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co-mpactn-ssctopologizing.tw Extreme Value Theorem )
A space is coinpact if every open over has a finite subcover.
Egg • Every finite space

° Trivial topologies
• Discrete spaces iff finite
• Closed & bounded subspaces of IR

"

(more later . . . )

Nanp Imp Suppose ✗ i
→✗ E X

,
an arbitrary top space . Then

A- = { x; lie ING u {× / is compact .

If suppose U is an open cover of A .
Then FUEU *t . ✗ c- U

.
Since ×

,
→×
,

✗Ntl
,
✗Ntz, _ . _

E U
all but finitely many ✗i E U , say☒#É.

Choose % . ._

,
Unwell

containing xo,-→ xn .

Thin { U ; / i -0, ... > NG u {Uf is a finite suborner of U
.

THI If f : ✗→ Y is cts and ✗ is compact, then f-✗ is compact.



I suppose U is a cover of FX by open subsets of Y. Then f-
'

U : =/ f-' U / how}
is an open

cover of ✗ . By compactness of ×, f-
'
U has an open subcorer

I f- ' Uo
,
. . .,
f- 'Unf

.

Thus /Uo , . . . , UN} form a finite sub cover of U .

Cos If X is compact and f:X 7
, then 7 is compact.

Two lemmata :

separation Lennie ✗ Hausdorff
,
AB e-✗ disjoint compact subspaces

⇒ FU ,
VEX open, disjoint sit. A ≤ U, BEV.

Pf First suppose D= {q} .

For each pet take
Up d-

p , Vp 3-q disjoint nbhds .
Since A is

××-| •meet ' FP " _ ' Pk ←✗ "£ " P" ">% } •• A '

Set UI = Up , u
- -- - u Upa , = Vp, n

' " ^✓
pie

V1÷¥:¥÷÷!÷÷:÷÷÷:÷÷÷ a E
open , disjoint ✓.



Now take arbitrary As B ≤ × compact , disjoint . By the above argument,
V-qc-BJ-lkq.IQ e- ✗ disjoint open s.li

.
A c- Ulq , qe Hq . Since B compact,

Fq, , . . ., 9m c- B sit
.
{ Hq, , . ._ , qm } cover B. Set Uli Ulq , n " - n Ulqm ,

= Hq , U " - uqm .
Then work

.

☐

tube Lemme ✗ a space ,
Y compact . If ✗ c-✗ and U ≤ ✗✗ Y open containing

1×1×7
,
then 3- nbhd V of x sit . UH ≤ U

.

i.PI For each ye Y 7 Vyxwy ≤ ✗
✗ Y nbhd

of (×,y) inside U . By compactness of Y , Fyi , . . _,yzc-Ys.t.ly
,

✗ Wy ,) u
• - u ( Vyu ✗Wya ) lover 1×1×4 .

Sit ✓= Vy , n . . - nvy, ; the V4 .



P-roper-h.ie of contact spaces
(a) closed ≤ compact is compact
(b) compact ≤ H'ff is closed
(c) compact ≤ metric is bounded
(d) finite products of compact spaces are compact
(e) quotients of compact spaces are compact .

If Read 4.36 .

Rink (d) is true for infinite products as well : Tychonoff 's Theorem (1930/1935)
.

Compact subspaces of IR :

This Every closed bounded interval in IR
is compact .

Andrey Tikhonov
1948:

¥ µ. ya
,
, , ≤☒ ↳ man an intense .] m.gna.ae,w,1906 - 1993

let U cover [a. b) by opens in IR .

topology , functional
set

× : = {✗ e ca, b] µ [a. ×] is covered by
finitely many set, .fm} Make

math-phys ,
geophysics



and c- sup ✗ .
WTS cab

.

\ check ✗ nonempty, bold above so c exists .

Take ce Ug
€ U

.

Since Uo open , Fe
>0 s.lt

.

(e - e
,
c] ≤ Uo .

Since ⇐ sup X , Fx c-✗ st. c- e < × < c .
Thus FU , , . . _, Uz c-U covering [a, × ],

whence [a
,
a] E U ,

u " - u Uk u Uo
. Suppose for cab

. Because Uo

open Fx >c s . t.la
,
×] E U

,
u - u Uav Uo , contradicting c-- sup X .

Heine -Boel Thin KERN is compact iff it is closed and bounded .

If (⇒ ) (b) + G) of properties (so tru for any metric space ) .

(⇐ ) suppose KEIR
" closed

,
bold : KE E- 12,12]

"

for some 12>0 .

Have E-R
,
R] compact by previous thin , so E-BR]

"

compact by (d) .
Now K is a closed subspace of a compact space, hence compact by Cal .



Thy ( topological EVT ) ✗ compact , f :X→ IR ets implies f is bounded

and attains its Max & min values .

PI By THM , f-✗ ≤ R is compact , hence closed and bounded so contains its

inf & sap .

TPE What is the image of a compact connected space ✗ under acts

map f : ✗→ R ? A- closed interval
,
1×1
, ∅

Told

sequential & limit point coypu:tness_ (précis )

call a space ✗ limit point comfort when every infinite subspaceof ✗ has a limit point ink

Egu¥aky Empoet every sequence in✗ has a convergent subsequence
Facts • Compact ⇒ limit point compact

◦ first countable H'ff + limit point compact⇒ sequentially compact
◦ (metric or second countable + seq compact ⇒ compact



So for metric or second wuaÑ¥¥Ées Gq . subspaces of manifolds /
all three notions of compactness are equivalent !
Corollaries :

Bolzano - Weierstrass Thin Bounded sequences
in 112
" have ionvergent

- -

subsequence .

Then ✗ c- Rn w/ Euclidean metric is complete iff it is closed in IR?

the Every compact metric space is complete .

Agde At the cost of extra abstraction , Kiffin lreplacing sequences)
make this story (and the

"

HFf ⇒ sequences
have ! limits

"

story ) nicer .
See ch . 3 of Topology : A Categorical Approach .

Closed map
lemma (easy!simple ! powerful ? ) For F: compact → tiff cts- -
-

(a) F is closed

(b) F Serj ⇒ F quotient
(c) F ing ⇒ F top embedding
(d) F bij ⇒ F homeomorphism



PI fix F : ✗→ Y cts
. If A ≤✗ closed

,

then A is compact, so

u 'mpact
\ H'ff

FA is compact , so FA is closed
.

We've already noted the other

properties for closed maps.

t.g.ci ) w : Ion)
"

→ T
"

is a quotient map .

✗↳ exp l2ñix)

(2) The composite S
" Rn

"
- {of → RB

"

is a quotient map
go :S

"
→ RP

"

by the closed map lemma . We have

qi (
x) = qily ) ⇔ x=±y , so RIP

"
E SH - x .

Since quotients
of compact spaces are compact , IRP

"

is compact
(3) By CML , a cts arj map q : B-" → 5 injective on Bn

and taking S
"_ '

to apt ⇒ B-Tsm , Isn
.


