
other lift , then elfin) = e (Fist) ⇒ tis ) - Fest e- z ks
.

Since I is connected
,
F- F

'

cts
,
know F- ↑

'

is constant
.

16.# v22

Cod (Path lifting criterion for 5) suppose to
,
f, : I→ S

' with

same endpoints, and É , É are lifts wtsame initial point . Then

f. ~ f
, iff fi a) = F

,
(1)

.

I.e. f. - f
,
itf they have the same net angular change !

tf If É , É have the
same terminal point then they are path

htpie siree R is simply conn 'd
.

Thus t.ie.fi
,
f. = if

,

are path htpi - .

I ✗ 0 € R
Now suppose

It :b -f. . By htpy lifting ,

±¥É!i
and Ñ : to - Ñl -

, 1)
~

lift off , starting at £1101 .



By uniqueness of lifts , Ñ 1- , 1) = fi so I -§
.

Proofs of key Thurs :

I. Unique lifting for S ' : suppose B conn'd
,
4 :B→S '

, Yi ,Yi :B→ 112

lifts of 4 agreeing at some point of B. Then Ñ
,

= %
.

I set it - / be Bl Fib) -- fib) /
.

Know it -1-0 by hypothesis . Since B is

conn 'd
,
suffices to show it is open and closed

it open
= Suppose belt and write r :=Ñ( b) = Ñlbl , 2- : = ecr) = 4lb ) .

6
* Take U ≤s

'

evenly covered
open nbhd of z, Ñ component(b) = Ecb)
of e-

'

U containing - .

↳ ñ

c on V :-. F-
'

ñniiiñ
,
Arif

•

s '

te take values in Ñ
.
Since

•
C inj on Ñ

,
✓ ≤A

2-=p(b) = Ecr] ⇒ it open.



A closed : show B-it
open .

Take be B-it
,
r
,
= I

,
(b)
, r=Ñ,

lb )

so r
, -1-4 . Set 2- = ecr

,
)=ek) - 9lb)

.

Take U ≤s
'

evenly covered open
nbhd of z

,
Ñ
, ,
UT components

• r.ie ,§.: of e- ' U containing risk , resp .
•"

"

set v. if"Ñ
,
n Ñz and

↓ ' observe 4- ✓ ≤ ñ , ,
ÑVEÑ

,☒ 0s '

• i. nñ, =∅ so ✓ ≤ But
.

z U

Thus B- it open , it closed .

Now
go on to

prove
I

.



E. Homotopy lifting property for S ' : suppose B is a locally conn 'd space,

%
,
9
,
:B→ s '

.

Hi % =p, , if a lift of % .
Then 7 ! Ñ at .

13×0
€

112

1.¥
"

te
13 ✗I → S '

.

H

If It is stationary on some AEB
,
then so is Ñ

.

If Uniqueness follows from I : If it , Ñ
'

are two lifts
,
then for each be 13

,

Ttlb
,
-) , it

' lb
,
- ) are lifts of Hlb

,

- I ¥ It
,
it ' agree on {b } ✗ I

⇒ it = it' .
The same argument works for Ñ , Ñ

'

only defined on W ✗I

for any WEB .

Existence : Fix bo £13
.
For each s c- I, take U an evenly covered

nbhd of Hlbo
,
s )

.

There exist open
Vets

, J ≤ I such that



(bas) € Vx J E H
"

U
. The collection of all such V×J is an open~

cover of Ibo } ✗I
,

"

compact, so we can take a finite ↳ varying )

subcover V. ✗ Ji
,
. ..

,
Vm×Jm .

Let W be a co¥-ed open nbhd of bo

contained in V
,
D - - - nvm , and let exists by local conn 'dness !

8 be a Lebesgue number of the open cover Ji
,
. . -

,
Jm of I

.

Take n c- B+ s.t.tn < 8 .

Then for j
--1
, . . . ,n ,

H / W ✗ ( E.
,
in ]) ≤U

.

twenty
covered

a.E) §¥↑b•i÷
)

choose an evenly covered open
the S

'

containing HCW ✗ to
, ÷] )

""
a. *. .:*. . ..

i ↓ E J section of E over U
,
sit

.

r
,
(% (b.D= F. (b.)

.

