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• ①P2 := ÉY%× ≥ ICP
'

as points / Ex :p :o) / ( ×,g) c- -101 /

IN - IP ' = / [ × :y : I] / (×, g) c- 62} ± ①2=-1124 = (e4)
°

Chateuge Prom EÑ= eiueuye
"
and that EP" has a CW structure

with one cell in each even dimn 2k
,
0≤2k ≤Zn

.



TEs of EW corny lexis

If X
,
Y are CW complexes with characteristic maps §,

: if → × ,

Ip : epi → Y
,

then ein ✗ epi is an Cmtn]-cell and we have a
map

§
,
✗ Ip : e? xenp → ✗ ✗ Y

.

These are not necessarily
la, b) ↳ (Esta)

, #(bl)
the characteristic maps of a CW structure on ✗

✗ Y !

Given a space X ,
write Xc for the compactly gen 'd topology on ✗

with UEX
, open iff Un KEK open it KEX compact . ( Potentially finer . )

Thm_ OI
,

✗ Ep are characteristic
maps for a

CW structure on (✗ ✗4)
.

.

If either X or Y is ( locally) compact , then (✗ ✗ 4)
<

= ✗✗ 4
; also

true when both X
,
Y have countably many cells .



Classification of Emf tds
- . _

TIM Every compact connected 1-mfld is = s
'

; every
non- compact

connected 1-mfld is ± B-
.

or

will
prover this via regular CW decompositions .

The Eary 1-mfld admits a regular CW decomposition .
A- Let M be a 1-mfld .

Then it has a countable cover Keil by regular
ic-N

coordinate balls
.

Here Ui ± B
'
= Co, 1)

,
Eli ⇐ BT = 1-0,1]

.

hit Mn = Teo u.nu In ⇒ M - U Mn .

NEIN

±! Construct a finite regular cell decamp 'n En of Mn sit . Mm , is a subcomplex
of Mn .

Once we do this : E = U En has pairwise disjoint cells with union M .



For
any

✗ c- M
,
Fns.t

.
✗c- Un ≤Mn , whence calls of E' En are disjoint

from Mn ⇒ Un a nbhd of × intersecting no cells of E except those in En .

Thus E is locally finite ⇒ CW
.

✓

It remains to construct En : let % =/ 1- cell Uo , two 2 0-cells of it. /
This is a regular cell decamp 'm of Mo = ño .

Fix n≥ and assume (for strong induction ) that for i -o, n,n we've built Ei .

Construct a finite regular cell decamp C of Ten
+,
± to, if by

taking 0 - cells = 0- cells of En in Una together with 2Ñn+ , ;
1-cells =

intervening open intervals .

Mn e

÷-•umÉ=
Claim Each cell in C is either contained in a cell of En or is disjoint from

all cells of En
.



Indeed
, if e is a 1- cell in En Srt . one -1-0 for some 1-cell ce C

,

then on I = Cne
.

Since e EM open ,
TEM closed

, get one doper in c .

Since c connected
,
one =c ⇒ c ≤e

.

✓

Take Ent , = union of En w/ calls in C not contained in any
cells of En

.

This works ?

Lemme For M a 1-mfld w/regular CW decamp
'

n
,
the 8 of every

1-cell

has exactly two 0 - cells , and every 0 - cell of M bounds exactly two 1-cells .

↑PI Read 5.26 . /
i {v1 has >2 conn 'd components , but

v has a nbhd ER £

Pfofttm Endow 1-mftd M with a 1-dim regular CW decamp . By lemma,
M is a graph in which each edge has 2 vxs and every

vx has dog 2 .

Thus we can ( inductively) build vx
, edge bi - infinite sequences



( it iez , (g)jez sit .
vj;ej•vj-j• Fj c-Z .

For me -6
,
let Fn : In-1in] Em and glue to get F :B→ M

.

n- I - un- i

n→ Vn

Cased All vxs un are distinct . Then einen ≠∅ if men- I,n,ntl

⇒ F injective . Ben compact ⇒ BE finite sabcomplex ⇒ F-
"

Be E-c.c]

so compact . Thus F- is proper, so in F is closed .
Since M conn'd

,

affixes to show im F
open . Have Yn = tunes

,
open

and F( In-1
,
NH)) = Yn , so im F = UYN so MEIR

.

n

case ✓j=Vj+h (chosen so that k is the smallestsuch positive integer) .
Sit É = Fly ,j&h] . Check É is a quotient map .

But the only identification is Élj) = Éljth)
.



This is the same identification as the quotient map
G : Tj , jth ] → s

'

t ↳ exp faith]
' ↳ by uniqueness of quotients,

MES
'

.

Cos A conn 'd 1-mfld w/ 21--0 is ± to
, 1) if compact, to, a) if not .

I let M be such amfld and DCMI its double :

2M → M ( E.g. , D 10,1]
± s

'

,
Dfo, a) ER .

)

t '
-

↓
M→DIM)

Since DIM) is a 1-mfld
,
it is E S

'

or R
, and M is = proper conn 'd

subspace of DIM) . If DCM) ⇐ s
'

,
choose pt DIM) 'M to get

M ↳ DIM) - Ip } ER ,
so in both cases M is ± conn'd subset of 112

containing > I pt , which is thus an interval .
Closed bdd interval ⇒ ME [0,1 ]

.

Ow Ea
, b)

,
la
,b)
,
la, a) , C- • , a] - all ± Co

, a) .


