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Loose end :

Pyp f- c- Top /✗it ) is a htpy equiv iff If] c- HALX,Y) is an isomorphism.

tf Iff :X _~y:g , then gf=id× ⇒ (g) (f) = Igf ] = [ idx)
and tg = idy ⇒ If][g) = Tfg] = tidy ] ,

so (f) : ✗ ≤ Y c- Hot
.

Now check that (g) = If]
"

c- Hotly
,
× ) means that gisahtpy

inverse to f. ✓

Products Giwm an indexed family (✗a)*a of objects in C
,

an object P -

_ TIX
, equipped with The CCP, ✗a) for ✗ c- A is the

✗ c- A

parodist of (Xx ) when KWEOBC
,
fine CCW

, XD for ✗EA
,

p
3- ! fecew > P ) sot . f. ten

commutes that .
W ✗a



In the binary case (11-1--2) this looks like
w

f fi
and we write F- ✗

,
✗ ✗
~ .

×
,

✗
z

Ey ,
• In set

, Cartesian product = categorical product
• In Top , Cartesian product w/ product topology
• In Gp, Cartesian product w/ coordinator is malt'n .

The If (-11×2,1%1) exists in C
,
then it is unique up to unique is

respecting the projection morphisms .
I.n .

.
if CP

, Cpd ) is also the

product of (✗a)
,

then 7 ! iso f : ITA → P s.tv % =p f taEA .

B- Fig;i→
✗
2 Further

, g¥¥ and µdP↓ so both composites
←
'

f
ten

P → ×
,

arm identities
.

P ✗
a

-11×2→ ✗
2



IT✗
a

3-
↓ "

P ¥ ✗
a€¥*¥
.



a-products Giwm an indexed family (✗a)*a of objects in C
,

an object 5- ¥a×a equipped with morphisms L : ✗a
→

strxc-ds.t.VN
c- Obc

,

£ :X
,
→ W for att

,

7 ! f :S→ W such that

✗a
1b¥ commuters.

S - - -
- → W
F !f

In the binary case : ×
, Xz

f fi

Th= Coprodncts are unique up to unique in respecting the inclusion maps.



t# • In Set
,
It = disjoint union .

• In Top, He = disjoint union (w/ dis
-oink union topology ) .

• In Top* , It = V , wedge sum .

(Ser HW . )

• In Ab
,
I = ⊕ ,

the direct sum
.

(see HW . )

• In Gp, It = free product. ( Upcoming . )

Picks and pushcarts
y

Given in C
,
tha pullback X¥gY = ✗ EY is ✗ { Y Y

ts
"
✗ ↓ toy

✗⇒ Y;ysy × # 2-

such that tarI÷ .



It • In set
,

✗ ¥4 = { ( × ,g) c- ✗ ✗ Y / fix)=gCy) / .

• Same in Top .

For t : U ↳ X- V :g ,

U ; V
= Unr ( check topology matches ! )

Pushcarts are dual i E¥ In set or Top ,
z Lay

1- ✗ ¥4 =
✗ "%(z) - glz) .it 1)✗ → ✗ ¥4

in



Circular reasoning
God Ti

, (S
'

,
1) =-3

Idc Measure angular change of a loop 4 to a path in IR

along E : K2 → s
'

g ..ir/Rt-exp22-nit)
"

.
.

.

- ↓ '
I→ S

'

y
-

Then ② (a) = 2ñÑ (x) measures angular change .

Lifts do not always exist .

Prof Each point 2-es
' has a nbhd U which is Wendy covered by E :

E- ' U is a countable union of disjoint open intervals
Ñn sit

. elñn :Ñn=U .



Cos (Local sections for S' ) If Ues ' isskated *

#g evenly covered,open , then V7 c- U and

✓ c- E
" / 2-1

,

3- r
,

_

⇒ R sit . rlz)=r
.

viii.%
to

If Take Ñ=Ñn7r and RG
S
'@ r to be th inverse of €" ••z

e : Ñ= U .

EyThnˢ
I. Unique lifting for 5 ' : suppose B conn'd

,

e :B→ s
'

, F
, ,Ñ, :B→ R lifts of 4 agreeing at some point of B.

Then Ñ
,

= %
. %%

B Tss
'



I. Homotopy lifting property for S ' : suppose B is a locally conn 'd space,

Yo
,
9
,
:B→ s '

.

Hi % =p, , if a lift of % .
Then 7 ! Ñ at .

13×0
€

112

↓ ¥" te
B ✗I ¥ S '

.

If It is stationary on some A ≤B
,
then so is Ñ

.

( Proofs deferred)

Cod (Path lifting for 5) If f : I→ s ' , ro c-e-
' Hed }

,
then 7 ! lift

f- : I→ 112 of f- s.t.FM : r
. ; any

other lift off takes the form
I +n for some n E 21 .

If Apply I to D= *
,

H if
, if -- ro to produce É . If É is some



other lift , then elfin) = e (Fist) ⇒ tis ) - Fest e- z ks
.

Since I is connected
,
F- F

'

cts
,
know F- ↑

'

is constant
.
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Cod (Path lifting criterion for 5) suppose to
,
f, : I→ S

' with

same endpoints, and É , É are lifts wtsame initial point . Then

f. ~ f
, iff fi 4) = F

,
(1)

.

I.e. f. - f
,
itf they have the same net angular change !

tf If É , É have the
same terminal point then they are path

htpie siree R is simply conn 'd
.

Thus t.ie.fi
,
f. = if

,

are path htpi - .

I ✗ 0 € R
Now suppose

It :b -f. . By htpy lifting , ±¥ %
and It : to - Ñl -

, 1)
~

lift off , starting at £111 .


