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Part-time of unity
If U = ( Usn)✗ ←a

is an indexed open cover of ✗ , a partition of unity
subordinate to U
- - -

is a family of functions % :X →R ,
✗ *A

s.t.ci) ◦≤ % (p) ≤ I V-ac-A.pe ✗
¥

(ii) app Ya
≤ Ua

Ciii) ( supp ✗a) • et is locally finite
Civ) [ % Lp ) = 1 for all

p
c- ✗

.

✗c- A

Note By Liii)
,
the sum in (or) is finite for each p

c- ✗
.

Lenya ✗ paracompact H
'Ff
,
U = (Us)

• ≤a
indexed open corner of ✗

then U admits a locally finite open refinement V = (b)• c-a
indexed

by the same set s.li . The U, fineA.
.
.
. { strengthened paracompactnesscondition



PI Read 4.84 . (4)
✗ c-A

"

Then ( existence of partitions of unity) let*be paracompact H'ff . If U is

any
indexed

open cover of X ,

then 7 partition of unity subordinate toll .

¥ Apply the lemma twice to get locally finite open corers V -_ (b)*A ,
W = (Wa), c-A St . WI ≤ V2 ,

VI ≤ Ua
.

For each ✗ c-A
,
let fa : ✗→ to> I]

be a bump function for Ñ supported in Va .

Define

f : ✗ → R

p
- [ Fdp) .

✗c-A

since supp ta ≤ Va ,
( supp b)✗ea is locally finitn ; thus each

point of ✗ has a nbhd on which only fin many fa are nonzero, so
f- is cts. Since Iwa }• ←a corers ×

,
f is positive everywhere .

Thus we may define % (p) forG)/ g-(p) to get the



desired partition of unity .

Thin (embeddability of compact mfbls ) Every compact mfld is homeomorphic
to a subset of some Euclidean space .

B. Suppose M is a compact nrmfld covered by open U , , .
_

, Uh ± Rn
;

say Yi : Ui
⇒ Rn

.

Let (4) be a partition of unity subordinate

to this cover and define Fi : M →Rn

x -µ:(×) Yik ✗ c-Ui

0 ✗ EM' supp Yi ,
cts by gluing lemma .

Set Fi M → Rⁿʰ+k TPS-nk.tk for 14=112102 or 52

✗↳ ( F, lx), v. , Fklx), 4 ,
4)
,
. . .
, 4kW )

F is cts
,
so by CML suffice to

prove
F is injective :

suppose f-G) = Fly) . Since [Him =L , Fiat . Xi (x)>0 ⇒ ✗c-U; .

Since 1--2×1 = Fly 1
, ye Ui as well .

Thus Filx) = Fig) , whence



Yi (x) =pily) , so ✗ = y since % i Ui ± Rn .

(Whitney : M embeds in 1122hm
.

)

Thug Suppose M is a mfld , 13 EM closed
.

Then F at, f :M → to, a)

at . f-
'

{01=13
.

If a)For M=R"
,
distance to B function ulxl = int { Ix- yl / ye Bf works .

'4 Forgon't M,
let M = (Us)

✗ e-A be a cover of M by opens ≤ 1Rⁿ , and
lit Ha be a subordinate partition of unity . By (1) , have cts

u
,
: U, → to, a) with uj

' /of = Bn U2
.

Define

f : M→ 112

✗ → [ 4×1×1 ualx)
✗ E A#

-

0 outside app %This works
.



Cos (manifolds are perfectly normal ) Mamfld , A,B EM disjoint
closed

.

Then F f : M→ [0,1] ets sot . f-
'

/ I} =A, f-
' {of = B.

PE Have u,v
: M → to, a) with a-

' {of -- A , u -1101=13 .
Then

1-1×1 =
Uk) + v64

works
.

Peper maps. .
◦
. { When youwant

to use CML but the
domain isn't compact

◦ A function F :X→ Y is proper when V-KEY compact,
F- '
KEX is compact .

° A sequence (
✗ it in ✗ diverges to I. when REX compact

almost every ✗i ¢ K -

o ◦ ◦ { (×;) escapes every compact
lamina suppose ✗ is first countable H'ff

.

A sequence in ✗ diverges to • if
it has no convergent subsequence .



PI (⇒) suppose (✗ it has a con subsiq Gig ) → × .

Then

K = { xij /je ING
u {×} is compact and (✗ it doesn't escape it so

kit does not diverge too .

(⇐ ) suppose ki) hes zo conn subseq .
If K ≤✗ compact contains •ly

many × ; , then F subway Cxij ) in K .
But K iseq compact .

Prof suppose F :X→ Y is proper .
Then F takes

every seg diverging
to • in ✗ to a

sequence diverging to • in Y
.

Suppose (✗ it → • in ✗ and suppose for
that (Fti ) ) to

rcompaot
in Y

.
Then 3- KEY containing • ly many values Flxi) , whence

F- ' k contains • ly many × ; .
Since F is proper, F-

'

k is compact, .

Identifying proper mete If any of the following hold, than acts
map
Fi ✗→ Y is

proper
:



(a) ✗ compact, 4 H'ff
.

(b) ✗ 2ⁿᵈ countable H'Ff
,
F takes all lxi ) → N to (Flxi)) → •

(c) F is closed with compact fibers

(d) F is an embedding with closed image
(e) Y is H 'Ff and F- has its left inverse

Add>Ay , if F is
proper

and A ≤ ✗ is saturated Wrt F
,
then ftp.iA-FA

is proper .
TAFF - '

13 for some Bey

Pfd Y H'ff
,
G : Y→ ✗ cts sit

.

Got = idx ./Take KEY compact . Since 4 is AFF, K is
closed

,
so F-

'k ≤ ✗ is closed
.

But for ✗ & F-
'
K
,
G (Fla)) = ×
a ÷¥¥×GK

Thus F- '

k €6K is cloud ≤ compact ⇒ F-
'
k compact

Other proofs : read 4.93 .



A space X isco_mpae_tlygenerated_wheni@IfAEXs.t
.
ItKEX compact , Ank closed , then A is closed

.

Equiv : (open)
(open )

Ff
lemmas First countable spaces and locally compact spaces are compactly gon'd .

Pf Space X , A ≤✗ satisfying the hypothesis of ☒ . Suppose ✗ c- Ñ . WIT ✗ e-A
.

(a) ✗ first countable. Read

(b) ✗ locally compact#¥ake KEX compact containing a nbhd U of × .

If V is a nbhd of × , then ✗ c- A- ⇒ Vnu contains a pt of A ,
so V contains a pt of Arak .

Thus ✗ c- ATK
.

sinceA^k≤Kc↳HK≤×⇐_÷ ×

get An Rs ≤✗ closed ⇒ ✗ c- Ank EA
.

By⑧, Ark closed ⇒ x EAn K ≤A ☐



Thy (proper cts maps are dosed) suppose ✗ is any space , Y is a

compactly gen'd HiFi space , and F :X→ Y is a
proper

cts map .

Then F is closed
.

PL let AEX be closed
.

We show FA closed by showing that tank
is closed FREY compact . If K ≤Y compact, then F'K is compact,
and An F-

'

k is closed ≤ compact so compact . Thus
F(An F

"

K) is compact
= FAN K

Since K.ir/tFf,FAnk is closed in K .

Lor ✗ space , Y compactly Gen'd H'ff
,
then an embedding F:X-24 is

proper iff FX EY closed .

surj⇒ quotientCoy For F :X → Y
'

proper cts, Y cg.lt
'FF
, ing ⇒ embedding
bij ⇒ homeomorphism .


