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Hgh ? This will appear more natural after discussing bases .

Fasts H X
,
Y
,
Z spaces

(a) Every constant map
✗→ y , at

continuous

(b) The identity idx :X → ✗ is cts restriction off to U

(c) If f- : ✗→ Y is cts
,
so is f /uÑ≤✗ open

(d) If ✗ →f Y → 2- are cts
,
then so is gof : ✗→ Z .

Even better : f : ✗→ Y is uts iff the X 7 the ✗

nbhd of × sit . flux is its
.

Stoyan continuity is a local property .

Note 'b)
,
(d) along with associativity of composition say that

Top : = ( { top 't spaces } ,
lets maps / ) forms a category .



An i⇔phism in a category is a map
9 : a→ b

with a two - sided inverse Y
"
:b→ - a

.

An isomorphism in Top is called a homeomorphism- _ ;

it's a continuous function P :X → Y with a

continuous inverse 9-
'
: Y→ ✗

.

Write Y :X -≈Y
.

E.gs (1) Any affine transformation of R
"

is a homeomorphism .

(2) F : 1B
"
→ Bi with inverse G : Rn→ Bn

× -% , y
-7-

I + Iyl
ix.yl lo

,Fx )
e) stereographic projection •

•↳1,0)

F : Sn ' {11,0, . . _, 0) } €1Bn
( xo

,
. _ _ , xn) '→ (

☐
,
" _ ' ¥⇒ )



10,1 ) → SI

Nee -

g: [→→
"

wrap
" is

¥
is a continuous bijection but NOT a homeomorphism :
its inverse is not continuous

y

Felix Hausdorff
Separation 1868 - 1942

A space
✗ is Hausdorff-whenfp-tqe-XJ-nbhde.lt of p , Vofq

with Un ✓ =∅ :

I;¥¥ In a Hausdorff space ,

◦

◦ °{["n separate pointsu ✓ w/ open sets

Pr_op If ✗ is a metric space , then it is Hausdorff.

PI For p≠qeX , let r = dcp >g) > 0 .

Then Blp , E) nBlq , E) =D



by A- inequality .

Noi Hausdorff spaces (1) Trivial topology on ✗ when I ✗ I > 1
.

(2) Spec ① Et ] (or nearly any
Zariski spectrum)

(B) The " line with two origins
"

-÷-

which we will formally construct via the quotient topology .

TPS_ Construct a new non- Hausdorff space .⑧,• ∅

TIS Give 10 } u I 'ñ In c-B+ / the metric topology induced by R .

For (✗is a sequence in a space X, show that

✗ i
→ ✗ c- ✗ iff f :W→ ✗ is continuous

.

In l→ ✗
n

O '→ ×



Basf
✗ a space , BE

2× is a basis for the topology of✗ when

(it
every BED is open

Iii)
every open subset of ✗ is a union of elements of B .

Ez- ° For M a metric
space ,
B = {Bae ) / xem , c >of is a basis

◦ For ✗ discrete
,
B = / {✗ 1 I ✗ c- ✗ / is a basis

Bap. For X
,
Y spaces , B a basis for X , C a basis for Y ,

f :X→ Y is cts iff Hye Y and ✗ c- ✗ sit
. 1-G) =y ,

if ye C c- C then F ✗ EBEB s-t . FB ≤C .

Cos A function between metric spaces f :X
→ 7 is cts iff tyey

and ✗ c- ✗ s.t.tk =

y, He>0 78> 0 s.t. f Blx, 8) ≤ Bcy , e) .



If# Prof. Suppose f- cts , flx) =y , and ye CEC .

Then f- ' c is
open

so ✗ E f
"

C = U B for some I c- B
.

Thus × is in one of these
BE I

B ⇒ fB EC .

For th converse , if U ≤ Y is open then U = Uc for some J ≤ C
.

CEJ

We have f-
'
U = U f- 'c so suffices to show f^C is

open .

CEJ

This is the case if for each ✗ C- f " C
,
✗ c- B×≤ f-

'

e for some BIB .

( Indeed
,
then f-'c = UB× . ) But such Bx is exactly what the

✗EFC

hypotheses guarantee !
Note See Prop 2.43 for a similar result .

Pyp B ≤ 2✗ is a basis for some topology on ✗ iff

( it ¥3B = ✗ Iii) if B , , the B and ✗ c- B
,
nBe , then FB} EB at .

✗ c- B }
≤ B

,
nBe



⇔ ⇒ unv
openB- Reading (2-44)

.

'
"
'

Bz1
,

for 4. V open
⇒

B
}

Countability
◦ For pe ×, a collection Bp c- 2× of nbhds of p is a neighborhood basis
for X at p if every

nbhd of p contains some B c-Bp .

• call ✗ first countable if ¥ countable nbhd basis at each point of ✗ .

Eg . If ✗ is a metric space , Bp : = {Blp , e) t.eeQ>◦ / is a countable

nbhd basis at
p
EX

.

Hence ✗ is first countable .

Sequence lemme Suppose ✗ is first countable , AEX, ✗ c- ✗
.

(a) ✗ c- A- ⇔ ✗ = limit of pts in A
(b) ✗ c- A° ⇔ ( x; → × ⇒ ✗ i

c- A for is> 0 )



Call ✗ second cou-nlzb.hr when it admits a countable basis
.

Eg .
{ Blx

,
e) / ✗EQ

"

,
E E Q> o / is a countable basis of R"

,
to

Euclidean
space is second countable .

Beg : The long line .

An open cover of a space ✗ is a collection of open set} U sit . ✗ = U u
-

UEU
°

A subway of U is U' ≤ U that still covers.

Thin If ✗ is second countable
,
then

(a) ✗ is first countable ,

(b) ✗ is separable ( contains a countable dense subset ) ,
(c) ✗ is Lindelof ( every open cover has a countable subcover ) .



B- of E) Let B be a countable basis of ✗ and U an open cover of X .
Define B ' : = { B c-B / Bell for some U e U }

,
its countable .

For BEB
/
,
choose Up c- Us .t.BE Ups .

Then M ' = / Up / BED '} ≤ U
is countable

.

WTS N
'

covers ✗
.

For ✗ C-✗
,
know ✗ E Uo for some Uo c- U . Since B

is a basis
,
FB c- B sit . ✗ c-BE Uo

.

Thus BE B ' and Up E U
' with

✗ E B E Ug ,

Thos shows U' is a cover.
5. I

.
22

Manifolds A space M is locally Fudan of dimericon a when
any

of the following equivalent conditions holds :

•

every pt of M has a nbhd in M homeomorphic to an open subset of Ñ
•-

n-open ball in Ri
•
-

n- Rn
.


