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Homotopy f-

Let I-to.it
.
Given its maps ✗¥7 , a hockey XF Y

g
from f b g

(also written It:f⇒g or A :f≈g )
is a function It : ✗ ✗ I → 7 s.li

.

✗ ✗ {°} f-
n ↓ commutes

cts ✗ ✗ I ¥ Y
↑

✗ ✗ { I} &

i.e. Hlx
,
07=1-1×7 , HK, 1) =glx) .

◦
◦ ◦ { It is a

"

movie
"

starting at
f-0 with f

, ending at b-=L

Pcp = is an equivalence relation wrthg .

on Top IX. 4) : =/ Fey ✗ If cts } .
1¥ Reflexive : Hlx, t) - f-(x) It



Symmetric : Given H:f⇒g , define H-cx.tt/--Hlx,1-t ) .

then :g⇒f .

f

Transitive : Given ✗ y define Agt) " { Fait)
◦≤ t≤ ÷

Glx,2t- 1) { ≤+≤ I
h

in
. Ég .

Then It :f⇒h
.

O
'
Iz I

to Flo

Prep If ✗F↓YFZ then goto-g.fi .

f, g ,

If Define Heat) =G(Flat) > t ) .

Then H( ↳01=611--2401,0 )
= 61%1×1,0)
= golfo (x) )

and similarly Hex,D= (x) ) so H : g. f. ⇒ g.fi .



E.gg For fig : IR→A gown by fix) = (x, xD , glx) = (×, ×) , §;¥=
wn have Hlx

,
t) = ( x, ×' - tx

"
+ tx) a htpy from f to g. kostrntl ,

sin (2*4)

Ey. For f.
g
:X → A ≤Rn convex

,
we have the straight line-=fkt)

htpy Hlx.tl = ( l- t) 1-1×1 + tglx) from 1- to g.
◦≤ 1-≤ 1

For A e- ✗ y call It :f⇒g stationary or A- when Hlx
,
t ) = fix)

g

V-✗ c- A
,
1- e- I

.

Then call f.g homo_☆pie relative to A-
.

Note ftp. = Hl- , 1) /
a
= gla so f.

g agree on A in this case .

The Fundamental Groep- -

Idea : Use loops to detect
"

holes
"

.

Recall that a path in ✗ it acts function f : I→ ✗
.



Gnu paths f.g in ×
,

a path homotopy from f tog is It:f⇒ g

stationary on 10,1 } i •

•
or
fly = H fly

g lo] =gl ] )

f-
Call f path hometown to

g
and write f-

g.

Prep Path homotopy is an equivalence ruin on paths from
p to

q
in ✗

.

A- Check that previous constructions respect endpoints.

• Write [f) for the path class of f : I→× , i.e . the equiv class of f-
up to path htpy equiv .

• Write Rasp ) for t.o-ops.in ✗ band at p i. e. paths from p to
p .

rlxipX-g@hg.GferlX.p )



•

cp
: I→ ✗ is the constant toop at p
t- p

• A null -homo topic loop if fncp .

- -
-
-

hung Any raparametrittation of a path f- is pafhnhtpie to f.
-

Y : I→ I
,
✗(01--0,411)=1 (e.g , Pls )

= s2
,

f-9 : I → ✗ is a ruparametrization .

1-9 : 1-↳Flt ) )

% Take It:IxI → I thr straight line htpy from id±to 9 .

Cs
, t) ↳ ( l - t) s + t Pls)

Then fit if nfp
.

i.a .
f-Also) = fls) , f-Hls, 1) = fhs)
1-11-20, t ) =f(two) ) -4201, fltlbt) - f-4) .

Define it
,
IX. p ) : = RCX.pk and endow it with the following

binary operation :

Given f :p ↳q , g
: qmsr , define f.g. : I→ ✗

- s↳ { fast
◦≤s≤÷

path in ✗ tromp to
q gas - 1) {≤ s≤ I



Since f-4) =q=gH , f.g :p ~> .

Pry Given fonf
, :p →q , gong , :[↳ r , we

have

figonf , -

g , :p Mr .

If F: font, , G :

gong , ,
define

H : I ✗ I→✗

cs.tl → { Fast)
◦ ≤ s≤ I

>
◦≤ t≤ I phgq#rG(2s - I , t) %≤s≤ 1

,

◦≤ t≤ I
f
, 9 ,

i.e.

It =p Fg G r

Then H : to -

go
~ -1

,

>

g. .

to go
" ⑧

Given f.g compostable paths, define [f) ' by] : = [f-g) .



In particular , • is a binary operation on it , / X, p ) :

.it
,
(Ap ) ✗ F. (Ap ) → Till, , )
( If]

, 1g] )→ If] -1g] = If -g]

Ciam This makes ×
,
( X
, p
) a group !

Identity : Icp ]
Inverse : If]

"
= [ f- ] where f- (t) - fil - t ) É

p
Thing For f :p → q , g :q→r, turns paths in X ,

(a) Eep] . If] = If] = (f) leg]

(b) (f) . If ] = Icp] , [ f- IFF] = Icq]
(c) If] - ( (g) Eh] ) = (If] - Igt ) - Eh] .
Coe (ti , IX. p ) ,

• ) is a group land IT
,
X : = Top / Is# is a

"

groupoid
"

)
.



◦≤ 1-≤¥
If ¥ Thing (a) a t i.e.reparanutritnbYYtH@Pztteipshowsf-cp.f

.

Similar for fnfcq .

f
e

f f-(b) s ,
i.e .

u

• ;¥¥→;¥→→
p

5=0 5=4 5- { s= } 5=1

'

p
→
t so f. f- nap . Swapping the roles off, -5 and

nesting É -- f
, get F. f - e, as well

.

f g h
(f-g) -h i •

(e)

• A

f. (gh) f g
h



Note choices in how to multiply loops lead to the theory of
AN = E

,

-

spaces , operands, r - -
.

Thy Suppose ✗ is path connected, p >qᵗX , g :p ↳ q .

Then

Ég : it
,
IX
, p ) → it, LX,q) is an isomorphism w/ inverse Ég .

It ] ↳ Fg] (f) (g)
Stoyan conjugate to change ban points .

If First note §
,

is well defined : •→ •→ •

qq F p g

so Eglf) c- it, IX.g) .

Next Eg is conjugation by Eg] hence a group homomorphism :

slept

Égtfi) ÉgH.] = 1g ] If ,]lg¥lf, ] Ig]



= [g)G.) 1kHz]
= Ég⇔ -1%7 )

.

Since Ég is inverse to Ig , it's an i.☒morphism .


