
write ex for identity of Ga .

18
.
XI

.

22

ET triodes (informally) /
(
disjoint anionIndexed family of groups 16×1--16a)aea .

A word of lengthwise in (Ga) is an element of (!÷aaa )
"

written

Cgi, .. . , gm ) .

The length 0 word is 1) . Let W=¥(¥aq)ⁿ be the set

of words .
Define a product on W via Cgi , -u , gm ) (hi, . . - , hn ) : = (gun, gun , hi, .. _ , hn ) .
Not so far no group structure invoked !

An Henday reduction is an operation of the form

181 / "yGilgit , , . _ _

, Gm ) ↳ (gi , ._ , gigi+ , , . . -

,gm ) it gi.g.it ,
£
same Ga

w

Mutt in Ga
(gun - ,Ji , Tn ,Fitz , - -

. gm) ↳ (g , , . .> gi >gitz , _ ._

, gm ) -

w

id of Ga



Declare two words to be elem-mtar.ly equivalent if one is an elementary
reduction of the other

,
and let ~ denote the equivalence rien

generated by elementary equivalence .

Def The true product of (Ga) is * Ga :=W% with nulth induced
- -

✗c-A

by maltin of words .

a- What is the identity ett of * Ga ?
Notation Write G

,
* - -- * Gn for A = / 1

, . . . ,n / . E.
g .

G# It is the free

product of G , H .

Call a word ridhd if it cannot be shortened by elementary reduction .

Thin Every element of * Ga is represented by a unique reduced word .

PI Read 9.2 .



¥ A =∅
,
free product is e.

A = Singleton, * G = G
" l

C. * Cz consists of alternating strings of p,8 ;
generttor \generator 8, (p8p8p8) Hp Rp ) =p8 .

p , p
'
= e 82 = e

Thing * = coproduct in Gp when equipped with Ip
: Gp → *Ga for each .peA

.

LEA
> It

g-g-In particular
,

%

Ts%±!:PÉGps 1
,

¥ E Cz*Cz

i.u . if % :Ga → A)
✗ea

is a family of horns w/ common target H
them F ! f : *G, → H sit

. fig -

- f
,
fineA. As such

,

the free product
is the unique group satisfying this universal property .



Pf Define flag ,) = f-✗ (g.) if g. e- Ga ,
f- (g, - - -

gmm) = flag ,) - tlgm) .

Chuck that this is the unique horn making the diagrams commute .

Free groups- -

Given an object r , define Flor) i =
,
the infinite cyclic group generated

by r . Given a set 5
,
the free group on S is
- -

FCS) : = * FG)
.

res

Elements of Fls) can be represented by reduced words FM - - - oÉᵗ
where Ti =/ ri+ , €5 .

& ni € Z ' 101

Ez . Fl∅ ) = e , Flr) ± 2C , Flo, e) ÷ 2*21
Define l :S FCS)

,
or ↳ r

'
= or



Th= (Universal property of free groups) For any sets , group G
,
and function

f- is→ G
,
F ! horn f- : FCS) → G Svt . Flo) = flirt toes

,
i. e.

s s -4T
i.f are just functions

' fI I is a horn
. ↓ ↓

FS - - -→FTFls) - ¥ G.

PI Define Fl ri ' . . - rih ) = fer, )
"

- - - flog)^ʰ Koi
,
. . .

> It 5 , ni , -→ nhᵗK .

Check that I works and it's the only horn that does
.

Note This is an example of an adjunction : /
setes.ua#IFiETj?F : set ¥ Gp : U

/ \
s f# Ffree
*

FS forgetful/
↓

T ≠, underlying "

natural
"

in S and G



Presetting of gr±ps_ For a set S and R ≤ Fcs )
,
define

{SIR) : = F% .

I \
generators relations \ normal closure of R :
- smallest normal subgp containing R
group presentation

-

Note If s ≤ G generates G
,

then we get a surjective horn

f- : FCS) → G so a = Fls)/her (f) . If R ≤ FCS) with
S↳ 5
A

s

E-- kerlf)
,
then 6=15 / R)

.

-

prusentation of 6

If G admits a presentation w/ s finite , call a finely presented .



E.gg • FCS) ± 451 ∅ ) Moral Check
• 2×21 I {pill p8 -

_ Xp ) first 4 presentations or
~

read 9.13
.shorthand for pri

' r
'

• Zaz E Cn = {a / ✗ " = 1)

• 21/2*5%2, I {p , 8 / p'=P =L
, p8=8p )

• PSLZZC = { p, 8 / p2= 83=1,1 ± Elzy * 2%2
(
2×2 integer
matrices w/ dit 1
modulo { ± Iz }

Note Undecidable problems : Is /SIR) I { S " l R' ) ? ( isomorphism problem)

algorithm In 15112) , is a given word represent e ?
_ᵈ

(word problem)answering these questions



(skipping free Abelian groups .

Read
pp .
244-248

.
Most follows from

☒ = coproduction Ab . )
For

Ants→ A

↓ ☆
↓

And °" " 'd
,
Seifer - vankampen

tells us how to compute④ 13 → ✗
a
,
✗ in terms of

↓"' FA , HB, Ti
,
AnB

B
Ti A RB → it

,
A

↓
*

CE *, /✗v4 )
"•

£! home →ex

Suk : it's an in
a

,
(surfaces)

'

=
.


