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Given G
, H G

, gp
horns
,
let G

, ¥, -62
: = (G. *Get/c- for

C- { f. (g) fig)
"

Ige H } ≤ G. * 4 , and c- its normal closure
;

G. *µG~ is the am-acgaddfr-eeprodc.to/-G,Gz along H .

Prof Gi #Gz is the
pus
heat of G. H Gz in Gp , i.ve .

It Gz

f. ↓
"

↓
G
,
→ Gift Ga

K .

If Givan 4,42 making the diagram commute
,
we get a horn 4 : G.*Gz → K

st . 4cg :) = ilgi ) since 61*6, is •product in Gp . Ifg. C- It,
i. f. (g) = lzfi.by) i. u

. f. (g)fvcg)
"
= e c- G. *Gz

.
Thus



C ≤ hurt ≤' G , TIG, ⇒ c- ≤Kurt
.

Thus it induces

G.* G
,

# K

↓
by univ property of quotients, and the
hi = Yi by olefins . Uniqueness follows from

61*1+62
6
,
"-Gn generating G¥Gz .

Thing For G
,
# It as gp

horns and presentations
G
,
± {✗

, , in , 2m / f , , , _ , fr}
Gn = (ftp.ypn/oi,... , F)
It ÷ {%

, .ru, Jp / Tian, Tt / , (Note : Just need K
,> Xp generate .)

wn have 61¥62
± {✗

in> 2m , Pis . . _, Pn / fun-sfr , Kim , F , Ui-Yi ._ , Up=Vp )
for us : filk ) in terms of /✗i} , va±fz(%) in terms of {pit .
In particular, if Hee , then G

, ¥6,
± G, * Ga -



The (Seifert - van Kampen )
✗= UUV a

space , U,VEX open ,
Unv path conn 'd , p c- Unv than

then the inclusion -

maps

U - UN - V induce an isomorphism
George Seifert Egbert van Kampen

1T
, (X, p ) = it

,
/U ,p
) * IT

. (YP )
. 1897 -1996 1908-1942

TillerYp )
-

In diagrams , Uav ✓ induces it
,
(Unfp ) → it

,
/Hp /

1
'

↓ '

↓t
u → ×

IT
,
/Usp ) → Flu ,p) *ñ

ix. in



or
, more simply , Ti (UnYp ) → it

,
/Yp /

It ↓
IT
,
/Usp ) → it

,
IX
, p ) .

Idea Decompose loops in ✗ into concatenations/words of loops in U

and loops in V to get elements of it
,
/U
,p ) * +,

/Yp ) then remember

that loops in Unv have two different names !

U

0¥
Proof deferred - applications first !



Special case1 If U n V is simply conn 'd , then it,(Xp ) I a-, /Up / * IT, /Yp) .

Special case If U is simply conn 'd ,

then it
, (Ap ) ± it , /Yp)/A-

for H - j* *, (Unr , p) .
(Here j : unv → V. )

•
a

EI ✗ =
•

p
U=Xia

,
✓ = X - b are both ≈ S '

•

b Un V ≈ *

IT
, (X

, p
) ± it, Msp) * t.lv, p ) I 21*2 .

Wedge Sud p
c- ✗ is a nondegenerate base point if p has a nbhd

admitting a strong deformation retract onto p.lu %ps.t.ir = idurilp ).
Lemmy suppose pie Xi is a nondegenerate ban point for i-b.sn .

Then

* ' Epi ] is a nondegenerate basepoint of ✗iv.
- ru Xn .

⊕• €
⑤



If For each i
,
choose nbhdw; of p ; in Xi admitting a strong def 'n

retraction ri : Wi → p ;
and let Hi : W ; ✗I → Wi be the associated htpy

idw
;

≈

lpiri . Define It :( HW;) ✗ I → Hwi with H /
w,
×,

= Hi
.

Now
q
: H Xi → VX ; restricted to Hwi is a quotient onto a nbhdw

of * ⇒ qx id, is a quotient map and
go
H respects the

identifications so descends to (VW;) ✗ I yielding a strong def retract
onto *

.

