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Minkowski's convex body theorem

Throughout , KER& is compact.

Call K centrallysymetric when

x +k( -x k · X

1) convex when Ex ,yeK,
yo KEIR2

+x + (1 -Hy = 4 ft , 1].
-X 0

Say K contains a late point when Kn** +0.

Activating question How large must K be in order to contain
a lattice point?
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as big as we want !
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the interior of K contains a
nonzero lattice point.

↓t The bound is sharp : K = (1 , 179 has volume 29 and

(- 1
,
1)an22 = 310 , 063
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Note contrapositive : K= compact convex centrally symmetric.
If Kn **= soy ,

then rolK2d·

Minkowski's theorem follows from the following :

Im (ingel] K= compact convex centrally symmetric.

If Knzd = Sob
,
then

29 = voll+= Chartr of i
Here -K : = (rx/xok] for reR

&



There's even a more general version:

The /Singe)) Let K= M be compact and assume 1 *1 satisfies

Poisson summation . If (EK- *kn39 = 203
,
then

2) = volk+3).

Here K + L = Ex +y (xK ,y
+ L] and IK-EK is the symmetrization ofK.

Exercise Show K-A is centrally symmetric.
-

Take zeK-K .

Then z = x-y ,
X
,yeK .

Then ↓,-z = y
- X and

y, x
+ kso - z + k- K. zk-E =K .



#Thi Sat f = 1 * 11 < CCRd)
. By Poisson summation,

af(n)=
By definition of f,

f)= /pay) (n - y) dy
↑

= Lea JK(y) 1_0 (n-y) dy
We have yell andmy E iff neIK- *K



The only interior lattice point of IK-IK is O

by hypothesis. Thus only n=0 contributes :

Eaf() = f(0=)ky

=Jo "ly) dy

=

Meanwhile,



f : 1 * 1Ik[F(3)=I32d => (3)=
=k(3)L

= Sezixdx] ei
R

=Jeixdx)eK

= ISe2i3xx)eiT
= (10)+Y(



=(A

Hencek=l

=> 2
%
= volk+d.

Eact For KERP compact convex , Ip * 1k is "nice"

Isatisfies Poisson summation).



Eg. For which pot does the following body have no

nonzero integer points in its interior ?

-p + 20 ,2)
*

& & &

· p+,0) Where is arra = 4 ?·

p

e & &

=p
- (2,0) · -P

& & *

·

p - (0,2)

There is also a version of Minkowski-Singal for general
full ranks lattices in Ma : ZERd

,
= ** as Abelian groups



# Suppor KEd compact with 1p*p "nice"

let 1 d be a full rank lattice with dual lattice

2
*
= (xRd/xn + 2) fr all ne2)

. /(29*= M2 .

If (k- [K)on2 = 103
,

then = 24

24 det2 = volk+I(1
↑
det M

,
Min trans IRP-fed S .t

.

M(2%) =2.



N -L'li
M : RP - ** limar

Fr involves M-T


