
1- (f) : = { (× , ftp./xc-UtgEUx1Rk
is a manifold homeomorphic to U fvia projection )

⇒

g
^¥ Infectivity of it =

"

vertical line test
"

PIY-a.x.I.TL?topohgpsh.ubexxyham?#--2
① The product topology on ✗ ✗ Y is th topology generated
by the basis B = { uxv / U ≤ ✗ & VEY open }

vii×✓ heal Exw check that N is a basis !



5 open sets in ✗ ✗Y are unions of F
-

T

t-,"

product open sits ! 1-
- t
-s 1

I 1

Eg. The product topology on 1122=112×112 1-
-- -

-1

equals the Euclidean topology on Ri :

1-
- - - --

,

y
-
- - -

\

i.
.

&

② The product topology is the coarsest topology on ✗ ✗ Y at
.

both

projection maps
✗ ✗ Y are cts

.

¥ ¥;
-T¥T

-

✗
- t.in#--

③ thin Given cts maps
✗F-2-% F ! ats map (f.g.) iz → ✗✗ Y

s -t
.
*
✗
◦ (f.g) =f , 7 • Had % " \

exists unique



I.e. Z Moreover
,

if ✗← w Fy Y satisfiesPx
• FE ¥ £ then there is a

✗¥ ¥4 . ¥;Ñjy unique homeomorphism
s.lt.

✗ xy ÉW

If The function (f. g) : 2-→X#4
"
✗ t ¥⇒§Py

2-→ lflzl
, glz)) ×

commutes
.

makes the diagram commute
.
If
_

*
✗
(
gig) = fcz) & Ky G.g) -212-7 , then
× = ftt) & y =glH ,

so this is the only such function . For continuity , it suffices to

check It
, g)

_ '

( UN) open for UEX, VEY open .

= f- ' U n g-
' v ✓

Uniqueness : moral exc/reading .



Stege (continuous ) functions into a product are determined by
their (continuous) coordinate functions .

Haru for f : 2-→ ×
,
× . . - * ✗

n ,
fi : = Tiiof is the i-th word fn

.

2-- (f)HI
,
. . -

, fn (7)

(see pp . 61-63 for more
"

productive
"

facts . )

TI Is the product of manifolds M
,
N a manifold ? Of what dimn ?

Cp -g) c- MxN fell ±Rd qe VERE UN c- MXN

Éqg\±1RdxR=Rᵈ+e

Tg_t the 1- torus is T
"

:= S '
× - - - ✗ S '

= ⇐ ' In
.

-
n factors

Note that The 1124
,
but we can still visualize it :



• >> .

/ ¥7
"

t:-. . ± ①
"

i =

- >> .

See 3.22 & 3.36 for an explicit homeomorphism .

Infinite products
The product topology on IT ✗

✗
has basis

✗ c- A

B : = { IT Ua /
th EA

, Ua ≤Xa is open ,/xea almost
every Ua

= ✗
a

T
all but finitely many



This satisfies the cornet universal property
Z
'

it ! Ifa)
✗ e-A

↳¥:* .
✓

✗
a

Eopr⇔s ( disjoint unions )
Given an indexed family {✗

a /a c-A / of sets/spaces ,
Xa '

- = { ↳ a) / ✗ c- A
,
✗ c- ✗

a } .

A

✗ EA a

-4
£0 ✗

↳

g- cut ×
}For p EA , have xp

: Xp → 1) ✗a
.

2- v0✗z✗ E-A
✗ ↳ Cx, p)

' -①×
,



① The coprodnict topology on HE has
open sets U c- thx,

LEA LEA

s.li
.

Un ✗
a
C- ✗
a open Ha EA .

I.e. U = Hua for Us ≤ Xx open .LEA

① This is the finest topology on It ✗a s.t.hn is cts theA .

I
③ Thin ↑z ! f i.e. if theA. f

,
:X
,
→ Y is cts

,
then

ttx f. ✗
a

3 ! cts f ? IX, → 7 at .

✗ c-A LEA

% tk=f, fatA.
✗
a.

this property characterizes 1×2 .

✗ C-A

Quotients
Recall that for ✗ a set

,
an aguirre relation ~ on ✗ is a

reflexive ( × - x )
, symmetric ( x-y ⇒ ynx ) , transitive (×-y - 2-⇒ ✗it)

relation .



We will write [x] :( ×] = { ye ✗ I g- x / for the ~ - equivalence class
of ✗ c- ✗

.

The ~ - equivalence classes partition ✗ and

✗f : = { n -equivalence classes / = { [×] / ✗EX/ .

We have a surjection q :X
→ Xfv

,

and g-
'{1×7}=1×3 .

✗↳ [×]

Every surjective Fn q : ✗→5 gives rise to an equivalence
relation - on ×

,

where xny ⇔ q A)
=

qcy) .

|
+ʰ" "&" " %"""jq✗

s → ✗≈
s 1-

q
" Is}for

T.ES



So
,
for a space ✗ and surjective function q:X→5 , what

topology should we put on S ?

① The quotient topology on S has open
set UES at

. g-
' U

is open in ✗
.

③ This is the finest topology on 5 sit . q
is cts

.

8¥ (a)
q

: 10,1] → [91]/◦ ~ , TI Visualize
~

I 1×7 / 0≤✗ < { }
.shorthand for

" the equivalence relation | Is this open ingenerated by 0-1
"

[◦it/on ,
?

1€. -4s An



>>

(b) T2 ± [97%0,2] - 4.g) =
^ ^

(x, 0) - Kx, 1)
→

(c) For ×
,g.
ER
, define xnz iff ✗ - y

c- Z
.

Then 1124 =R/z
is a circle ! R ]f•3

••2"" " " ≤✗ """ ""
"* "% " ""← | • I

write ✗A := ✗% .

This is ✗ with r•0
o ← 1

"

A collapsed to a point .
"

•

1( it The come on ✗ is

s
' •cÉ:= ✗ * [°'t ]/✗ ✗ {of

✗
0 →

1%1×1%1]
→

ex


