
21 . II.22
GI new Empties
A Epee NIH is a space I ⇐ B

"

.

e°=B2
Lee writes

A cl-osedn-a-H.is a space e ± Ñs"
e.± B-

2 ↓ e and e-
.

Fast (Prop 5. 1) Any compact convex subspace of R
"

is a closed week
.

T
Eg. A solid icosahedron line segment joining any two pts in the

is a closed 3- cell
.

set is contained in the set .

€3s
✓ ×

Say that Y is constructed from ✗ by aH⇒ng mutts when it is of the
form 11 Jen Y→ ✗

✗et 4- It Attaching 2-cells to a cylinder :
↓ ↓
iii. →

.

→✗ c-A

! , y



Given a family of subspaces B with union X , call the topology of ✗
but withB- when U ≤✗ open

⇔ UNB ≤ B openV-BEB.E.ggCompactly generated spaces
✗ are coherent with { * ≤✗ 1K compact} .

Dnfn_ A cell cornyhe is a H'ff space ✗ and subspaces ✗◦ ≤×, EXE
" . ≤ ×

such that (1) Xo is discrete

(2) Xn is formed from Xn - , by attaching n - cells :

Hoek ±✗I "attaching✗ c-A *

↓ map
"

↓

¥ !" % → xn . % , y ¥,:|
% → ×

.

✗ c-A "characteristic map
"

(Note : A- = ∅ allowed ! ) of era

call ✗
n
the n.sk#ton of ✗ . If ✗ = xn for some 9¥:#Hip embedding

finite dimensional and the smallest n such that ✗ = Xn is the dnofX .



E.gg • A 1-dimensional cell complex is a graph
-

i. ÷.
.

÷; → a
£ •

• A 1-dim't call complex with ✗• ⇐ * is a bouquet of circles V5
'

☒
113?

ñsi F• s:#÷
""

÷;I ↓
FBI it BY → 5 B?

gives a presentation of s
"

as an n-dimensional cell complex
withzn-ceks-andlln-4-cell.TL inductively .
The cells are regular because their characteristic maps are embeddings.



• We can also build 5
"

from one 0-cell +
one n- cell i

Sn
- 1
→ *

f
'

↓
☒ → B-% . . . ± sn

÷.
'
→

•

1

It regular

• Any convex polyhedron presents 5
"
as a cell complex with

#faces 2- cells
,
#edges 1-cells

,

# ✓* ° - cells _

¥
Defy A cell complex is a C_W cozy leg when

(c) the closure of each cell is contained in a union of finitely many cells .Asen
(W ) the topology is coherent with the family of closed cells .

C = closure finiteness
,
W =

"

weak topology
"



Above examples are CW
, and C is automatic in our presentation .

If ✗ is finite -dimensional , W is automatic
,
if it's infinite dimensional

,

it admits a unique W topology , possibly finer than its given topology .

Text defines ceil de⇒siti→ of ✗ as a partition E- of a space ✗
1- into open cell subspaces ei admitting characteristic maps TB" →¥ ×

sit
. I / uzn is a homeo onto e° and maps 2115" is" ' into the

union of cells of lower dimn . Props 5.18 +5.20 show this is equivalent .

E¥ The infinite dimensional sphere : Recall S
"

presented as two n- cells attached

to Sn
"

.

Don't stop → so
.

↳pins
.

-



EW co-mple.es are nice
5. 11 path conn'd⇔ conn'd ⇔

1-skeleton conn'd ⇔ Sonne

n-skeleton conn 'd finitely many cells
5. 12 closure of each cell ≤ finite subwmptex union of cells

containing the
J.lt . C. Whitened (1904-1960)

5. 13 A ≤ ✗ discrete⇔ Are finite for all closure of and his pigeach cellcells e

5. 14 A ≤ ✗ compact ⇔ A closed & ≤ finit snub complex
5. IS ✗ compact ⇔ finite

522 paracompact
5.23 countably many cells + locally Euclidean ⇒ manifold
5.24 for CW mflds

,
CW dimn = mflddimn .



TIS ✗
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.
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Fix t÷¥¥¥÷¥¥→F÷É .:*.
a

↓

surprise : backside of paper
↓

Ke÷ Exercise Draw a ,b, get on
the diagram


