
Prof If f : ✗
≈ 7 ,

then Ñ and I are deformation retracts of Cykf ) .
Thus two spaces are htpy equiv iff they are deformation retracts of
a common space ,

PI Read 7.46 .

8. XI
.
22

Higher homotopy gr⇒
to - path components

it detects holes with loops-1s
'
→×]

IT
,

- fundamental group

"
n in> I - higher htpy groups . •

◦
◦{"n detects higher dimensional

holes with ☒→✗ 1

Given
p
c-X

, q EY write f:(X
, p )
→ ( Y

, q ) for acts map fat . Hp ) -- q
space
--

based map



A breed homo-top.gs of band maps f.g :(X.pl → ( Y
, q
)

is a htpy It : f-ngs.t.lt/p,t)=q-VtoEo >
I ] .

Note that it
,
IX. it = { path htpy classes of loops based at p }

= / based htpy classes of based maps (5,1 :o) )
→ 14ps) }

.

For n>, 0 , sit

In (X ,p ) : = / based htpy classes of based maps (sie , )
→ Hp ) /

.

÷;
Note n=1 : retrieve old it

,
(Ap )

n=o : 5 = { ± I /
, fly =p , fl- 1) arbitrary in X , f-gift F path ft 1)→gfl) .



We gave it, (Ap) a

group
structure via concatenation of loops.

On circle representatives , this is equivalent to

fug
•

• →f ✗

4
' '

f

pinch

we can do the same thing in higher dimensions using the pinch map
I :S

"
→ %✗ ←sn / ✗

n+ ,
= of

± S
"
VS
"

.

-
"

equator
"

Given f. g :(5.
e.) → (×

,p ) ,
define (f) 1-[g) :-. Ktvg) ◦ ¥ ]

land check it 's well -defined ) .



•

Prep For n≥1
,
Tink ,p ) is a

group under + with identity [ constp ] .

PI
f cp n f ~ Cp f '

f g h ~ f g h

f- =/reflect f) : ✗↳ flee ,
- ×)

1- f- - op ~ f- f-

What about n=o? so ¥ 5%5

@ 608
• • •



Thin For
n> 2

,
Tin / × , p ) is an Abelian

group .

If
f g ~ f g ~ g f ~ g f

r

Nota 4 :(×
, p ) → (Y

, q
) induces Y* : Tink , p ) → Tin (Y, q)

(f) - [ Pf]
• % is a

group
horn

• (✗4)
*

= 4*4* { Tin is a functor Top. → Gp
'
AbGp for n≥ 2

• id
*
= id

Fast Tin factors through Hot
*

(category of based spaces + based htpry
classes of band maps )



Categories 1- Functors
- -

A category
C consists of

• Oh (c) - class of objects
• For ×

, ye Ob (c)
,
class of morphisms Ctx,y )- -

I \
targetsource

• For ×
,y , 2-

c- Ob 14
, composition Clay) ✗ Cly , e) → ccx,z)

(f) g)- gf

satisfying
• associativity of composition ( f-g) h = flgh)
• identity : for ✗ c- Ob (c) 7 if c- Ccxsx) at.idyfif-fid.fmall fix→ y

(i. i. forClx
,g) ) .



-6¥ Set : sets + functions

Gp :

groups
+ homomorphisms

Ab : Abelian groups
+ homomorphisms

Top : spaces
+ cts functions

versions
Hot : spacer

+ htpy classes of function, /
also Ñ* >

Hota - based

Mat : IN + Mat (nm) = /mxn matrices w/ entries in k/k k

composition = matrix multi ! - related to

Finken : findim 't k- vector

iatigories spaces
+ linear transformation]

Detn A Ccorariant) functor F:c→D is assignments
- -

F : Ob (c)→ Ob/D) + F : Clay) → Dl Fx , Fy] at.

• Flgh) = (Fg) (FL ) and • Flidx ) = id,=× .



A contravariant functor is the same except Fick, g) → D(Fy , Fx )
u

and Flgh) = th ) (Fg) .

Write F:C" →D. order
\
opposite category swapped !

E# • *
,
: Top * → Gp or it

,

: Hot
,
→ Gp

• Tin : Top, or Hotp → Ab for n>2

• %
: Top → Set or Hot → Sef

• Forgetful functors U : Top → Set , U : Gp→Set
,

U :CRing → Ring , . - -

• 2
"

: set't→Set • C : topoP-cringyetsf.nl/-1R
✗ 2✗ X CK) Yf

fly
↳ it

"
t ↓ ↳ T T

27 Y CH ) 4-



An izmorp.hr# in a cat C is fix-yeck.gl for whichJ-giy-xs.tvget = idx , f-g-_ idy .

Thy If F : c→D or F : cot→D is a functor
,
and 4 is an isomorphism ,

then FY is an isomorphism .

id
tf
-

F (✗µjᵗ ) = # F%*>Fy
Fx→ Fx FY

idx
idF×

core exempts
◦ IN

, unique m→n iff mln ; Fib : IN→ IN

◦ Fundamental groupoid§ • Cobordism/ tangle cats



IN (mn) = {
* mln

∅ mtn

Fib : IN → IN Fibo = 0
,
Fib

,

= 1
, Fibn+, = Fibre

+ Fiba ,
n i→ Fibn

↓~
indeed

,
n Im ⇒ Fibre / Firkin

↓m
→ Fibm

( Fib

→ ⇔ :*. i. ✗ + """"
gcdcm.nl

= gal / Fibm , F.bnµ
= path htpy classes
of paths in ✗ from p
to
q



Note Every morphism in IT
,
✗ is an isomorphism

inverse of (f) is [ f- ]

IT
, ✗ (pp) = it

,
(×

>p )


