
B- of E) Let B be a countable basis of ✗ and U an open cover of × .
Define B ' : = { B c-B / Bell for some U e U }

,
its countable .

For BEB
/
,
choose Up c- Us .t.BE Ups .

Then M ' = / Up / BED '} ≤ U
is countable

.

WTS N
'

covers ✗
.

For ✗ C-✗
,
know ✗ E Uo for some Uo c- U . Since B

is a basis
,
FB c- B sit . ✗ c-BE Uo

.

Thus BE B ' and Up E U
' with

✗ E B E Ug ,

Thos shows U' is a cover.

Manifolds A space M is locally Fudan of dimericon a when
any°fthrfoHowingeguwalentoonditionsholds:£€°"-#

•

every pt of M has a nbhd in M homeomorphic to an open subset of Ñ
•-

n-open ball in Ri
•
-

n- Rn
.



An e -dimmed topological manifold is a

◦ second countable
◦ Hausdorff space that is

◦ locally Euclidean of dimension n .

E¥ Rn
, open subsets of manifolds , ⊕ ,

Ion -≤g , { ix.g) €1K / ✗g- 0 } ~not too Eue here

/ lay , 7) c-R
' / xtty = 2-4



At " = = { (×, , . ._ , xn ) c- 112
" / ✗n≥Of is the n-dimensional

⇒peha-lfs.pe .

My
""

An a-direst manifold with boundary is a second countable

Hausdorff space in which every pt has a nbhd ± R
"

or IH
"

.

€
#
→ ± 1+12

If P has a nbhd
≤Bi it's called an

inter point . If p has a nbhd ⇒HI¥ its a kooky point .

and none

ipi ER
"

Props The collection of interior pts is an n-manifold , and
2M : = { boundary pts / is an Cn- 1) -manifold . (ble 211-1

"

ER
"" )



t.IE> *
so 5

'
is a 1-manifold



New spaces free old

Goat Put
"

natural
"

topologies on subsets, products, quotients , etc .
Three characterizations

① Classical dnfinition (explicit , by Fiat ) .

② Coarsest/finest topology such that maps into/out of the
space are cts

.

③ Universal property (justifies ① )

Defn_ Given topologies T ≤ T
'

on ✗ call T' fairer and

T coaxer .

◦
o
° {⑧ ≤⑧

T broken into smaller

pieces , like finer
coffee grounds



Sgbspace
, space

Given 5-✗ an arbitrary subset, what topology do we put on it ?
① The subspace topology on S is

Ts : = { Ues / U=snV for some ✓ ≤✗ open} .

× u is
open
ins

② PrEp Ts is the coarsest topology on S such that

iota- l :S ✗ is continuous
.

PI suppose o :(S, T ) ✗ is cts
.

Then ✓≤✗ open ,

i
'
V = s n V e T .

Thus Ts ≤ T
.

Now check T'ET
⇒ i :(S

,
T' ) ↳ ✗ is not cts .



③ The For X a space andSEX a subspace , a map f-
: Y- S

is at iff if : Y→✗ is cts : Y f- s

iÑj% .

If (⇒ ) i is cts & composition ✗ .

preserves continuity .
⇔ For UES open , Uivns for some VEX open . By continuity
of uf

,
(f)
"

V = f-Yi ' V1 ⇐ f- 'U is open .

Since U was

arbitrary, f- is cts.
where the domain ofCoy For f:X → Y 'ti

, I its each ↳ has subspace✗ f- y→z topology .☒ f-
Thin suppose S is a subset of a space ✗ .

The subspace topology on 5
is the unique topology satisfying the universal property .



y
tf write Ss for s w / subspace top , 5g for S w/ some top satisfying

by abstract
the univ

prop . Suffices to show ids : Ss→Say is a homeomorphism .

nonsense! Consider the diagrams Ss # Sg , Sg ¥5s .

¥ ¥ .

By the univ property it suffices to show i is cts in each case .

We already checked that % is the coarsest topology
s.t.li Ss ←✗ is cts

.

Wn hate that i. Sg ↳ ✗ is et

by applying the univ prop to Sg
#
5g , noting that
fiid : 5g→Sg is necessarily cts . ✗

Hence ids :S,⇒ Sg : ids are both cts
.



/ space
For s ≤ ✗ call a top Tons a sibpaae topology

1
subset

when tf : Y →5 function
,

y f- S

¥:*



Emmys / f-
: A -%fA

A cts fn f : A→ ✗ is an embedding when! is a homeomorphism
onto its image f-A ≤✗ w/ the subspace topology .

Prep A cts injective map
that is either

open or
closed is an

embedding .

If Reading/exercise .

Prep Hausdorff
,
first /second countable properties arn fraser .red

under taking subspaces .

Since Ri is Hausdorff n 2ⁿᵈ countable
, any locally Euclidean

space
which embeds in some IR" is a manifold .

( tact Every manifold embeds insome R
"

. ) Cf . Whitney embedding
Ez. If U E R

"

is open and f : U
→ Kk is cts ,

then the graph of f-



1- (f) : = { (× , ftp./xc-UtgEUx1Rk
is a manifold homeomorphic to U fvia projection )

⇒

g
^¥ Infectivity of it =

"

vertical line test
"

PIY-a.x.I.TL?topohgpsh.ubexxyham?#--2
① The product topology on ✗ ✗ Y is th topology generated
by the basis B = { uxv / U ≤ ✗ & VEY open }

vii×✓ heal Exw check that N is a basis !


