
trop If r : ✗→ A is a retraction
,

then Kp EA , ka /* it, /A ,p)→q(Xp )
is injective and r* :*, (Ap ) → ×

,
/A,p ) is surjective .

Ff
✗ " 'T Hip ) €

,
-

a → A
induces

it
,
(A) p)_ Tilt,p) .

idea id

Coy A retract of a simply conn 'd space is simply conn 'd
.

(A a retract of ×
,
it

, (Ap ) = a ⇒ ELA, p) = e . )

F# it
, IS

'

,
1) = -4 ⇒ R2 - {of is not simply conn 'd ⇒ Bio ¥ R2

.

Eg . S
'
✗ { 11 is a retract of b-2--51×5 ' v.ua/z.w ) ↳ Ez , 1) .

Thus 11-2 is not simply conn'd and not ± 5h .

7.XI
.
22

IT,(podu Write pi :X ,
✗ " - ✗ Xn → X ; for i-th projection .

Given basepoints ✗i c- ✗ i , get (pi )*
:
it
, ( X,

× - - - ✗ Xn , (× , . . ,xn ) ) → IT
,
Hi
,
x;)

.



By th universal property of products , we get
P : it, (X ,

× -" ✗Xn
,
Cx , , . . . , xn)) → IT it

,
( Xi , × , )

i = 7

(f) ↳ Gp , 1. If ] , . . . , Lpn/* If ] ) .

Prep P is an iso of groups .

Ff since each Cp ;)
*
is a homomorphism ,

P is a homomorphism .
• For snrjeetivity , choose If ;) c- IT

,
/ Xi

,
×;) for Kien

.

Define f : I → ✗
,
✗ " - ✗ Xn Since fi =p if , we get

sniff ,G) , . . . , fnls)) -

Pff ] = ( Ef , ] , . . -

,
Hn ] ) .

• For infectivity , suppose Plf] = ( tox , ] , . . .
,
[ cxn ] ) .

Choon

htpies Hi : fin cxi .

Then It = ( Hi
,
_

,
Hn ) if ~ (ex

, , . . . ,×n,
]

.



Homotopy equivalence (AH maps cts unless explicitly not)
HomerPhi : ✗ f- Y

* ii.
✗⇒ y

Homotopy 7" "

× f- y

¥7 181M is

✗¥ ,
i.n. Jg : y-sxs.t.gf-idx.by ≈ idy .

When a htpy equivalence f :X-17 exists
,
write f:X - Y and

all X
, Y homestay equivalent .



Prof ≈ is an equivalence relation on tha class of topological spaces .

Defy A d€on retraction is a retraction r :X→A (so ring ida)
such that ear

≈ id× .

Call A a dsEon retract of ✗ .

In this case , r :X-- A :

% .

Unpacking : 3- htpy It :X✗ I→ ✗ et .

Algo) - x Kxex

Hlx, 1) c-A tx c-✗

Hla
, 1) = a ta c- A ( if Hca, t) -- a fast, 1-EI , have a

strong Irfan retract )

Tgi For n> I
,
s
""

is a strong deformation retract of Rn -0 and of
B-" -0

.
Indeed

,
take Hlx,t) = ( 1-e) ✗ 1- t ¥ , .



E
# 8 and ⊖ are both strong deformation retracts of :

4

↓ 1 \
,

t ✓

E
→

→ ¥¥- ¥; +
FitXp 5

Thus 8 ≈ ⊖
.

Thy If 4 :X ⇒
,
then 9 * : it, IX. p ) ± it, 14,44 ))

44 = id× is not enough to know 4941 = idxlp ) =p .

↓

Lemme suppose 4,4 : ✗→ Y
,
H :Yet

.

Fix p
c- ✗ and let h : I→ Y

t↳ Hlpst)
(a path from Kp ) to Hp) ) , and let 5th :*, (Y , Ylp )) ⇒ it

,
/4,44 ))

If] ↳ [ tillf) 1h]
.



Than the following diagram commutes ≥

↳
417,441)

Flap) ↓ 0th
*

*
, (4,441)

.

B- Take It ] c- * , /Xp ) .
WTS 4. 1-f) = # ( 9. If 1) , in . tf ~ tifff) ' h

which is the case iffh.Yf~lff.tn . Consider

F : I ✗ I → Y
G.t) ↳ Hlfls] , t )

and apply the square lemma :

"¥÷
'

⇒ ¥.
a:B;

"

I✗I
✗✗ I

-



Pfofthm Suppose 4 :X = Y :X
. Consider En

Lemma

FIX ,pl%→ * , 14,44.tn#-YFpF---y,pH1ycp))))
'

Éh

since 4.% is an in , Y* is injective and 4* is surjective
similarly , Yik is an iso

,
so % is injective. Thus ¥ is an iso

,
whence

% = (4*1
_ '
◦ Eh is a composite of isos , hence iso .

Lapping Cylinders
Gina fix → Y

,
define cyllf ) :=Yy(✗✗ ± ) for y

:××o→↑ʰ☆
@Ñi=ql Xxl) (x, 01 wifey

"

./ ✗✗I \ ( Cjtf) Note Ñ=X , 4=-1 .

↓@ y

→

:=q(YI



Prep If f : ✗
≈ 7 ,

then Ñ and I are deformation retracts of Cykfl .
Thus two spaces are htpy equiv iff they are deformation retracts of
a common space ,

PI Read 7.46 .


