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sums of two squares

Im If p
is a prime such that p = l (mod M) , then

p
= a" + b for come positive integers a

,
b.

E.g. 5 = 14 + 22
,

13 = 22 + za
,
17 = 7: + 42

,

29 = 22 + 52
,

etc.

& What is
p
= 3 (mod 4) ?

p
=z = 12 + 92 In fact

, if p
=3 (M)

,
then Va

,
be

>0 -

p
= 3 -a + 32 p +

a +b2
~

p
= 7 + 22562

a = 0 or 1 /mod 4)
=> +b = &

, 1 , or 2 (mod 4).



huma For
any prime p = ) (mod

4)
,

there exists me2x such that

- 1 = m2 (modp).

# We are looking for a primitive 4th roof of unity
in 2/pX .

We have (25p2)" cyclic of order

P-1 ,
and 41 p-1 ,

so there is indeed a subgroup
of order H in (2/p2)" and we can take m to be

a generator. G = ([/pb)" , GECH
(x) = (1 , x , x2, x]

#TheFix
a

prime pmodandhesuchtha



Consider the convex centrally symmetric body
B := [xIR2) MzTp]

of volume 2pm .

Then volB > 2 det I hold

because 2pm > 4p (indeed 2n>4) ·

So by Mikowski's convex body theorem,

Bi (210)- (a
,
b).

Then Em
,
nex st . (a) = (h) (n) = (mmip)

and a +b = m2 + (mk+p) = m2(1 + h ) = 0 (modp).



I
.
e . pla + b2

· Finally , since (a
s b) + B

,
we also

have a
:
+h2 < 2p => p

= a + b.


