
= [g)G.) 1kHz]

=Ég⇔ -1%7 )
.

Since Ég is inverse to Ég , it's an isomorphism .

4.☒v22
Circle Representative
- . _

A loop f : I→ ✗ is the same thing as É :S '
→ ✗

0,1→ p exp Exit)~f(t )
"

I ↳
p17 Support is a loop band at p with

circle rap ↑ .
Then TFAE

(a) fncp f
(c) s

'
✗

(b) É ≈ const f ✓¥
"

D2



PI (a) ⇒ Cbl : Take Hifncp .

Then 1-✗I H→Ñ respects vertical
map's identifications

quotient map
-↓

.

-¥
by closed SKI

map lemma

Thun it :F=cp
.

(b) ⇒ (c) : suppose H :S
'
--I → ✗ is a htpyblwf and a constant

map
k :S' →×

.
Then

six± ±✗- respects
vertical quotient map'sidentifications .

-

↓↳
'€

≤ as
.

.

-

' II and Hits , = ↑ .

(c) ⇒ (a) : Assume F extends to F :D
'
→ ✗

.
Since D

'

is convex
,

have the straight line htpy H :c,

≈ w for w : I→ s
'

=D
'

1-↳ explainit) .



Now Hl2lIxI )) ≤ s '
,
so FH : I✗I → ✗ satisfies :

f

↳ ,
+↳ Flt :c

,
- f.

p

Cos ( Square lemma ) If F : I+I → ✗ is a efs way ,
then

Ff
,
o) . FCI

,
- ) ~ Flo, -) - Ff

, 1) .

• s ◦ %§F( 1
, -1^ n

É
Flo,-)•

a > o

Fl-so )

1¥ Previous prop
+ f-g

⇔ f- g-
- const .



Ticino )

Defy call a space
✗ simply connected when it is path connected and

×
,
(Ap ) is trivial for some (and hence all) pe ✗ .

Then For n≥ 2 , S
"

is simply connected.
-
_

Choose a base point p ≠ N
= Co, . .-i.1) e5 . If f: I→ SnPf Sketch

is a pa¥E based at p not passing through N, then f is a loop
in S

"
' IN / ≤ R

"

and thus is null - htpia (via
, e.g , , straight line htpy) .

If f does pass through N,
"

nudge
"

it so it (a) is ~f and (b) doesnt

pass through N .
Proceed as before .

The "

nudging
"

is delicate ! Use Lebesgue number lemma to guarantee
↓
you can do it

. ( pp .

194-195 )



ITfdds )
Thin The fundamental group of a manifold is countable .
rsketch

TE M
a mfld

,
U a countable corer of M by coordinate balls .

For each UM ' EM
,
Unu

' has countably many components .
Choose a point in each such component (as U,well vary ) and let
It denote the countable set of such points .
For UEU and ×

,
✗
' EK-s.li . ×

,
✗
'
C- U
,
choose a path h,¥ , i ✗ →×

'
in U .

Choose some p
c-H as base point . Call a loop

g.based at
p :S when it is a finite product ""

"

of paths of the form h×% .

Since U ✗ *
"

is countable
,

it suffices to u
'

show that every loop based at p



is pafh htpic to
a special path .

By the Lebesgue number lemma (open corners of compact metric spaces have a

Le_besgʰe number : 8>0 at . wary sit v1 diameter
< 8 is in some hell )

,

can produce ne7 sit. f [ ¥
,
kn ] is a subset of some UGU for each

k

I ≤ Ken
.

lit the = f /
[¥

,
¥ )

and note f- fi . - - fn .

Now choose gh as in the picture :

"

00
k¥ ) f-(k )



Set fi : --

gu ,
' ta - gi .

Then f - fi " - fi ble gaga cancel .

Furthermore
, fin huh% , ,

× ,

⇒ fn special path .

T.io/-unctorPr-opIf f. - f
,

i I → X and Y :X→ 4 is cts
,
then Yfo - Yf

,
,

As such , 9 induces a well-defined map % : it
,
(Kp ) → it

,
14
, Kp))

(f)↳ [Yf ]
.

Irop For
any

cts 4
,
% is a group homomorphism .

If we have 4. (A) Ig) ) = % If -g) = ftp. (f-g) ] .

But

Yo (f. g) = (Yo f) • (Yog) on the nose !



Pdp eat If ✗ I y +→Z are cts
,

then (44)*=%9*
.

(b) ( id
*

= id-nix.pl .

If (a) the)
*
If] = [ HY) f) = [ tlyf ) ] = 4*191-1=4*(9*47)

lb) (id) * If ] i [ id ✗ f) = If ]
.

Cos If 9 :X Y
,
then % : a

,
/Kp) ⇒ it, 17,441)

.

If check that % and (F)
*
are inverses

.

5
' ↳ Ñ induces 2 → e on it

, .

1-
For AEX

,

Defy a map r :X
- A is a retraction if rla = ida (or equivalently ,

ria
= ida ] . If 3- retraction ✗→A

,
call A a retract of X .

E-g.IR
"
10 → 5^-1 is a retraction .

✗- Éu



trop If r : ✗→ A is a retraction
,

then Kp EA , ka /* it, /A ,p)→q(Xp )
is injective and r* :*, (Ap ) → ×

,
/A,p ) is surjective .

Ff
✗ " 'T Hip ) €

,
-

a → A
induces

it
,
(A) p)_ Tilt,p) .

idea id

Coy A retract of a simply conn 'd space is simply conn 'd
.

(A a retract of ×
,
it

, (Ap ) = a ⇒ ELA, p) = e . )

F# it
, IS

'

,
1) = -4 ⇒ R2 - {of is not simply conn 'd ⇒ Bio ¥ R2

.

Eg . S
'
✗ { 11 is a retract of b-2--51×5 ' v.ua/z.w ) ↳ Ez , 1) .

Thus 11-2 is not simply conn'd and not ± 5h .

7.XI
.
22

IT,(podu Write pi :X ,
✗ " - ✗ Xn → X ; for i-th projection .

Given basepoints ✗i c- ✗ i , get (pi )*
:
it
, ( X,

× - - - ✗ Xn , (× , . . ,xn ) ) → IT
,
Hi
,
x;)

.


