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Planchrel's Theorem

Let (3
<

(*) : [fiR- If bed its with JHf%
z

= 1/fll

ma Li(A) is an inner product space with

<fig) = )f. i

and Lb(IR) = LE(I) · 0

Ihm /plancherel) For
every feLp(t) , we have f Ly

,

(R) and

Iflle : /Ella



If Let F(x = fl-x) and set g
:: Exf

.

Then

g(x) = )f(t-x]f(t
and g (0)

= 1 fl

Now g(t)= (t) f(t) = FCt) = Ifce?? Thus

IIf/ = g(o) =img

=lim SeXgCtTo

=limSet+



= DFll [monoton convergence] p

Upshot ( : Li (R -> L(R) is an isometric embedding
of (Lic()

,

D . 112) into LiCR).

i
.
n . it is unitary

: [Fig) = (f, g).
Poisson Summation

Thought experiment : suppose f:R
- K its and EXEIR

g(x) :=fx! g(x+1)=[f(x+mig
-

converges absolutely. Then
g
: R- & is I-periodic.



Assume the Fourier series ofa converges pointwise to g so that

g(x) =[g(n)en

Then for X = 0,

[f(m) = g(0)
m =2

=g

=y+meiny)dy
gly)



Suppose I swap legally* Then

=y)ezing dy

= [(fly) eziga

= 5 f(n). unthtriorcfffe
nt2 evaluated at n.

So guess
: [f(h)=T



xPoisson summation

Im Let feLb(R) be piecewise etsly differentiable with

finitely many exceptions
.

Let (x) = (f(x)ifit exusts
I

Suppose xf(x) , x
< Y(x) are bounded. The E .

g .
feS

[f(k)= I
& Let g(x) =[f(xth) .

Since xf(x) C for some

constant C
,
we know /f(xth)/ dE so go converges

uniformly and absolutely. The same is true of g(x) :Ex.
We aim to show g is piecewise itsly diffe pointwise



convergence of Fourier serice.

We hav
*

gCtdt
= %*Ptth A
- Sgtthdt isum converges unifa

=C Ihr(21dt
= [f(k+x) - f(m) [F+22)
he2

= g(x) - g(d) .



I
. n . g(x) = g(0) + /

*

g(t)dt is pincewise etsly diff) , as desired

JustifyI by unif cour of sum on 50 , 13.

Theta Series

For two
,
let Ot :=Le"the

# For all + >0
,
0(t) = t

**

AYH

If Set fix := e-ti We have shown f
,
"f
,

and

since fe(x) = f
,
(VEX)

,
we get



F(x) = t F() = t f
, (" )

= t f(x) -

Since f & ,
Poisson summation applies :

①(t) =[filk)=
="I a

=(1) ↑



Why care? Canextend to a function on F :SzCDI
im(z)> ob .

Write as a series in q
:e :

& (2) : [auge st
. an

= Sh hisquek= 0

R
"9 series"

use the transin propertyC)=+ (2) to
prove

⑪ is a modular form - has weight 2 and
can write as a linear
combo of Eisenstein forms



- explicit finda for g seriesof

= ([anqh)
- Ebyqh with bus1 iff kinimitati-

Explicit fina
: 0 bn31th-Lagrange's A squares

theorem

② explicit vales of by = ...
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