
17. I _ 22

Thin For X compact tiff and q :X→ Y a quotient map , TFAE :

(a) Y is Hlff

(b) q is a closed map
(c) R = { (×, g) c-✗ ✗✗ / q 64 eqly) } ≤ ✗✗X is closed

.

PI (a) ⇒ (b) by CML , (a) ⇒ (c) already observed .
(b) ⇒ (a) : ftp.1 Fibers of q are compact: For yo-7 Fx c-✗ at . qCÑ=y .

Since {×} ≤✗ is closed and q is closed, q{✗{ = {y} is closed .

Since
q is cts

, q
"

{y} ≤ ✗ is closed in ✗ compact ⇒ compact. ✓

step 2- Y is H'ff : For y¥y, EY, we can separate the compact fibers

g-
'

{ y! , g-
" { yd ≤ ✗ with disjoint open sets UµUz ≤ ✗ .

Define

Wi :-c {gey I g-
' {y}

≤ Ui }
,
i
--42

.

By construction, yi e Wi and W,
n w
,
=∅

. Finally , Wi =Y%%É÷%÷ . ✓
>



(c) ⇒ (a) : Assume R closed
. Step1 Fibers of q are compact :

For ye Y , ✗ EX - g-
' ly } , let × , be a point in q

"

ly} . Since R closed

and (×
, ,
× ) c- ✗ ✗X -R

,

3- product nbhd U
,
✗Ur ≤ ✗✗X of K . ,x ) disjoint

fromR . Chain : U2 is a nbhd of × disjoint from g-
' {yf .

Indeed
,

✗ze Uzn g-
'

ly/ ⇒ (×
, , xz ) c-RA LU ,

✗Uz) =∅ .

✓

Thus X- q
"

ly} open ⇒ g-
'

ly/ closed ≤ compact ⇒ qYy/ compact. ✓

step≥ Y is H'ff : Fix y, ≠y,
c- Y

.
As before, F disjoint opens

Ui ≥ g-Yyi 4 , and we can dyfim
W; :-. {gey I g-

' {y}
≤ Ui }

,
in-42

.

Suffices to show Wi open .

Since
q
is a quotient map, Wi is open iff

g-
'

Wi open iff ✗ ' q"W; closed . By construction ,
X - q

" Wi = /✗EX / 3-✗ ' c-✗ill;s.t.gl/l--qlxJ/---.(RnlXxlXiui)))



\
proj

'

n onto first factor
we have it

,
closed by the CML

,
and Rn (✗ ✗ ( ✗it;)) is closed

by hypothesis . Thus X- g-
'

Wi
,
is closed

.

✓

Closures of coordinate balls might not be homeomorphic to B-"
.

( E.
g. S

"
' {pt} =-D

" with closure S
"

or Ñ ± B
" with closure Ñ

.
)

call a coordinate ball BEM rigueur when 3- nbhd B' of B- and
homie Y :B'→Br , (x) ≤Ñ taking B to Brlx) and B- to BTK)

for some r' >r> 0 and ✗ ERM
.

Lemme Let M be an n-mfld
,
B
' EM a coordinate ball

,
P:B

'
→Brix)

c-K2
"

a homeomorphism .
Then to<r -r '

,
P
"

Brlx) is a regular
coordinate ball .



Prep Every mfld has a countable basis of regular coordinate balls .

Pf-Read4.60.✓

Local co-mpactm-pa-aompact-mss.ir partitions _

ofunity
( tooo ft view )

locally compact Hausdorff - topological replacement for complete metric spaces
Paracompact - local finiteness condition permitting the development f- . . _
Partitions of unity - tool for blending locally defined cts maps into

a global one .

--

call ✗ toady empact when Hp € X J K ≤ ✗ compact containing a nbhd of p .

I



Ca " A c- ✗ pre-contact in ✗ if A- is compact.

Pyp For X HFf
,
TFAE

(a) × is locally compact,
(b) Every pt of ✗ has a pre compact nbhd,
(c) ✗ has a basis of paracompact opens .

PI (c) ⇒ (b) ⇒ (a) : ✓

(a)⇒ (c) : suffices to show that each point ✗ c-✗ has a nbhd basis of

precompact open subsets . (cheek : Union of nbhd bases our ✗ c- * is a basis
. )

let REX be compact containing a nbhd U of × .

Then V× { VEX ↓ V is

a nbhd of × contained in UG is a nbhd basis of x . WTS all ✓ c-Vx

are pnecompact . Since ✗ H'ff
,
K is closed . For V E V

,

v eu e k ⇒ T ≤ Ñ = K ⇒ T is compact.

Note Every mfld (w/or w/o 2) is locally compact AFF b/c it has a
basis of regular coordinate (half-) balls .



Baire Category Thin Suppose ✗ is locally compact H'Ff ar a complete-

metric space . Then every countable collection of dense open subsets of ✗
has a dense intersection

.

PE Reading .

✓
real polynomials in 2 variables

Application for f c- R↳y] , (f) : = { G.g) c- 11221 Hey] = of is

nowhere dense in 112 ( closure has dense complement ) . So

1- nonzero

UH) : = R
'
- (f) is dense in Ñ

.
Consider Uq : = / Ulf) / f-c- QQ> y ) }

By Bairn , N U(f) ≤ R2 is dense $
.

rather coeffs .

U(f) Ella nonzero

I.e. F dense set of pts in A satisfying no_Vrational polynomial .

Para-wnnpactne.SI (
"

para
"

=

"

alongside
"

in this case )
• it ≤ 2x is locally finite when ttxex Fnbhd U of × intersecting
finitely many of the sets in it .



