
7..22
Function spaces
Note that Set (ExX, Y) =SetE, set(X, 4))
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computer scientists like to call these "carrying" a "uncurrying"
In algebra, a variant with in place of x is the "Tensor - How

-

adjunction: Hom (CDA, B) E Hom (C, Hom(A, B1)

(say for from: maps in Vecta or Ab).



&Is there a topology on Top(X, 1) such that
tEETop, TopCE, Top(X,Y))ETopTExX,Y)? Senrichi

2 bijection of sets on
A sometimes, if it exists, it's unique - called the exponential
topology

who C(X,Y) aC UX, Y and ((z,((X,4)) = C(ExX, y)
w

*E, then 2 is called Catalan closed. exists,

-0

Top is not Cartesian closed. -
In nice cases,

the exponential topology is the "compact open topology".
Defo For X. Y spaces, KEX compact, UCT open, define-

s(k,U) :=Sfetop(X,Y) IfKCU). The sets S(K,u)
form the subbasis for a topology or Top (X,7) called the
compact open topology



↑eTop(X,Y) & YX= TY. The subspace topology on

xeX

Top (X,Y) inside 7" is the "finite open topology" v/subbasis

5)F,U), FIX finite, UCY open.

Im If X is loc compact H'ff and Y is any space,
then

the compact open topology on Top (X,Y) is exponential.
I
stop If g: ExX-4 is ets, then g: E ->Top(x,y)
is its: Need to show that for each SCK,U),

⑨"S(K, u) = SzzE /g(K,5=USZ is open.
For EESCK,U),

know gill=Xxz open
and contains KY). By the Tube Lemma (415)

=>v,W open W/ KEV, zEW and KxzYEVaWeg"U.
Now zEWEg"S(K, U) as needed.



Steperal: Xx Top(X,Y) ->Y Os ats. Susieloccpttif one(x,y)--g(x)

Stepcontinuity of eral implies F** takes its F to its

<See Topology:A Categorical Approach 5.6.1 for details. I

=g. For X loccpt H'ff, a homotopies H: X *I -> Y are in

bijective core with its maps H: I-Top (X,Y).
w

mactopen top
"movin" of its maps

Eg. For a pointed space (X,p), define f(x,p):= Topo (IS:1), (X,p)
topologized as a subspace of 1X:: Top CS, X) w/cpt open top.



④ What is io h(X,p) ?

Isuppose fig -M(xip) and 8:10,1) ->(x,p) is a path
from to go. Get cts Ovio,135 -> X which is a path hipy
from + tog. Similarly, path htpies between loops induce paths
in t(x,p). Thus to 2(X,p) =i(X,p)

This is a case of the suspension - loops adjunction:
Hot)[(X,p),(7,a)) = Hz)(X,p),v(Y,q))

where [(x,p) = xxF/X10 - Xx1v(p3xI +x
Fat [SV = SM =πorY(X,p) =in(X,p).

w

whonot...t
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cell
px X,Y, E, cellular maps E*

X

p
Y

than XY has union cell structure
Br

I(x =Y)p =

Xxj : D -> XEY
#brcels in
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