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ciil The lurked ) serpents of ✗ is

[ ✗ i= ✗ ✗ 10,1 ]/can -Cx :o)
×

(×, 1) ~ (× ', 1)

(e) Set RP
"
:= / 1-dim't linear subspaces of R

"" / and define

q
: R
""
-{of → RP

"

q
:X→5

× i→ spank} = { Xx / hERG . Endor 5 v1

Give IRP
" tha quotient topology wrtq . quotient top rel to q:

n ,
upper hemisphere hes iff g-

'UEX
of S2 open

≤ Ñ%or ✗ c-3115=5 '
,RF ± É_•%÷/avg.ol~txiy.io)• ✗ are -×



(f) For X , Y =/∅ , the join of *> Y is
-

✗* y : =
✗ " Y × [91]/(×, y , , 0) ~ ( x, ya , 0 )

(× ,
, y , 1)

- ( ✗ z , y, 1)

TPI Ii ) Draw 10,171 * 10,1 ]

Iii) What is ✗ * {pt} ?

'iiil what is ✗ * so ?
\ [ ×

CX ✗ ✗ Ipt} ✗ to, 1)

To do : • For ✗ Hausdorff/a mfld , when is ✗In H'ff/amfld ? ¥
• Universal property of quotients .
• Recognizing quotient maps .
• Gluing
• Topological groups , group actions



Prof locally Euclidean quotients of second countable spaces

arm second countable .

PI consider q
:P→ M a quotient map . Cover M by1
2ⁿᵈcountable↳ a Euclidean

coordinate balls toget U .

Then { q^U / UEUI is an open
cover of P ⇒ it has a countable sub cover . Lit well
be countable v1 {g-

'Ul UEU'} covering P
.
Then U ' is a

countable corner of M by coordinate balls . Each ball is
2ⁿᵈ countable

,

so M is second countable
.

Pry If ✗
→ XIN is an open map , then ✗In is HFF iffX

is closed
~ :{↳g) I

P£ Read 3.57.3.58 .
xny}



PIP For f:X→ Y cts and open or
closed

(a) f ing ⇒ embedding
(b) f sarj ⇒ quotient
(c) f bij ⇒ homero

.

(Read pp . 69-71 ]

③ Thong Suppose q
: ✗→ Y is a quotient map . Then for any

space 2- and fn f. Y→ 2-
,
f is cts iff fog is cts :

✗ 9- y

Éff
Z .

The quotient top on Y is the only topology satisfying this condition .

⇒ f.gets always implies fq cts .



E) If fq cts, then tu ≤ 2-
open , (fqj'll = g-

' ( f- ' U ) open .

By defn of quotient top , this implies f-
'

U EY open , so f cts
.

Iuniqueness ) Dualize the uniqueness proof for the subspace top -
c quotient

Cee × → y

;§
A cts map É making the diagram
commute exists iff 1- is cts and

constant on the fibers of q .

T
EH

i.e. qtr)=q(× ') ⇒ f-(x) = f-(d)
.

Eg . Acts function on 112 descends to Rtx = s
'

iff it is 1-periodic .

Thin The corollary is a universal property for quotient spans specifying
Y up to homeomorphism .



TI What are the hypothesis on the above thin for ✗I. 7
'

st
.

7 ! homeo jÉi ?
A- q , q

' have the same fibers
¥ Y

'

Puskas/ Adjunction {paces /Gluing
☒ How do we reconstruct ✗v4 from ✗

,
7
,
and ✗NY ?

✗"

☒ -> Or "

f f

✗G-G)xuy



Generalize to A -84 ( 1- = "

prashant
" )

f /
'
_

u µ
✗→ ✗way

i = ✗ ☐%a) ngca)

- or ✗¥gY
inclusion into ✗14 followed by quotient

The A 8- 4
i.e. if the outer square commutes, then

f- ↓
"

f) 3! ✗way → 7 making the triangles commuter .

✗

z
This specifies ✗¥ Y up to (appropriately unique)
homeomorphism .

Speed case A ≤✗ and f : A→ Y cts
.

A
€ 4

f.
'
-

↓
✗ → ✗¥7E✗

→☐
✗¥4



Extra special case M
,
N n-dimensional mflds w/ boundary ,

h : 2M ⇒ 2N
.

Then My N is an n-manifold w/o boundary .

→

latv.AH-a.ECS
" ' e- ×

M N MIN f ↓

☒ → ✗ y Bi(Read 3.79 for details . ) -

✗w/ an n- cell

attached by 9
topological greys
Groups have multiplication mice ✗ G→ G and inversion i :G → G functions

.

If G is a space and m
,
i continuous

,
then call a a topological groep. .

Eg .

• (IR
,
+ )
,

CE
,
t )

• ( 112" = IR- {°} ,
• )

,

( ,

- )



• GLnlkt.GG#GlnCR)EMnxnCR)--lR
"

subspace top• subgroups of topological gps
•

any group
with the discrete topology

§ ( IR
,
+ ) and (Rdi

"

,
t ) arm isomorphic as groups but not

as topological groups .

( condensed mathematics ? )

Refn A spam X is ftp.n-ogiea-lyho-mogeneoc when FayeX
F homie 9 :X- Y with %-) =g.

.
.

◦ {✗ looks the same

<
from

every point
Prep Topological groups are homogeneous .
¥ For gear , define Lg : G→ G .

h↳ gh
Sine mis ets

.
so is Lg , it has

at inverse t.gl so each Lg is a homes
.

For g,g
' EG

,

Lg.g- i is
a homie v1 t.gg_ , (g)

= (
g.
'

g- 1)g
-

g
'

.