• Given a cover it of ✗
,
a cover

B of X is a reticent of it
when KABEB 3- AEM-s.to BE A . iÉBf

• A space ✗ is paracompact when every open cover of ✗ admits a locally
finite open refinement .

Not compact ≤ paracompact b4 finite subcovers are locally finite
open refinements .

Good show that nflds are paracompact .
Tod A sequence ( ki ) ii.µ of compact subsets of ✗ is an exhaustion of¥

by compact sets when ✗ = U Ki and Ki ≤ Kite Hit IN .

ie IN

Prep A second countable locally compact H'ff space admits an exhaustion
by compact sets .

¥ Take { Ui lie µ a countable basis of paracompact opens . It suffices
to construct ( Kj) je µ

with each Kj compact ratifying Uj ≤Kj ≤ Kin .



Recursive construction : set Ko = Ño
.

Now assume we have constructed

Ko
, . .,
kn that work

.
Since knee 7 knew it . Kn E thou - u - u Uku .

is compact
Define Knn := It ☐

u - - - u Ñkn .

Then Kn+ , is compact with interior

containing Kn . If we also take ten>ntl
,

then Una ≤ Knin , completing
the construction

.

Thin Every 2ⁿᵈ countable locally compact H'tf space (so every mfld
w/ or woo 2) is paracompact .

F- Suppose X is 2ⁿᵈ countable to- opt H'ff and U is an open cover. of ✗ .

Let (Kj) jew be an exhaustion of ✗ by compact sets . For each j,
let Aj := Kj + i ' k,

? and Wj := Kjizikj - , (where Kj
=∅ forj <0 ) .

Then A
;
≤ Wj

ampa,
_

.

For each ✗ c- Aj , choose Ux c-U containing × and set
-

Vx Uxnwj .

Think / ✗ c-Aj } is an open cover of Aj whichopen



- W
,

has a finite subcover since Aj is compact.

through IN is an open cover of ✗\ refining µ . since µ. nwj , =,∅ •ng
for j

- 2≤ j
'
≤j+2 ,

this corner is locally

"""" a.%..

Neural spaces

Normal : in . HA
,
B ≤ ✗ disjoint closed, 3- disjoint open UN ≤X

u ✓ with A ≤ U , BEV

The Every paracompact tiff space is normal
.

PI Read 4.81 .



Thin fury sohn's lemma ) Disjoint closed subsets of normal spaces can be
separated by cts functions , i.e. , if ✗ is normal and A

,
B ≤ ✗ are disjoint

and closed
,

then F cts f :X→ 10,1 ] sit . A ≤ f-
'

{Of
,
B ≤ f- ' { 14

.

• Pavel Urysohnw~
1898 - 1924~⇔É

For each r c- Oh
,
we construct Ur ≤ ✗ open at .

(it Ur =∅ for r - O
,
Ur = ✗ for r> 1

,

Iii) Uo ≥ A
,

Ciii) U
,
= X -B

,
and

Civ) if p<q , then ñp ≤ Uq



I
•
Define U

,

= ✗'B and use Ii) to define Ur for r ¢ [0,1] n 0h .

By normality , we may further choose a nbhd Uo of A srt. Ñ. ≤ U , ,

choose (ri ) ie a

sequence enumerating 19 1) nR
. By normality,

we

may
choose Ur

.

≤ ✗ s.t.to ≤ Ur
,
, U-r.EU , .

For induction
,

suppose
that for it 0, -→n we have open Up at. Ño ≤ Uri , UI. ≤ U,

and ri < rj
⇒ Ñ
,
≤ Ury. .

Define

p
=
Max { ✗ C-{0,7, no, rn , I/ / ✗ < run } ,

q=
min / ✗ c- {0, ro, . . . > rn, I} / ×> rnti } .

By the induction hypothesis, Ñp ≤ Uq .
Now use normality to

choose Urn
,

≤ ✗ open sit . Ñp ≤ Urn
, ,

, Ñrn
,

≤ Uq .

This completes
the inductive construction !

II. Define f :X→ 10,1] by flx) : = inf { r ER / ✗ c- Ur } . By 1*1 , f is
well-defined

.
By lil , Iii) , A ≤ f-

'

{ 0}
,

and by lil , Liii ), B ≤ f- ' { I} .



Remains to show f- is cts
,
suffices to show f- ' Carol , f-

'

C- *
,
a) open

that 112
. Note f-Lx) <a ⇔ xellr for some rational r<a (✓ )

⑧ { flx) ≤ a ⇔ xeilr for all rational r>a (need to

prove)
Indeed , suppose flx) ≤ a. Irf re Qn la, a) , then Fs c-Ohn to, r )
sit . xt Us ≤ Ur ≤ Ñr .

For the converse , suppose xettr-VREQnla.ae) .
For se Qn la, *) , choose re Qn (as ) . By hypothesis , ✗ c- Ñr ≤ Us

,

so flx)≤ £
.

Since this holds f seQn (a. a)
,
we have flx)≤a.

By ⑧ , f-
"
C- *
,
a) = U Ur
r E Ohn to, a)

f-
'

( a. a) = ✗ \ Muir
reQn (a

,a)

which are both open , so f is cts .



Given f : ✗→ R cts
,
the Lippert off is

supp f : = {xeX|fH = FIRTH)
.

For AEX closed
.

U a nbhd of A
,

a cts fn f :X→ to, I ] at .

A ≤ f-
'

{ I} and supp f ≤U is called a temp fucken for A supported in H.
1

Cos ( bump functions exist ) ✗ normal , A ≤ ✗ closed
,
U nbhd of A ,

then 3- a bump fn for A supported in U -

E Apply Urysohn 's lemma with B = Xiu .


