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Ha integration

Context : locally compact Hausdorff groups /L( groups)
E..g. o G = GLR) as a subspace of per = pr

· G an LCA group · Gln(Eph
· G

any
hie group

· Bohr compactification

Defu C
.
(6) = ( fiG + 4)f its with compact supports

Here supp(f) = (xG(f(*) +0)
Call f-C

,
(G) nonegative (f30) when ExtG , f(x) < Ry

, 0·



A linear functional I : C(6) - I is an "ineral"
it f 30 => I(f) 0

.

Eg.. Riemann integral [d on (

· S: 0. (2) -> I the Dirac distribution at X.

f m Sx(f) = f(x)

Fix an integral [ : C. (G) -K and write I(f) =: /f(x)dx
Ima(/

,+da)J18dx = I



If Reduction to real-valued foc, (6) :

First
,
if f : G+ I + C(6)

,
then If R (rhy?

Thus Re(Sat) = (Re .Cc= max & f(x) ,ob = f = f+f-

forgen'lf. f(x) = max( - f(x) , 01

For Ots! (of = 0If s multiplying f by & doesn'ta

change either side of $ .

So WLOG
, IfR

Nor suppose we
have proven for f real valued.

Them /Saf) = /r(Saf)1 = /Sair(f)/ = JalrelfileSelf
for
gen'if, * ReftsIf)



Now to prove for real valued F:

Let fe : = max( =f, ob .
Then +C

,
(G)

,
fi 30 ,

and f = F
+ -F , so that

1/af) = /Saf+ - Jaf-1
= /Safel + (Sat-l
=

If+ If Inonnegativea

= Jalf1 .

Airf = (f)



We now seek a special type of integral on G that

plays well with translation :

Den For gEG ,
feC (c)

,
defin & Why f(gx) and

not flgx) ?
Lgf : G + C

x- f(gx) I · Want (tgf)(g)the left translation of f by g. = f(e)
Note LyftC , (G) as well , and · (Laf)(x) = f( -a + x)

(g(huf) = Lghf ,
Get f for G = (R+ )



so this is a left action of G on < (G).
or Har

Den An integral I : C(G) ->K is (left) invariant
wher F((qf) = I(f) fEC(G)

, gEG .

(Equivalently (f(gx)dx =Sf(ddx FgGfC(G)

EEg .
The Riemann integralf(x)dx is left invariant for (R , + ).

Exercise Show that fre 10 de is a Haar integral
for (Ryo

,

1.



Need : · linarity nonnegativity. left invariance

For left-invariance
, Lafidx = 90ea)0

u= aX

du= ada =
%

d
Ihm There exists a nontrivial Hear integral I for G.

If I' is a second Hear integral , then Jaz0 st
.
I' = cI

If Appendix B of Deitmar . In



Construction

First recall the Riemana integral for f : R-Ry,0 ats
, uptly suppid.

For ne
z1 , let==XG ·

There exist X-X

<..... <m> O such that

f(x)[X(x-xy) F
upp(f)

Define If : Xu) := inf and t f(x)
The Sf(xdx=m:



Note that if fo : X 10 , 1) ,
then (fo : Xa) = n and

(fdx=
This generalizes : Fix fo : G -> 130 nonzero.

Set 1f(x)dx =imu for file

where : U : opennhd of etG shrinking to Sel.



(f :Xu) : = inf). , en
> 0 and Eg , ..., got G sit.

f(x)[4g,Xu(x)]
Et This is a nontrivial left-invt integral
E (C

,
(6)
,
<
,h) is an inner product space with

[fo
,

f
,
% = to. (for J

,

Haar integration (
G

Defn The Hilbert space completion of C, (G) is called ((G).



(f
: xu) optimizes transns , hitthe

to make this small

lim F(U) = L means

n- (e)

VacO JUnbhd of e sit.

(F(u) - 11ad


