
° Call a polygonal presentation a surface presentation if each
"I -22

symbol in 5 appears exactly tune in Wii ._ , Wh . By the prop ,

IP / is a compact surface in this case .

◦ If ✗ ± IP /
,
call P a presentation ofI.

• If 1PM = 1%1
,
write P, =P, and call P, ,B kpo-logiza.ly equivalent

Pry the following elementary transformations of polygonal presentations-
-

produce topologically equivalent presentations : l convention : eats I

• Relabeling :

e.g.
(a. b) aba" b " ) ↳ {be / beb-

'

e
" )

• Subdividing : replace every a with ae , a
" with e-la

" %↳ eÉ
""er" { • consolidating: if a,b always appear as ab or b-

'

a

"

, replace each
ab with a

,
b- ' a-

' with a
"

.



• Reflecting ? Is / ai.am , Wz , . ., Wh) ↳ {stain . - - ai
'

,
We
,
. . -

, Wa )
• Rotating ? {Sta,ai . - am , Wu ,→ Wa )↳ (5) air- anna , , We> in , Wh )
• Cutting : {S / W,Wa , W}, -→ Wh ) → He / Wie , e-

'Wv
, Ws, . . . ,hk )

inverses { • pasting : reverse cutting
• Folding : He / Hee

"

,
Wz

, ⇒
Wa ) ↳ Is / W , ,W, . . . , Wa )

¢
" )
"
"

inverses { • unfolding : reverse folding
PI Subdividing : Glue :&, to a. ¥ instead of a ¥ to Ira

.

✓

Reflecting : €¥a ↳ # ✓

d¥rb

Rotating: €¥a → # ✓
+¥



cutting :

w
,

we -w^ ✓

*wing ? → ¥:#
→

a;¥ -1¥ ✓

Pry let Mi , M , be surfaces admitting presentations 5s, / W, ) , 8214)

resp . ,
with sins -_∅

.

Then µ , ,
5
, / W ,Wa) / ≈ M ,

#Me
.

Pt ( S , , a , b. a / W , c- ' b-
'

a
"

,
abe) ± (5,1W , ) via paste, fold , fold :

fu%¥ ¥4↳"[
'

- regular coordinate
disk in Mi .

(see p . 172)



Then /( si , a. b. a / W , c- ' b-
'

a
" ) / ± MiB ,

similarly, Ksa , a. b> a / abchh) / ± MiB ,
tray word ball

Thus µ 51,5 , a,b,e / W ,
c-

' b-
'

a
"

,
abc Wr ) / E M ,

#Mr

By paste , fold , fold ,

ishis presentation is ≈ (5,52 / W ,We> .

Egg • /( a. b , e , d ,/ ab a-
' b- ' ed c-'d- ' )/ ± Ha , blaba- ' b- ' µ# Had / cdc_ 'd- 'H

E A-
2

# 11-2 (see 21 . I.22 lecture) .

• More generally, ④¥
"
± / (ai, bi , . . . , an , but [a, , b. 7. " ' [an >

bn] ) /
"

standard

presentat;§, for [ai , bi ] = ai bi ai
'

bi
' the "

commutator
"

of a; , bi .



( ( RP)
#^
= / {a, , . .. , an/ a. ai - - anan> I / a€)na / IRPZ

Classifiedon

This Every compact surface admits a polygonal presentation .
This follows from the triangularbitty of compact 2-mflds, a herd thm .

Then (Classification of compact surfaces , Part I ] Every nonempty compact
connected 2-mfld is homeomorphic to one of the following :

(a) 52
,
(b) (11-2) #" for some n≥ 1

,

(c) (RF)#n for some n≥ 1
.

Presently , we can't tell whether some of the surfaces in this list1-

might coincide (up to hnomeo )
.

We'll need it
,
& the Seifert van Kampen

theorem to prove they are in fact distinct !



Lemme
-

The Klein bottle K =/ {a. blab ab
" ) / ≈ RF#RN .

Pf an sb { a ,b / abab
" ) I /a,b , c / abc , c- 'ab

" ) (cut )

bv

"

>a
± { a,b, c / bea ,

a-
' ab ) (rotate, reflect )

I ± { be / bbcc ) (paste , rotate )
.

b
L re -b

n ra an nb →
standard presentation

{ { b
>
"

of RP
'
# RIP

"

Lenning 11-2# R.BZ ± (112*2)*3

Pf First note P := {a.ba/abab-
'
cc ) is a presentation of K#KÑ .

By the previous
lemma
,
IP/ ± (RP)

# 3

.

Now show IP / _=Ñ*RP2 :



bn { & as sd

a
,

<
d % ↳ bv or no ✓a ↳ bv

g
ra

s >

To d b d
' ' b

↓
a

5 a% sd s

IT
'

#RB
≥

5
dL Vd

eu Va M evrbvb ✓
a

2 I

hpstht If we have an RÑ in a connect sum decomposition 41K¥ ,Ñ,K
then

every summand becomes KPZ !

Note M # S' EM
.

E.What is

"

Humanoid of compact surfaces upto =
under # ? (Assuming Part E.)



connected

pfofclassifieationt Assume M is arconpactmfld equipped w/ a

No±Ñgnspresentation P ./by the lemama) . Call a pair of edges in steps are
Implementing if labeled a, a-' ; twisted if a, a .

cumulative .

staple M admits a presentation with exactly one face :
• For induction

,
assume true when P has n faces for some n≥ l

.

If P has ntl faces
,
connectedness of 14 implies (ntl)- th face shares an

edge with one of the other faces . Paste to get a presentation
w/ n faces

,

then use the induction hypothesis . ✓

steps Either"14=-5 or
"'
admits a presentation with no adjacent

complementary pairs :

• Eliminate adjacent pairs by folding .
Thor terminates in Lbl or

{alaa" ) which realizes to 52
.

✓



steps M admits a presentation in which all twisted pairs are adjacent :
• If a twisted pair as a is not adjacent , rotate to Vatra with

V
,
W nonempty words .

Transform via

ur✓M ra bn
→

✓¥7bn → i nb

WE inA
wing to

>b

into VW
"

bb
.

This decreases nonadjacent pairs Ctu isted and

complementary by at least one , so after finitely many
steps all pairs are adjacent .

Use step 2 to eliminate adjacent
complementary pairs .

✓


