
20. 1.23

Singular Homology
1.

it,
=loops/loops bounding

⑭I
disks

Hi ="loops/loops bounding E8
more general surfaces

Hu(X), neIN, is a sequence ofAbelian groups that is
-

· functorial
-th(singular)homology of X · homotopy invariant

·compatable
· useful.



ForpeAN,Ap:9(t,..., -) <RP/is <R; the
sand pimplex:"E.*...x =A

-
.

Note
-p= Ste;/outiNor a0 e,
* A

(ty =1=(t, ... -tp))
A singular pimplein a space

Xis actsmap policethink ofaS a potentially

a

5: Ap -> X

↳
dequerated
simplexin X

The singular chain group in dimension I is "Singular "vomids

2.9r(0:Ap-Xcts) ==<p(X) as that a need

i.e. the fen Abelian group on singular p-simplies notbe an embedding
ofX. Ageneric elt looks like GriWi,Efinite, n,(z).

itI



Gal Isolate p-chains that"close up on
themselves"

modulo closed chains that are "boundaries"ofchairs

one dimension higher.

Define itfacemap indimension p.

Fip:Ap-1
->A for Odiep.-

[tjej 2 tyej
((j5p - 1 ·zjki- 1 Find. ForA,

+

[tj-,ej Fc,z1)
Az

IPS Describe IA12p toe. +t,e,H to e, t,ez
0=i3 Fo,2ANTIAU Fc.sAL treottiest then I treatenes



For a singular p-simplexw:Ap -X, define ONCp.,(X),
the doundary of5, by E.g.5:Ac4 R=-

20:= [(11"w. Fip
i =02&

↓ 5li-th face
voisi-ce101 "Orients"flew ofAp

I
Its e (85) in thisboundary case?

11
Extend a linearly to get 8:(p (x) -> (p .( x) O

S 2nRuz6On
=2p

Set 20 =0 and C.,(x) =0.

ccles Zp(X):=Ker(8p)

BoundariesBp(x):=inn.(6p+)
both subgroups of<p(X).



Imma For all ct(p(X), 2"c =2(c) =0.

I.e.Bp(X) =zp(X).
of Intension bookkeeping,firstobserving Fip Fj,py FjspFinsqu⑨

forizj: "in the face ofthe jothface:jth face ofthe (ir2)-th face
"

<-
F,2 F,,, =F,,.F,

it1 -

opcon
NEF .... a

+1- +/-



The path singular honologygroup of1is defined to be

HpXi =zp(X)/Bp(X)
(p(p(x)

+

(p-(x))

im(8p-,:2px(X) -2,(x))

Topological invariance follows from functoriality:
fix-yctsmy fH:<p (x) -<p(Y)

Wi forextended linearly
p

Have fA(Or):f1(SH"roFi,p) = [("foroFi,p:8(fr
so f12:20f#



Some language: ... -(px(X)-((X) - p..(X) -...
smap)

is a chain complex (2
=0) and f is a chain homomorphism

squares
... -<px(x)

=
G(x),ppli commented

f#↓ fi!
...
-

( +(y) =((()=2, -, (3)
fAH- 2ftc

T5 If follows thatfezp(X) <zp (7)
zp(x) zp(y)

and fl B,(X) <Bp(Y) ↓ ↓

so fitpasses toquotients inducing Hp(X)...>Hp(Y)
fa:Hp(x) +Hp(Y),the homonorphism induced

by 7.



Moreover, Top
IP. Ab is a functor:

xHp(X) · (idy)a =id+p(X)

+ Y- Hp(x) · (gof) x =

go of
↓ fz =Hp(f)

Y Hp(Y) faxI,y2,z cts,

composable
Thus Hp takes homeomorphisms to isomorphisms, and

· retractsAX toinjections.
(vvzia (



computations (easy model

Pop Xa space of path components (xa(a-4.X),and
let3: X04X. Then #4:8.((Xa)

+p(x)C#
2550 X

and 4 (idx: Ap(Xx ->Hp(X) arm isomorphisms.
If a => X for some f- P

iy rv
Xx

PopFor any space X. Ho(x) =20
x

ofByprevious prop, suffices
to show Ho(x) =2for

X path corrid.



G(x) =42)fiit(n.cz),xi zX) 0
so Z0(x) =G(X). Nowfor X path cound, define

2:Co(x) ->2 sanjhom. WIS har a =B0(x)

Guix;r [n, whence Ho (x) =2 by
firstiso thm.

formal

Forwe C,(X), 20 =

0 (5(0) =-1 = 0.

Thus Bo(X) eker d.

Now takec:(uixiCo(X). Byfixing x.eX and

choosing path <(x):x.m X for each x, get

2(5nic(xi) =[nix:- [nix =

c- 1(x0.



Ifs(c) =0, thec=G([n: a(xi)) =B0(X)
so herd <B(X). This finishes the proof.

Finally, let's compete the homology ofa point *

Have Cp(x) =230p:Ap +1) =2Up, and

Crp =st1 :roFip= oDope: SOpoddoe
The singular chain complex is that

... C(*) - C(*) =C(*) - C. (*) +0
2 ifp

=0
=>Hp(x) = 20 ifp10.

IS Hp (discrete space)?


