
Henceforth, A is a locally compact Hausdorff topological group :

shorthand LCA group . (th It is silent)

D The Pontyagin dual of A is

I GeVIE : = Hom(A , S)

the
group of unitary characters ofA under pointwise multiplication.

We endow E with the correct open tology : the coursest

topology with
opens P(K

,
U) := Exc* /xKEUS

for all K = A compact, UES' open.



Note Opens of E = unions of finite intersections of P(Kis Ui) .

Eg = Is / discrete topology

= R 2/ standard topology

* = A for A finite discrete.

Lop If A is an Let group ,
them E is an LCA group.

For local compactness
If suffices to show It has a compact neighborhood.



Let k be a compact ubhal of e in A,

↓Hell is
a compactable of 11.

If HW -

Why isE Hausdorff ?

Suffices to show [13 = A closed

# F . 1 open .

But X * 1 = X(al * 1 for some a tie.

Let U =5 1
.

Then XeP(ab
,
u) but 1 x P(Sad, U).

Thus Eve
=UP(ab, U) is open ,

as desired.



Finally , we need to show multiplication ,

inversion are continuous.

We can do this all together by proving fiF ** -> *
(x,y(> xy

is its
. (Why? ) Moral

exc : can be checked

by showing Xi, : unf 4, =>
Xini'vo XY

unif

The For A an LCA group, A discrete => A compact
-

everysubsetA compact => A discrete.

is
open-

allsingletons open
If First suppose

A compact . Then FUES' open , PCA ,U) = A is open.

For U = eZi > Ye)
,

PA , U) = 393 ,
so [1 is open

-> Ex] open
Exc *. Thus I is discrete xX(a)yu
·XaN)
*



Now suppose A is discrete .

Idea : Use a compact exhaustion

of A to show A is countable then
prove
I sequentially

compact
. It

the [Pontryagin duality) For A an LCA group,

eval : A -

is an isomorphism of LCA groups.



Funerality
Write LCA for the category of LCAgps + cts gphomomorphisms.

· composition = composition of functions is associative

~
· identify

( = (A)- , S') : LCA - LCAP
A FB

A xof

+↑ fexs*
B BX

Si

satisfies id = ide and (gof)* = f
*

og
*:

(got)" (x) = x 0(gof) = (x0g) of = f * (g*x)

Claim It is an antiivalence of categories.



F : 2 -> D is an equir of cats when JG : D -C

Cnf GFft8
c'

T

Levala xiyf(
= (of)(a)

Eg Consider AFNpo
:= EZES'/zP = 1 for some neN),e

This is the Prefergroup .
What topology shall we give it ?

- w/ discrete top !



* Up Uph -Mp
...

with union = colomit Mpao :

Mpa
= colimM

Hit * with IT :

up <Tph-
112

2/22/pE52/ * + -..



Fact Representable functors take colimits to limits so

u =M = him=himz
=: Te

I

E
.
Riehl p-adic integers.
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