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Extremal bodies

Rall A lattice I d is the -liner span of linearly
independent rectors (v

. . ..., vm] ER& :

2 = \n ,
v

,
+ ... mmVm/nje* ]

= M .M for M = (Y . . . ) epm
Cal Si ....,ad a bas for I,

m = rank of I

det2 = /detMl for I full rank



Eat det 2 is independent of basis choice.

Den The deal lattice is

2 = (x((d(x . n = 2) Yne2)

= M-T.*.

The Sprisson summation for general full rank lattices]

Suppose IER is a full rank lattice and fild ->

satisfies Poisson summation (fir 291 . Then ExeR&,

[f(u + x)=(m)e2

n =2

and=



If Take MEGLd(IR) with 2 = M . 29
,

det 2 = /det M1
,
28 : M·*.3%

By Poisson summation for 29,

[f(n) = [f(3)
nezd 347d ->

Now [f(n) = [f(Mm(
nz2 k = 2d

= (foM)

-(M) (3)
[Poisson for foru



=amF(M
*

3)

Def
p =late
#
T
Befr A polytope PEA Like R using translations I

when for some b +230,

(p+

(x) = k (x +Ra -(2p +2)

Note For In = 1
,
this is the standard notion of 1-periodic tiling

.



The Suppose PERd is compact with volp > 0
.

TFAE :

(2) P kitiles Ad via I

(b) [p(3) =0732
*

10

Eith condition implies=M

# We have PK-tile via I iffFylorn(x) = b for xeRd-(P12)

Observe 1p +n(x) = ) < 1 p(x = n) = 1
,

so this is equivalent to

[(x-n) = b for xRP



Set F(x) :=[(p(x-n)
which is I-periodica

-
[f(u + x)= (m)e2

By Poisson summation*
n = 2

F(x) = 1
↑Tome

aa
at24p(3)eli convolve with

Dirichlet berals
...

Observe Yp(0) = volP so

F(x)=P+ (3)e

Thus Yp(3) = 0 for all 32* 0 iff F(x)=D= E*
#



- compact subset

D An extremel body relative to a lattice I is a convex

symmetric body I containing exactly on lattice

point of2 in its interior and such that

volk = 29 (det 2)

Ihm let k be convex centrally symmetric subset of Hed,

Lad a full rank Lattice. Suppose Kin2 = 0. Then

2) det2 = volk #) EK Likes R via I .



If By, Singel's
formula,

29 det2 = volk+ (3)12

Hence 29det 2 = volk Fik (3) =0 FSCL 0.

# Ik bobiles for

=ia
= /



- p + 20 ,2) Where is area = 4 ?
· *
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