For Cbs)
( Albo , J

E W × to, %]
,
define

(boi) w % ñ(b. s) = r, /Hlbs )) . This lifts



H on W ✗ I :L ] and Éllb
,
-0) = 451b) for be W by I.

Suppose now for induction that It has been defined on W ✗ 10
, % ] .

let Uj be an evenly covered open in s' containing HIV ✗ E , In ] ) and
take Tj : Uj → IR local section of e over Uj Srt . g. ( H /b., % )) = it Ibo,¥ ) .
Define Ñ ( b. s) ÷ g. ( Hlb, s)) for ( b, s) c- W ✗ 1¥

,
In ]

.

This agrees on the overlap WH / by I (check !) and the glueing lemma

gives us a lift to WHO, In )
. By induction .

we get a lift Ñ

defined on W×I . Use I + glueing to extend to 13×1
. Boy consternation ,

Ñ (b. 07 = % (b) .

Finally , if It is stationary on A ≤$ , then ta c-A
,
Hla
,
-) '
=

Cq ,,
w/ unique lift starting at I. (a) equal to cg.ca, .

Thus Ñ is also

stationary on A .



Diefn Given a loop F- I→s
'

,
choose a lift § : I→ 112 off . Then

Nif) :-. Fu) - Flo) EB is the Wiking nu_mber off .
e-

Notes • in Z be E (filo)) = flo) - f / 1) = c( § (l))
• Lifts differ by a constant integer so winding number
is well-defined

.

Eg .

NC const) :O
,
Nlc / ± ) = 1

,
Nlt e (21-1)=2 .

61

Thin loops f.g
: I→ s

' both based at p are path htpic ¥⑤•
itf Nlf) -_Nlg) .

⑧
¥ By the path lifting property , t.ge have lifts

I. j : I
→ IR with Flo) = £107 . By the path lifting criterion ,

fng iff Fu) :& (1) .
This is equiv to Nlf / = N (g) .



Write w : = e /
±
: the exp (Ztit) .

This -146 '
,
1) is an infinite cyclic group generated by -1W] .

In particular , it , IS
'

, p) ≤ Is tpes
'

.

Pt Define J: I 7- *
,
IS

'

,
1) : K

n→ Ew]" ( well-defined by previous thm(
Nlf)c- If]

homomorphism :

[wjmt" = (WP [w]
"

suffices to prove
K is a 2-sided inverse to J

.

For ne 21
,
define an

: I → s
'

so that Cnn ) = Ew ]
"

t↳ explain t)
and Nl ✗ n ) = n .



Thus K(Jln)) -- Kuan ] ) = Nunn) =n and

Jfk ( Ef ))) = JIN (f)) = [WIN = Ian ] = [f) .
/ (

n: NH)
same winding #

CI it
, / ,

1) = 21 and two loops in E " are path htpic
If] '→ N(¥,) iff they have the same basepoint

and same winding number .

Er it
,
/ IT
"

,
11
,
_
,
i )) = In .

Cos For n>2
,
S
"

f- IT
"

.

Pf a. (5) = e. but it , 11Th) is nontrivial .

Readings : Degree Thy for S
'

, pp .
227 -229 .



Bryer Fixed Point Thin Every cts map f : → 1152 has a fixed

point ( ✗ c- Es' i.t.tk) = × ) .

I¥ suppose f has no fixed point and defineY:Ñ?⃝
Well -defined since f-(x) ≠x tx )

. I → ✗
0,1↳¥Then 41s ,

= idsi . ,¥;f⇔ [ ,-5-1.G.
s
'
= I/or 1lids ,] c- it

,/S
'

,
1) 4k)

I → 51
I ±

I → si
wit ↳

[ ≠ oeze-a.IS ')
s' →s

'

explzitit )• ↓ ,
_

→

But this shows lids . ] extends to B- 2

so it's nullhomotopie .

☐
s
'



Pf Redux
-

Construct Y : B- '→ s
'

as abovewith 91s , = idsi .

Then 5
' $2 commutes so ×

,
CS

'

, 1) ¥ it
,
1152,1 ) commutes

.

* te ☒ ↓"
s
'

"

id it
,
G

'

,
1)

.

But B- 2 is simply conn'd, so it
, (5) 1) = e

⇒ % ↳ is the trivial map
This is a as id : -11,151,170 is not trivial

.


