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G, If L groups
then GxH is an L group

# Let In :(6) + I be a Haar integral on 6 .
+- Sat

Then FfeC
,
(GxH)

,

the function

H -+ 4

2
- FG(f)- , y)) = (f(x,y)dx

lies in C (H) .

Let IH" St be a Hear integral on H.

Then a Haar integral on GxH is given by
I(f) = SiSafixy) do dy

2 iteratedinteraa



This can be performed in opposite order, yielding
the same result , so

1 (fyldx dy =JSfydyd-

Proof Endow C(G) with topology of uniform convergence
:

frf means fo our unif to and FKEG compact
·

C
,
(6) "C

,(6)with Supplfu) =K En.

Luma Ig : ((G)+ is its (feef in C
, (2) = I(ful+ Iff)

in D) .



If Take furf , KEG as above - Let xeC : (2) Satisfy XIk = 1.

Define c := /X .
Ex 270 and take NE st .n

implies (fr(x-f(x) < ExeG
·

Then for niN,

1fa-Saf) = (/alfu-f)(
= J
,

1fn-f)

= (x(x) (fu(x) - f(x))dx

< 2(X =a



Lomma Fix FeC(GXH)
.

Then the function
-

H - 4

y
- (f(x,y)dx

isin C.CH).

Ef suppose yo in It
,
let fulx = fix,yu) . By uniform

continuity of (why ? (V, fr-f(- ,y) in C
. (6).

Thus yn/fly) is its. flyu

The projectionGlIt
is ats

,
s pr(sup(f) : It is compact.

Thus y r/yf(- ,y) has compact support.



Nor define I . (f) := (pf(x , y)dxdy.
Luma I , is a Haar integral on GxH.

Ef For s = (x0
, yo) GxH ,

F, (hsf) = SpSpf(xox , yo'y) da dy

= (Styl day [SgHaar]

=

Spffxy]ddy [SnHaar]

= I
.
(f)

.
r



Similarly , I. (f) : ))fyldydx defines a Haar integral

on GxH .
Thus I

. (f) = < [lf) for some 10.

If fixy) = g(x)hy) for geC: (6) , he CI(M ,

then a
*

feC(GH) and IIf) = (gda . Ihlydy : If,
D

so c = 1.

Let's extend to more functions :



~
no assumption on support.

f : G -30
Its. Define

laf :

=Sup /4 To%.

024[f

Define Lbc(6) : = [ F : G = 4) f bed , its, 11: /f) < ]
,

1

hi
:
(6) : = If : G-> &/ fldd

,

its
. IfIE =Jalfi < 0)·

For feLic(G)
,

write futiv for real-valued u
, ve(b(d)·



Then we can defin
-maxda ,

0

Saf =-Ju +(a).
max 3-u,0)

Th (Haar Fubini) Let f hi(GxH)
.

Then yre(fly)
is in Lbc(H) and xm]f(x ,t is in LG)

We have 1) flary) dydx : (Sty)dxy he

N LwithsinnerproductsNation of 2-(6)



Fourier transforms for functions on LCA
groups

A an LCA
group , If a Haar integral

E = S cts characters X : A - S' .
unitary

For feLbe(A)
,
defin

F : - D-(d)
Explore What does this look like for A =S

,
A = IR ?



A = S =>

: 2 - 4
b (f(x) eikx = f(h)
5

character

enelik x


