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Poisson summation as a trace

For PERO compact with positive volume and

k : p + p - 4

continuous
,
define = (p(Spk,2)fyldy)fTdx

Th : (
<

(p) -> L'(P)
=

JyxpK(xy) fly)fal dxdy&fi> (x+(
,

k(x-y)f(y)dy) -

Call I a ke

check : Th is limeAd,

a
-



Real Th is positive when [Tpf , f) 10 for F O
.

Much Th is self-adjoint Jaka Hermitian) when K(x,y) = Kyx).
[inf, f) = If . Trf)

by the spectral theorem , T has an or the normal basis of
eigenvectors [v, m, ... 3 with TaVi = Divi.

# [Mercer 1909) Suppose Tp is a positive self-adjoint operator
on PER compact.

Then

k(x ,y)=[x(x)y
with abolute uniform cour . E



Den The te of Tp is Tr(T):
For TK as in Mercer's the,

(Tr(T) = [STa
,ei]

itI
ceil o.n.basis offe)

(k(x , n)dx =S=
S in

thiscaseTu
= )Kxdas a

Set P = 10
, 179 , filR" - & Schwartz

.

Consider the linear operator



↳ : ( ((0,1) -> [IRP)

gm (fig : x>) fixylgly(dy)IRC ↑
periodization

Compute of g.

((g)(x) = Jaf(x-y)glyl :
g(y-n)-do,Ie

= Ea
,saf(x

-

y
+m)g(y)dy



=Sco
,
d(f(x-yin) gly i

Set K(x
,y) =Efxyin) ·

Then Le : The

Laim Eigenfunctions of Ly are e:xeixil for ke**

Eh L(en)(x) = J flyleixydy (fog =get

= eixh) fly) eniya



=F(h) ey(x) = f(h)
,

need are
eigenvalues.

Since the en are a basis for E19) ,

Seal need is an eigenbasic for by with associated

eigenvalues [F(k) /k=** ). [Tri
,vil

It follows that To (hf)= Fl. = NiSvi
,
Vi)

= Xi

Nor suppose If is self-adjoint and positive .



[f(x- X + n) =[f(u)

Then Tr/Lf) :)kidx :)Ela

=[f)
= [f(u)

.InezdSo in this case .
[f(u) =Elned

Note For Id replaced with IEted full ranh Lattice-

contributes det1



& For which f is If positive ?

Asking for (tpg , g) 50 for gtO.

(fxg , g) = ) (*g)(x) ge
= Jafxylgly) dy)ge

This perspective for 2x[Rd generalizes of "cofinite discrete

subgroup" TE G -> Selberg trace formula.


