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subspace top• subgroups of topological gps
•

any group
with the discrete topology

§ ( IR
,
+ ) and (Rdi

"

,
t ) arm isomorphic as groups but not

astopologicalgroups.ccondensedmathrmat.is?)-
,

Refn A spam X is ftp.n-ogiea-lyho-mogeneoc when FayeX
F homie 9 :X- with %-) =

g.
.
.

◦ {✗ looks the same

<
from

every point
Prep Topological groups are homogeneous .
¥ For gear , define Lg : G→ G .

h↳ gh
Sine mis ets

.
so is Lg , it has

at inverse t.gl so each Lg is a homes
.

For g,g
' EG

,

Lg.g- i is
a homie v1 t.gg_ , (g)

= (
g.
'

g- 1)g
-

g
'

.



Gasp actions

For G a topological gp , ✗ a space , we are interested in

cortices groep actions G ✗ ✗ → ✗

Cg, -4↳ g.×

at
.

e. ✗ = × V-✗ c- ×
, g.

( tix ) = (gh) - x tg , LEG , ✗EX
.

(This is a left action ; can also talk about right actions . )
Imp Continuous actions act by homeomorphisms :

V-gc-G.gr. :X⇒ ✗
✗ → gix

'

If g-
'
' is a cts two -sided inverse .

victors
orbit space with quotient

E# ◦ GLNCR) EIR
"

transitively on topology
• pic 112^-10} with (112^404)# ≤ IRP

""

TR- { of / ×. ✗ = (Xx , , -→ kin)
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"

cxy.us/-n)+ZMt(exp(2-ix,),...,exp(2-iXn1)-iConn-tkuss
Ctopologsizing the Intermediate Value Thin )

A space
✗ is disconcerted when ✗ = UUV for UN ≤✗ open , nonempty, disjoint

otherwise ✗ is connected . QQ
Prof ✗ is connected iff X,∅ are

the only doper subsets of ✗→closed and
open

¥ (⇒ ) suppose ✗ conn'd
,
U ≤✗ dopers . Then ✓= KU is also

clopen and ✗ = UUV
.

Thus one of U, ✓ =X , the other is∅ .

(⇐ I suppose ✗ is disconnected and ✗= UUV witnesses this . Then
both U

, V are also closed (b/c compliments V, U arm open )
and neither is empty so neither is X

.



Prep suppose ✗ is connected .
Then

every
cts

map
to a discrete space

is constant
.

E- Nothing to prove if ✗ =∅ . Suppose X -48, Y discrete , f:X→ Y at .

Choose ✗ C- ✗ and let c-_ f-(x)
.

Since {4 ≤ Y is chopin ,
f-

'

/ a} ≤ ✗ is clopen ⇒ f- ' 14 = ✗
.

TGI ◦ R- {of = C- • , o) u ( 0> a) is disconnected →-

• ≤ # is disconnected :

Q2 = Kay) c-Qi / ✗<is } u / ix.g) c-Q
" l ×>H

.

• Directly proving connectedness of , say , R or S
'

or . . .

- harder
.

THI If f :X→ Y is cts and ✗ is conn 'd , then FX is conn 'd .

PI Whoa
, assume f surjective .

For proof by contrapositive , suppose Y
disconn'd

,
witnessed by Y = UUV

.

Then f-
'

U
,
f- ' ✓ disconnect ✗ .



Cos connectedness is a topological property (preserved by homeo ) .

See 4.9 for properties of connected spaces .
Connected subsets of IR :

JER is an interval it 151>1 and tab ⇐J if a< < < b for some d-R
,

then c. c-J
.

Fact J is ofthe form [a.b), la, b) , [ a. b) , la, b ], C-N , b] , C-• , b) , Evo), loyal ,
or too , a)

.

Prof A nonempty subset of R is conn 'd iff it's a singleton or an interval .
PI singletons ✓ so assume J has at least two pts .
(⇐ ) If J is not conn 'd

,
then 7 U

,
VER open with UNJ, VNJ

disconnecting J. WLOG
,
at UnJ

,
be VNJ

,
a <b

.

Since J is an

interval
,
Ea
, b) ≤J. ÉPick e >0 st . [a.at e) EunJ



and ( b - e
,
b ] ≤ VNJ

.

Set c-- sup (Un task ] ) .
Then ate ≤ c. ≤ b - e ⇒ a<cab

⇒ CE JE UUV
.

If cell, then 78>0 s.t.cc-8, c. +8) ≤ U ☒

If c c- V
,

then 78>0 at . (c-8, a- 8) ≤ V , disjoint from U

Thus J is conn'd .

⇔ ) If J is not an interval
,
then 3- a. b c-J and a < c- b with HJ

.

The sets C- 0
,
c) NJ and Lc

, &) NJ disconnect J .

Then ( IVT) If ✗ is conn 'd
,
fix→Rats

, p.ge×, then

f attains every
value btw Hp) and flqt .

tf f✗ is connected and hence an interval
.

Application ( dimension nil of the Brouwer fixed point theorem )
Every cts function f : 1-1,1] → f- 1,1 ] has a fixed point ( ✗ at . flx) : x ) .



I Assume for f has no fixed pt . Then we can form acts fn

g.
: 1,11 → { It }
x mi x-f

'
£ⁿᵈ A- 1) > -1

, g
C- 1) = -1

.

Since flit < 1
, gli) = 1 .

1×-1-1×11
since E- 1,1] is conn 'd and thus

g. must be constant !

Path connectedness ×

A path in ✗ is a cts function 8:10, I]→ X
; *i

Wu say
8 is a path in ✗ from 8101 to 814

.

✗ is path connected when ftp.qc-XF path 8 in ✗ from p to
q .

See 4.13 For basic properties .
Thin If ✗ is path connected, then ✗ is connected

.



path
Pf Suppose X conn 'd and f :X→ 10> If is cts

. /WTS f is constant . )
F'✗ Xo c-✗ and for each ✗ C-✗ choose a path 8:19 1)→ ✗ from ✗ to xo

.

We have [0,1] ✗ and since 10,1] is conn'd , ft is constant .

☒ tf
10,1}

Thus f-G) = f No) = f-811) i flxo) so f is constant
.

E.gg Path conn 'd (hence conn'd ) spaces :

• Rn

• Convex and star convex subsets of R"
• Rn - {Of for n≥2
• S

"

for n≥ I
• T

"

E# Set To = 10/ ✗ E-1,1] ER
'

Tt = / lx, sontYx)) / ✗ c- 10,24 )} ≤



The topologists sinecure is 1-= To u T+

IN
T is conn'd but not path conn 'd

.

Cemponints & path iomponents
A uenpomnt of ✗ is a maximal nonempty conn 'd subset of ✗
I wrt ≤

Prep The components of X form a partition of × .

See 4.20 for properties .
A path iomponent of ✗ is a maximal nonempty path conned subset ofX .

See 4.21 for properties .



Write % X for the set of path components of ✗

When are components & path components the same ?

A- When X is loudly path conked .

/ \ admits a basis of path- conn 'd open subsets
we can also talk about locally corked spaces in . thou admitting a basis
of conn 'd open subsets .

Facts ◦ Every mfld (w/ or w/o 2) is locally path conn'd .

◦ locally path conned ⇒ locally conn 'd .

◦ Locally path conn 'd ⇒ path components = components
(so conn 'd iff path conn'd )


