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convolution & Planchere's Theorem for LCA groupe

At For figL(A) ,
the content

fig : A - K

x m(ff(xy=) g(y) dy
exists and is in <(A).

if Assume (f(x)[CVxeA .

Then

S(fexylglyl/dy = CJ Igy))dy = Clg.

so the integrat exists and fig is bounded.



Now for continuity : let xoA
,

assume If(a)/, 1g/EC Exet
,

assume gto .

Given <O, FyeC: (A) St . Ye/g/
and11gcy)) - Dly)) dy * by density of < , (A) in Li(A)

I compact
Y

Since f cts
,
it is unif its on compacts .

Thusopen abled Vof e@A

such that xy'tV,
xexo (suppy)" =>

If(xy") - f(xoy"))Sgl,
Thus for x + Vo

, EIIgll ,

Alfiy" - f(xy)/y(y)dydy *



and
Efflifkoyi)lez
-

S If(y) - f(xo y
=)/ (1g(y)) - Y(y)) dy

-2Cf(Igly))-4())dy

Thus for xeXoV,

(fog(x) - fog(xo)) =1) (f(xy= ) - f(xoy))g(y)dy)

/Ifixy: - fixy"lIglyly
= Salfixy") - fixoy")) (Igiy)) - P(y) + 4(y)] dy



+

Thus fig is continuous

To see feg is I'
, compute

Ilfol ,
= /1fg()d
= SalSaf(xy: ) gly) dy/dx

= S/a/fixy") gly)) dy dx
Fabini

= S/a/fixy") gly)) do dy



= /gy)))Sfxy da y e
Il invariance

= (gly/dy · (H((dx
= IlgI , 11fll, *

Hence feg + Li(A)
.

D

RcallThe Fourier transform of feLb(A) is

f :->
x Ifxdx



Thm For fig : (b (A) , Fog (x) = F(g(X).

of let us computer :

Eng(x) = J fog(X dx

= Jalaf(xy: l g(y) dy)dx
#Fubini

= h f(xy)g(y)x(x)dxdy
x- xy [invariant)

= SSf(x)gly)xy
=Safety d



= f(x) (1) . ·

Plancherel's Theorem for LCA groups Let A be an LCA group.

For feLicIA)
, FeL(t) ·

There is a unique
Haar measure on

E such that Ifllz : /Elle
.

This the Fourier transform extends to a Hilbert space isomorphism

(
: (A) = (2()

.

We will
prove

this forA discrete (which in turn proves the A

compact case since F = id).



Lemma Let A be a compact Abelian group .

Fix a faar integral

such that J1dx : 1
.

Thenx, ye,

Sx(* dx =2)

If If X =

1 ,
then (x(* dx = ) (x) dx = Jax

A

Suppose X + y .

Then x := XT = XU"#1 .
Take aert with Na + 1.

Then alalfa(xdx =

(a(axdx Sax
invariance



c (a(a) -1)/axda = 0 = f(x)dx=

Luma Suppose A is discrete
.

For
every ge (pt) ,

ge Lb(E) = CCE)
,
and for every cert, E

(evala) = g(a") .

an evalai
(x(a)

I For Haar integralont ,
have Ifdd :Efl
z compact!

For Haar integra on ↑ normalize with J1dy = 1.

compute Eglevalal = Jag( evatate dy



=Sg(b )wata
=I gbThxTa d Tb) = x(b)

66 = x(b")

= (gb)X(b)ad
# Fabini

=

Elbi)Jeraly(x)x
= gla.



it of Planiture for A discrete Let fELbcCA)
,
set f(x) = fix)·

Set
g

: Fof
.

Then g(x)=f flydy ,
so

g(e) : Iflts
·

We have g(x) = F(x)f(x) = Fx) F(x) : If" ·

i
Thus IfI = g(e) = glevate exc

=I
I

=S
= Ifll2 .

0


