic when
(F2 =2F,G2=8G)



5 chain homotopyShip-Dpu3p, a collection of
homomorphisms satisfying hot+Joh =G-F:

... (p -<p-1
Y/ ut ↳ =/h
↳

Dp tz D
P

Aside Possible tointerprethashis. I.D
--

for I. =( - +0 -2 +202 J.
(id, - id)

suppose :Fa isa chain homotopy. Then for
diaper

xc - Fc =ke+Chc = Che = Gx] =Faa]

(for [C] =class of < in Hp(C) =zp( c)/B,())



Ihm If F, G:Co -> Do are chain homotopic chain
maps,

then Fx = Gx: Hp(c) -> Hp(D.) Up. I

--

Back to homotopy invariance, itnow sufficers to construct

a chain homotopy hic(x) -><p+(x*I) satisfying
h2 +2 =(idx 1)A - (idx0)A .

Herm:p=2. Reading:gen'l case (pp. 348-750).

:insp
8,

As Ev A2 xI



G:Ax +A +I affirm with
0,2

2.2+ ..

e,r-E
.4

3

er E, ↓
2,r-t

4,3:e.r-> Eo
2

#
3

e,2- E,

e.r E.

e,- E;
3

G2,2:... E0

e,k+E, #!e,r En

eynEn



Then define, for : AP -X,

h(0):=(1(r xId) · Gisp
i =0

=(w +Id)G0
,
- (oxId)0G,z +(oxId/Gm,z

(p
=2)

andexternal linearly to gethi (p(x) +<p+(X * I)

Lemna (Fj,p "Id)oGispus = (air,poFjsp+
ifis,j

Gip - Fj +1,p+> ifisj
ofTPS



Thus h(80) =h [(1)v0Fj,p
j
=

0

=

+

I(1)"+i((0 - Fj,p) +1d)·Gisp - 1
i = 0 j=0

Pc(-1)"5(wx1d)0( Fjsp*d)oCipe
=G (-)*3(Wxtd)oGi7s,

p -Fj,p+)
05jki<p - 1

+ [( - yi +5(W xld). GispoFjMspac
02icjsp



Similar manipulations v) shyield spectacular cancellation
(p.350)

and ultimately
h(5a) 08h(v) = - (0 +1d) · +(0xId).

= - (idx0)#5 +(idx)) 5

as desired. E /details. ↳Ab!Homology &I
Loopfil ->X

=singular Isimplexfix' -X
w/2f =f(1) - f(0) eCo(X)

=>Loops are cycles
=0 'formal



Lemma suppose forf, are pathhtpic paths in X.I
Then forf, cB,(X). f,

ofletH:fo -f, b:I-An quotientmapE...(x,y)4(x - xy,xy)

Have I2X with Or:op-fifo for p-fo(1) =f,()

b. 1-z
z

Az

We have 0':A--Xa sing 2-spxw/ Or':<p-cptcp
(x,y)rp = cp.

Thus forf, =0(5-5) ( B,(x) Δ



Defn The Hurrica homomorphism
④

(x =0:π,(X,p) -H,(x)
1f]
+4H
i

path htpy homology class of
class off the icycle f

Is The following "naturalitydiagram"commutes:
Go Fix-Yats, H,(X,p) ,y,[Y,F(p))

vx↓ ↓Vy
H,(X)EH(Y)

A'lxE, y 2n=5:1- [ni(F00)-



if(Fof] +

π,(X,p) ,y,[Y,F(p))
7:π,(,p) = H, E vx↓ ↓Vy I

H,(X)EH(Y)
-:I.D (f)

+
-> (FofJH

G

F,Gic- f(((x,y)m Fx Fy
x:F= G isa natural transformation xx ↓ B ↓y
when FxcObe, have 2x:Fx-Gx

Gx
ofGy

St. # commutes



The letX be a path courid space, p-X. Then
0:T.(x,p)- H,(X) is sunjective w/ bernel (n. (x,p), i,(x,y)].
Thus exhibits (.(4) as the Abelianization ofofM. (x,p].

IfSarj homomorphism:pp. 353-354.

(key forcur:choose path <(x):p mx, dfirm
8 =<(u(0))v. xill). Give :5,400,
use f:(5)". ... njm and show (f)y

=( 5
+- [9(8c)3x)

SetiT =x,(X,p)* and writei(X,p) π for unit
map.

(f]
=rif]π

For NiA->Xsing T-spx, let S(r) =18] + (π.

Since it is Abelian, getpiC,N) - it extending.



(a) Show B. (x) =ker P p.354

(b) For 18)
=
be, have(f)4 =0 => f <B,(X).

Thus p(7)= (F]π ;(f) +1
=1, i.. (f] . -> Commutation

subgp.
f is a loop

Cr H,5 =0

H.I y#N) =zin

H. (RPYAN) =2/2 *2)"
-1