Thin let ×
, , . . . ,

Xn be
spaces with nondegenerate base points p,

- c- Xj .

n

then the
map
*Il Xi , pi ) → +

, ( Vxi , *) induced by g- i Xj ↳ VX;in

4=1 , - in) is an isomorphism .



B-n Choon nbhde Wi in which p , is a strong dufrwtract, and let
v. qcx , #Wa ) . ✓⇒Nw '

"- ✗d-

;
,

"

Then U
,
VEX

,
✓ Xz are open and

* → Unv É

✗
,
↳ U

Xz ↳ V

are htpyequivs .
Since Unv is simply conn 'd

,

special case 1 ⇒ IT
,
(U
,
* ) * it, /V, * ) ⇒ it

,
(X

, V✗z , *)
= ↑

IT
,
(✗

* , p ,
) * *it Xz

, Pz)
For the genl case, induce .



É a-
,
( s ' v . . . v5

'

g-
,

* ) I F ( Ew , ], [wit, in, Eun ] ) .

Graphs ( informally )
A graphs is a CW complex of dimn ≤ 1 ( undirected

,
not necessarily

simple) . G =

•
•

•

•

§
• •

• •÷→ ÷qgEÉr_÷÷•

Mrs

spanninge
, tree

• • • •

ez



By Suk , it
,
(G
, p
) ± F ( [f ,] . If, ] , [f, ] ) .

conn'd

This works for all finitegraphs : *
,
(G
, p ) = free gp on n generators

for n = # edges not in spanning tree of conn 'd component of p .

T(cWcpxs)_

Pep (Attaching a disk ) ✗ = path conn'd space .@×
÷ "

t
.

closed
2-cell

~ D→ I
,

✓ c- 8D
,
i = YG) c-✗

,

8=4*6) c- IT
,
(X
,
i ) for

↑Ñ (a) = " ICZD,v ) .

Then it
, IX. i)→ *

,
/I

>

i ) induced by ✗ ↳ Ñ with kernel Ñ)
.



If Ti
, /X, F) = {p , , . . . > Pn / r

, , .
. .

>
%) then

IT
,
(Ñ
,
i ) ± (Pi , . _ . > Pn / 4

, .
. . > B , T )

◦

◦
◦§ kik, y

for = an expression for ✓ in terms of 1ps ; / .

WZ

E.gg S
'
→ s

'
to Ty IRP] = w%w2B =

4242↓
"

↓ torsion ! !
D- → ppr E- Check geometrically that

fñ is path nullhomotopio .

E- Sketch Take 2- c- Do
,
U=D°

,
V = ✗ It (Daz)

.

•É

Apply Suk to ,ñ=* , F-- got ≤ Ñ .

,

"

dome
"

\
Ñ - E

Then *
,
/Ñ
, F) = *, (FF )/ (⇔ I



by special case 2 . Use a path from F to i to get the
statement in terms of basepoint i and quotient by F) .

Finally X is a def retract of Ñ ( b/c 8D is a def retract of

D- 2- ) so we get the theorem .

Prog Attaching an n-cell along its boundary does not alter it, .

☒ Same but ñÑ = 113^-0 is simply conn 'd
.

This ✗ a conn 'd finite CW cpx , v E ×, is contained in the closure

of every
2-cell

.

Let p , , . . _ , pn generate it, (×, ,
v1 = FCP , , . . . ,pn )

and let e, , m , en be the 2-cells of ✗ .
For each i =L

,
.. >

he

let §
;
:D i→ ✗ be a characteristic map for ei taking vii. 2Di to v.

let Yi := Ii↳
i

: 8D i → ✗ be the attaching map , let



✗
i generate it, GDI , it . and let to be an expression for

(4)
*
lai) c- it

, /×, , v ) in terms of {pi } .

Then

it
,
( X
,
V / = {pi , . . . , Pn / 4

, .ru , %) .


