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Fourier analysis on finite Abelian groups

Let A be a finite Abelian group.

E.g. A= S
,

R but not finite

· 2/52 ,

other cyclicgroups Cn =<x/xn] = GeLik/n /6= 0, 30,-1)
commutative

· (2104,) is a monoid but no inverses a not finite
(GF13, 1 is a finite group C.

· C *C = Ky Klein +- group
Ihm Every finite Abelian group is isomorphic to a product

of cyclic groups.



Den A character of A is a homomorphism X : A+*
ii

Top im XS" = Eze()(z) = 1) = U(l)
id of A

(4-503,

↑ For each a A
, Jut20 st

.

a = 1
.

(In fact
, u(1A))

Thus 1 = x(1) = Y(am) = X (a)" => X(a) = enik/n for some
i ES'. W2

Run In fact im(x) [Mo = SzK/Z= 1 forsome ne] =Re 0

Write := Echaracters of A) . Equipped with pointwise product

this is theDo
No A is Abelian.



& What are the characters of On ?
(x(xn)

14

* X : Cn -><specified by x(x) + x(x() = x(x)"

but - as before - x(x) = exil/m for some &E or

l = 0
,
1... -, n

- 1

Define Xe In to be the unique
such character.

Then xexm(x)
=

Xe(x) xm(x) = e2il/neLtim/
=

= Ym(x) zf1
,
KEKEN

in Ent Hencen Cn
or Xeforgedin X

,
<x



Ihm There is a canonical isomorphism
A=alat

e x(a).

I evalab(x) = X(ab) = Na)X(b) = evala (*) evalp(X) so eval is a homomorphism.

Now proceed by induction :
Cal trum for cyclic group
(b)true for A ,B => true for AXB .

(a) Suppose A = Cn
.

Since InFC
,

also
n
= C
-

In particular
,
11 = 1A) .

Thus it suffices to show



eval : A -- is injective her leval) = 1.

Suppose evala = 1 : 1 - K * So afterleal)
x + 1 = x(a)

iff x(a) = 1 FxeE Since A =Cn
,

each Xe A
j

is of the form Xe
: x > evailin

·

Write a= xk + C.

Them lix(a) = ezniblm => n/b => a= 1.

Hence eval is injective -> isomorphism.

(b) Follows from AB = +
-eatAXB

xA , Ba


